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Abstract 
 
   Present day cryogenic gas turbines are in more popular as they meet the growing need for low pressure cycles. This calls for 
improved methods of turbine wheel design. The present study is aimed at the design of the turbine wheel of mixed flow 
impellers with radial entry and axial discharge. In this paper, a computer code in detail has been developed for designing such 
turbine wheel. To determine the principal dimensions of the turbine wheel, optimum operating speed has been taken from design 
charts based on Similarity principles. The algorithm developed, allows any arbitrary combination of fluid properties, inlet 
conditions and expansion ratio, since the fluid properties are properly taken care of in the relevant equations. The computational 
process is illustrated with an example. The main dimensions, thermodynamic properties at different states, velocity and angles at 
entry and exit of the turbine wheel were worked out. The work may help the researchers for further design and development of 
cryogenic turboexpander depending on their operating parameters. 
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1. Introduction 
    
   Compressor, heat exchanger, expansion turbine, and vacuum vessel are the main components to establish any cryogenic liquid 
plant. To establish the set up, different companies are indigenously available in India for compressor, heat exchanger and vacuum 
vessel. But the turboexpander is not readily available in market.  As the technology is not yet developed indigenously, we are 
forced to import the whole liquid plant. A simple method sufficient for the design of a high efficiency expansion turbine is outlined 
by Kun (1987) and Kun et al. (1985). A study was initiated in 1979 to survey operating plants and generates the cost factors 
relating to turbine by Kun & Sentz (1985). They are also sometimes referred to as design parameters, since the shape dictates the 
type of design to be selected. Corresponding approximately to the optimum efficiency a cryogenic expander may be designed with 
selected specific speed and specific diameter. Sixsmith et al. (1988) in collaboration with Goddard Space Flight Centre of NASA, 
developed miniature turbines for Brayton Cycle cryocoolers.  Another programme at IIT Kharagpur developed a turboexpander 
unit by using aerostatic thrust and journal bearings which had a working speed up to 80,000 rpm. The detailed summary of 
technical features of the cryogenic turboexpander developed in various laboratories has been given in the PhD dissertation of 
Ghosh (2002). The detailed design parameters for a 90° inward radial flow turbine is shown in the PhD dissertation of Ghosh. 
Bruce (Bruce, 1998) described the aerodynamic and structural analysis for the complete design of turbo-machinery rotor. The 
major elements of the turboexpander are briefly discussed in the paper published by Ghosh et al. (2005). Baines (2002) has shown 
that mixed flow turbine concepts can achieve stage loadings that are about 20% greater than those of a conventional radial turbine, 
without any increase in blade speed and maintaining structural integrity. Descombes (2003) has high-lighted the variability of the 
local distribution of velocities and pressures within the rotor and gives a real image of energy transformation for nearly ideal zero 
incidence conditions at the rotor inlet. Abidat (2006) has taken care in the design of the volute essential component of a radial and 
mixed flow turbines and interest was focused on the influence of the volute inlet flow conditions on its performance. A method of 
computing blade profiles has been worked out by Hasselgruber (1958), which has been employed by Kun & Sentz (1985) and by 
Balje (1970, 1981). Effect of some of the turbine operating and design parameters on the flow path and its curvature have been 
analyzed and presented by Ghosh et al. (2009). The computational procedure developed describes the three-dimensional contours 
of the blades for the turbine wheel.  
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2. Fluid parameters and layout of components 
 
   The fluid specifications have been dictated by the requirements of a small refrigerator producing less than 1 KW of refrigeration. 
Turbine efficiency of 75% has been assumed following the experience of the workers (Beasley et al., 1965; Yang et al., 1990; 
Denton, 1996; Jekat, 1957). The inlet temperature has been specified rather arbitrarily, chosen in such a way that even with ideal 
(isentropic) expansion; the exit state should not fall in the two-phase region. The basic input parameters for the system are given in 
Table 1. Figure 1 shows the longitudinal section of a typical cryogenic turboexpander displaying the layout of the components 
within the system. The major components of the turboexpander are shown in Table 2.  
 

Table 1: Basic input parameters for the cryogenic expansion turbine system 
Working fluid : Nitrogen Discharge pressure : 1.5 bar 
Turbine inlet temperature : 122 K Throughput : 67.5 nm3/hr 
Turbine inlet pressure : 6.0 bar Expected efficiency : 75% 

 
Table 2: Basic unit of a turboexpander assembly 

Turbine wheel Nozzle Diffuser Shaft 
Brake compressor Journal bearings Thrust bearings Housing 

 

 
Figure 1: Longitudinal section of the expansion turbine displaying the layout of the components 

 
3. Design of turbine wheel 
    
   The design of turbine wheel has been done following the method outlined by Balje (1981) and Kun & Sentz (1985), which are 
based on the well known “similarity principles”. The similarity laws state that for given Reynolds number, Mach number and 
Specific heat ratio of the working fluid, to achieve optimized geometry for maximum efficiency, two dimensionless parameters: 
specific speed and specific diameter uniquely determine the major dimensions of the wheel and its inlet and exit velocity triangles. 
Specific speed ( sn ) and specific diameter ( sd ) are defined as: 
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   In the definition of sn and sd  the volumetric flow rate 3Q  is that at the exit of the turbine wheel. Kun and Sentz (1985), 

however suggest two empirical factors 1k  and 2k for evaluating 3Q  and sh3 , which define sn  and sd .  
 

exQkQ 13 =  and                   (3) 

13 / kexρρ =             (4) 
( )exsinsin hhkh −=Δ − 023                  (5) 

 
   The factors 1k and 2k  account for the difference between the states ‘3’ and  ‘ex’ caused by pressure recovery and consequent 
rise in temperature and density in the diffuser as shown in Figure 2. Following the suggestion of Kun and Sentz (1985), 2k value is 

03.1 . The factor 1k  represents the ratio exQ/Q3 , which is also equal to 3ex /ρρ . The value of exQ and exρ  are known at this 
stage, where as 3Q and 3ρ  are unknown.  By taking a guess value of 1k , the volume flow rate ( 3Q ) and the density ( 3ρ ) at the exit 
condition of the turbine wheel can be calculated from equations (3) and (4) respectively. If the guess value is correct, then 3Q and 

3ρ should give a turbine exit velocity 3C  that satisfies the velocity triangle as described in equation (13); otherwise the iteration 
process is repeated with a new guess value of 1k . The value of 3Q determines turbine exit velocity uniquely. The thermodynamic 
relations for reversible isentropic flow in the diffuser are, 

 

exhh 003 = , exss =3  and 
2

2
3

033
C

hh −=  

 
Figure 2: State points of turboexpander 

 
   Using the property tables, the value of 3ρ  can be estimated from 3s  and 3h . When the difference between the calculated and 
initial values of 3ρ  is within the prescribed limit, the iteration is converges. Since the change in entropy in the diffuser is small 
compared to the total entropy change, assumption of isentropic flow will lead to very little error. The estimation 1k  does not 
deviate appreciably, if the expansion of fluid from ‘in’ to ‘ex’ is non-isentropic. With this assumption, the value of 1k  is estimated 
to be 1.11, starting with the initial guess value of 1.02. A flow chart for determining the value of 1k  is described in the Figure 9. 
   For estimating the thermodynamic properties at different states along the flow passage, the software package ALLPROPS 4.2 
available from the University of Idaho, Moscow (Lemmon et al., 1995) is used. Table 3 represents the thermodynamic states at the 
inlet of the nozzle and the exit of the diffuser according to input specifications. The exit state has two different columns, one is 
isentropic expansion and other is with isentropic efficiency of 75%.  
Using data from Table 3,  
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( ) 39861107.3803.1 3
,,023 =××=−=Δ − sexinsin hhkh J/kg    

 
From Balje (1981) the peak efficiency of a radial inflow turbine corresponds to the values of: 

 
54.0=sn   and 4.3=sd                  (7) 

 
Substituting these values in equations (1) and (2) respectively, yields 

Rotational speed   22910=ω rad/s = 2,18,775 r/min,     
Wheel diameter   mmD 0.162 = .                                               

 
Power produced   ( ) ( ) KW9.0hhηmhhmP exs0inex0in =−=−= &&  
Tip speed  28.1832/22 == DU ω m/s                                

Spouting velocity          20.278h2C exsin0 =Δ= −  m/s  and       (9)   

 Velocity ratio  66.0
0

2 =
C
U

  

 

   According to Whitfield and Baines (1990), the velocity ratio 
0

2
C

U in a radial inflow turbine generally remains within 0.66 and 

0.70. The ratio of exit tip diameter to inlet diameter should be limited to a maximum value of 0.70 (Dixon, 1978; Rohlik, 1968) to 
avoid excessive shroud curvature. Corresponding to the peak efficiency point (Kun and Sentz, 1985): 

 
676.0DD 2tip ==ξ                   (10) 

8.10=tipD mm 
 

Table 3: Thermodynamic states at inlet and exit of prototype turbine 
 Inlet isentropic exit state (ex,s) Actual exit state (ex) 
Pressure (bar) 6 1.50 1.50 
Temperature (K) 122 81.72 89.93 
Density (kg/m3) 17.78 6.55 5.86 
Enthalpy (kJ/kg) 119.14 80.44 90.11 
Entropy (kJ/kg.K) 5.339 5.339 5.452 

 
   Balje (1981) prescribes values for the hub ratio tiphub DD /=λ  against sn and sd  for axial flow turbines, but makes no specific 
recommendation for radial flow machines.  In axial flow and large radial flow turbines, a small hub ratio would lead to large blade 
height, with associated machining difficulties and vibration problems. But in a small radial flow machine, a lower hub ratio can be 
adopted without any serious difficulty and with the benefit of a larger cross section and lower fluid velocity. According to Rohlik 
(1968), the exit hub to tip diameter ratio should maintained above a value of 0.4 to avoid excessive hub blade blockage and energy 
loss. Kun and Sentz (1985) have taken a hub ratio of 0.35 citing mechanical considerations. 
 
 425./ == tiphub DDλ                (11) 

 6.4=hubD mm 
 
   There are different approaches for choosing the number of blades, the most common method is based on the concept of ‘slip’, as 
applied to centrifugal compressors (Rohlik, 1968; Stewart and Glassman, 1973; Jadeja et al., 1985). Denton (1996) has given same 
guidance on the choice of number of blades by ensuring that the flow is not stagnant on the pressure surface. For small turbines, 
the hub circumference at exit and diameter of milling cutters available determine the number of blades. In this design the number 
of blades (Ztr) are chosen to be 10, and the thickness of the blades to be 0.6 mm   throughout. 
From geometrical considerations: 
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                 (a) Inlet velocity triangle in the r-θ  plane     (b) Exit velocity triangle in the θ -z plane. 

Figure 3:      Inlet and exit velocity triangles of the turbine wheel 
 
From the velocity triangle in Figure 3 
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For a given value of 3Q as given by equation (6), equations (13) and (14) are solved simultaneously for exhaust velocity 3C and 
mean relative velocity angle meanβ , giving: 
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           (15) 

 
In summary, the major dimensions for our prototype turbine have been computed as follows: 
 
Rotational speed: N       = 22910 rad/s = 218,775 rpm                  
Wheel diameter: 2D     = 16.0 mm  
Eye tip diameter:         tipD    = 10.8 mm          (16) 

Eye hub diameter:  hubD  = 4.6 mm 
Number of blades:        trZ    = 10 
Thickness of blades    trt      = 0.6 mm 
 
4. Design of diffuser 
 
   For the purpose of design, the diffuser can be seen as an assembly of three separate sections operating in series – a converging 
section or shroud, a short parallel section and finally the diverging section. The converging portion of the diffuser acts as a casing 
to the turbine. The straight portion of the diffuser helps in reducing the non-uniformity of flow, and in the diverging section, the 
pressure recovery takes place. 
   The geometrical specifications of the diffuser have chosen somewhat arbitrarily. Diameter of diffuser inlet is equal to diameter of 
the turbine inlet. Diameter of throat of diffuser is dependent on the shroud clearance. The recommended clearance is 2% of the exit 
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radius, which is approximately 0.2 mm for wheel. The differential contraction between the wheel and the diffuser at low 
temperature usually acts to enhance this clearance. The profile of the convergent section has been obtained by offsetting the 
turbine tip profile by 0.2 mm radially. For diameter of diffuser exhaust, Balje (1981) suggested exit velocity of the diffuser should 
be maintained near about 20 m/s with a half cone angle of 5.50. Again by following Ino et al. (1992), the best suited diffusing 

angle ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∗

= −
length

diameter
2

tan 1  is 5 to 6 degree which minimizes the loss in pressure recovery and the aspect ratio ⎟
⎠
⎞

⎜
⎝
⎛=

diameter
length  of 

1.4 to 3.3.  
With the above recommended suggestions, the dimensions are selected as,  

Diameter of diffuser inlet, inDD     = 16.5 mm. 
Diameter of throat of diffuser, thDD    = 11.0 mm. 
Diameter of diffuser exhaust, exDD   = 19.0 mm. 
Half cone angle     = 5.00 

giving:  Cross sectional area at throat, thDA    = 95.0 mm2 
Discharge cross sectional area, thDA   = 283.5 mm2 
Length of the diverging section LdD   = 45.72 mm  

LcD LdD

DthD DexD
DinD

 
Figure 4: Diffuser nomenclatures 

 
   In order to assess the validity of the above dimensions of the diffuser, the Figure 5 is reproduced from Balje (1981). From the 
figure, in the divergent section, the length to throat radius ratio of 8.31 and exit area to throat area ratio 2.98 give a stable operation 
of recovery factor of 0.7. This confirms the design of the diffuser.  
 

 
Figure 5: Performance diagram for diffusers (reproduced from Balje (1981)) 

 
Thermodynamic state at wheel discharge (state 3) 
 
At the exit of the diffuser, 
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This velocity is below 20 m/s as suggested by Balje (1981). 
 
Exit stagnation enthalpy:    

2
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0
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+=        (18) 

 
Exit stagnation pressure:    

pCρpp exexex ≈+= 2
0 2

1
 (as velocity exC  is small)       (19) 
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Neglecting losses in the diffuser, the stagnation enthalpy at turbine exit, 
 
 kgkJhh ex 20.90003 == ,          (20) 
 
From the stagnation enthalpy, 03h , and stagnation pressure exp0 , the entropy 3s  is estimated (Lemmon et al., 1995) as   
 

KkgkJs .452.53 =  

and static enthalpy:  kgkJ
C

hh 15.86
10002
1.9020.90

2

22
3

033 =
×

−=−=       (21) 

 
   From static enthalpy, kgkJh 15.863 = and KkgkJs .452.53 = , the density 3ρ calculated (Lemmon et al., 1995) as 3ρ = 5.26 

kg/m3.  
   The choice of 11.11=k  is justified by comparing this density value with equations 6. Therefore, the state point 3 is now fully 
described which can lead to the construction of velocity triangle of the turbine.   
Tip circumferential velocity   
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   Relative velocity at eye tip  
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Highest Mach Number  
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Where 3sC is the velocity of sound for the corresponding state point as shown in Table 4. 
Similar figures for the eye hub at exit is estimated as 
 
 sm7.523 =hubU  sm104.4W3hub = , and  o

3hub 59.7β = . 
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   The velocity triangles at the hub, the tip and the mean radius of the eye have been shown in Figure 6. It may be noted that there 
are two components of velocity, 2U and 2W acting on the turbine wheel. 
 

Table 4:  Thermodynamic properties at state point 3 
 Stagnation value Static value 
Velocity  (m/s) 
Pressure  (bar) 
Enthalpy  (kJ/kg) 
Entropy  (kJ/kg.K) 
Temperature  (K) 
Density  (kg/m3) 
Velocity of sound (m/s) 
Viscosity  (Pa.s) 

0 
1.505 
90.20 
5.452 
90.02 
5.89 
188.87 
6.13 x 10-6 

90.1 
1.29 
86.15 
5.452 
85.96 
5.26 
184.4 
5.90 x 10-6 

 
 
Thermodynamic state at wheel inlet (state 2) 
 
   For computing the thermodynamic properties at wheel inlet (state 2), the efficiency of the expansion process till state 2 is 
assumed. Although in high-pressure ratio (∼ 10) expansion, the nozzle efficiency nη  is clearly described by Ino et al. (1992). 
Sixsmith (1971) has observed that the nozzle efficiency needs to be between 0.9 and 0.95.  Following Kun and Sentz (1985), 
nozzle efficiency =nη 0.93  is assumed. Another important parameter is the ratio of inlet to exit meridional velocities 

32 mm CC . Balje (1970) suggests values between 1.0 to 1.25 for this parameter. Following Kun and Sentz (1985), this ratio is 
assumed to be 1.0, leading to  

sm90.1CCC 3m3m2 === .          (26)                         
                                                                  U3,hub       u3,mean   u3,tip 
                           U2=183.28                       52.7             88.2     123.7 
                    
                  26.17°             59.7°     45.6°    36.0°       
                            W2=Cm2=Cm3=C3 =90.1                                    W3,tip=153.0 
         C2=204.3                                                                      W3,mean=126.08   
                                                                                   W3,hub=104.4                  

 
Figure 6: Velocity diagrams for expansion turbine (All velocities are in units of m/s) 

   The third important assumption relates the gas angle at inlet of the rotor to the corresponding blade angle. Although a negative 
incidence between 10o and 20o has been recommended by authors (Whitfield et al., 1990; Rohlik et al., 1968), in our design radial 
blades have been adopted to ensure smooth incidence (Kun et al., 1985). Thus 
 
 smCW m /1.9022 ==            (27) 
 
Then the absolute velocity at inlet:  

 222
2

2
22 1.9028.183 +=+= WUC = 204.3 m/s         (28) 

 
The incidence angle: 
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2

21
2 17.26

28.183
1.90tan

U
W

tanα === −−          (29)

  
The efficiency of the nozzle along with the vaneless space is defined as 
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Since 14.119001 === inin hhh kJ/kgK as input parameter, enthalpy at the exit of turbine wheel: 

kgkJ98.27
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×
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hh         (30) 

 

Thus  kgkJ96.72
2 =

−
−=

n

in
ins η

hh
hh           (31)   

The input parameter for entropy is expressed as:  
 

kg.KkJ5.339sss 2s1in ===           (32) 
 
Using property data (Lemmon et al., 1995), the corresponding pressure is calculated from sh2  and ss2 as:  
 
 bar2.922 == pp s  
 
From the values of 2p and 2h , the other properties at the point 2 is calculated (Lemmon et al., 1995) as: 

 KkgkjsandmkjKT ./352.5/42.10,65.99 2
3

22 === ρ    
 
Corresponding to these thermodynamic conditions:  

velocity of sound 85.1962 =sC m/s,  
specific heat 140.1=pC  kJ/kgK and  

viscosity pa.s1088.6 6
2

−×=μ   
From continuity equation, the blade height at entrance to the wheel is computed as: 

      
222

.

2 )( mtrtr

tr
CtZD

m
b

ρπ −
= ( ) mm

1.9042.106.01016
101026.23 63

×××−×
××

=
−

π
mm56.0=      (33) 

 
5. Design of the nozzle  
 
   An important forcing mechanism leading to fatigue of the wheel is the nozzle excitation frequency. As the wheel blades pass 
under the jets emanating from the stationary nozzles, there is periodic excitation of the wheel. This periodic excitation is 
proportional to the speed and the number of nozzle blades (Kun, 1987). The number of nozzle blades is normally dictated by 
mechanical design consideration, particularly to ensure that nozzle discharge does not excite natural frequency of the impeller 
(Kun and Sentz, 1985).  
   The purpose of the nozzle cascade is to assure that the flow should be incident on the wheel at correct angle to avoid incidence 
loss. Kun and Sentz (1985) selected the nozzle cascade height somewhat smaller than the tip width in order to leave some margin 
for expansion in the annular space around the wheel and to accommodate axial misalignment. This recommendation, although 
conforming to common design practice, is too restrictive in case of small turbines. Figure 7 shows the nozzle ring bringing out the 
major dimensions of the passages and the vanes. The design of the blading system offered no real problem as long as the pressure 
ratio across the turbine is not more than critical pressure ratio and as long as the temperature drop efficiency demanded does not 
exceed about 80% (Von Der Nuell, 1952).  
 
Thermodynamic state at the throat and vaneless space 
   The proposed system uses convergent type of nozzles giving subsonic flow at nozzle exit. Referring to Figure 7 the nozzle throat 
circle diameter is the outer boundary of the vaneless space while the wheel diameter is the inner circle. If tD  is nozzle throat circle 
diameter and mtC the meridional component of the nozzle throat velocity, the mass balance equation yields, 
 

    
tttt

mt DbD
mC

ρπρπ ×××
××

==
−

5.0
101026.23 63

1

&
         (34) 
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Where 1b is the height of the passage, assumed to be 0.5 mm. The velocity at exit of the throat consists of two components, mtC  
and tCθ . The meridional component is perpendicular to the nozzle throat circle diameter, which determines the mass flow rate 
whereas the tCθ  other component is tangential to the throat. 

 
Figure 7: Major dimensions of the nozzle and nozzle vane. 

 
Following Kun and Sentz (1985), mmDDt 28.1708.1 2 =×= , leading to 
 

 
t

mtC
ρ

93.856
=             (35) 

   Similar to the presence of two velocity components at the throat circle diameter, there are two velocity components at the entry 
of the turbine wheel as shown in Figure 3. From conservation of angular momentum in free vortex flow over the vaneless space, 
 

 sm
D

DU
C

t
t /70.169

08.1
28.18322 ===θ                (36) 

 

Thus,  
22

22
2

2
t

t
CC

hh −+=  

 
Since tC consists of two velocity components perpendicular to each other, 

 
222

222
2

2
tmt

t
CCC

hh θ−−+= kgJ
Cmt

22
70.1691014.119

22
3 −−×=  2

3
3 1016.3671074.104

tρ
×

−×=   (37) 

    
   The relation between th and tρ given by equation (37) and the entropy conservation relation given below (Lemmon et al., 
1995) uniquely determines enthalpy and density at that throat. Assuming isentropic expansion in the vaneless space,  

kgKkJssst /352.521 ===  
 
Solving the above equations, 

kgKJht /93.101=  and 3/45.11 mkgt =ρ  
 
Using Ref. (Lemmon et al., 1995), the other properties at that throat are found to be 

;5.103;30.3 KTbarp tt == and 58.200=stC m/s 
 
And the velocities are obtained from equations (35) and (36) as 

;/84.74;/47.185 smCsmC mtt == and smC t /7.169=θ , and 

Mach number:  92.0==
st

t
t C

C
M          

This leads to subsonic operation with no loss energy on account of aerodynamic shocks. 
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D2
Vaneless Space 
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Sizing of the nozzle vanes 
   To compute the dimensions of the throat, Kun & Sentz (1985) used the conservation of momentum & continuity of flow to get 
the correct throat angle for finite trailing edge thickness. Aerodynamically, it is desirable to make the trailing edge as thin as 
mechanical design consideration will allow.  
   Using the Continuity Equation and the density at the throat, the throat width wt and the throat angle tα are calculated as follows. 

For 3..
1026.23 −×== mmtr kg/s and tbb =1  

 mm
CbZ

m
W

tttn

tr
t 46.1

47.18545.115.015
101026.23 63

.

=
×××
××

==
−

ρ
       (38) 
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⎛
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θ
α           (39) 

 
   It may be noted that throat inlet angle is different from the turbine blade inlet angle and the discrepancy is due to the drifting of 
fluid in the vaneless space. 
   The initial guess value of tD is checked from the conservation of angular momentum over the vaneless space, 

 

28.1722 ==
t

t C
DU

D
θ

mm            (40) 

 
which matches to the initial value of  17.28 mm.   
The blade pitch length, np is estimated as, 
 
      mmZDp ntn 62.3== π .  
 

tα is the angle between the perpendicular to the throat width tw  and the tangent to the throat circle diameter. From Figure 7, the 
diameter of the cascade discharge (the inner diameter of the nozzle ring) is calculated as, 
 

 tttttn CosDwwDD α222 −+=  = 26.82 mm        (41) 
 
where tα is angle between tD and tw . 

 
Figure 8: Cascade notation 

    
   In cascade theory, blade loading and cascade solidity are defined as: 

0cotcot ααδ −=
Δ

= t
mn

u
C

V
u     

S
Chn

n =σ  

From cascade notation, 
2

cotcot u
t

δλα −= ∞  and 
2

cotcot 0
uδλα += ∞  
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   The separation limit, in an approximate way, is expressed by a minimum required solidity. Its value is found from the 
aerodynamic load coefficient zψ  defined as the ratio of actual tangential force to ideal tangential force, also known as Zweifel 
number. The optimum value for the aerodynamic load coefficient is about 0.9. Thus the chord length of nozzle can be found from 
the equation of solidity and expressed as 
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      (42) 

Where 
S   = tangential vane spacing = nn ZDπ  = 4.95 mm. 

∞λ = cascade angle or mean vector angle = ⎟
⎠

⎞
⎜
⎝

⎛ +−

2
cotcot

cot 01 αα t  

sλ = stagger angle = mαλ +∞  

Following Balje (1981), 0α  is taken as °78 and also gives mα  as a function of ( )tααλ −=Δ 0  for various values of ∞λ , yields 

mα = -4°, leading to: 75.2=uδ , °
∞ = 2.34λ , °= 2.28sλ  and 58.6=nCh mm. 

 
6. Conclusions 
 
   A numerical model of the cryogenic turbine wheel has been developed covering hub and tip to study the design and operating 
parameters on the size of the blade. In addition, the flow chart will play a significant role to find state properties and dimension of 
cryogenic turboexpander. By using this method the designer is able to get a better feel for the turbine wheel during the design 
process, he spends less time on mundane data preparation, and he has more freedom to make full use of this creativity to design a 
better machine. Based on this design, development and experimental work is needed to get the better design and characterize the 
operation of the devices at higher speeds, including stability, load capacity and heat dissipation. The paper presents an updated 
literature review on almost all aspects of design of cryogenic turbine, and may serve as a ready reference for future work. 
 
Nomenclature 
b             blade height (mm) 
C            absolute velocity (m/s) 
Cn          chord length of nozzle (mm) 
ds           specific diameter 
D diameter (mm) 
h enthalpy (J / kg) 
M mach number 

.
m  mass flow rate (Kg/s) 
ns specific speed 
N rotational speed (rev/ min) 
p pressure (bar) 
P power produced (Kw) 
Q volumetric flow rate  (m3 / s) 
T temperature (K) 
t thickness of  blades (mm) 
U circumferential velocity (m/s) 
W relative velocity (m/s) 
w width of flow passage (mm) 
z number of blades 
 

Greek symbols 
ω rotational speed  (rad/s) 
λ ratio of hub diameter to tip diameter  
ε           ratio of tip diameter to turbine wheel diameter  
η isentropic efficiency (dimensionless) 
β relative velocity angle 
ρ density of gas (m3/kg) 
Subscripts 
0 stagnation condition 
1 inlet to nozzle 
2 inlet to turbine wheel 
3 inlet to the diffuser (exit to wheel) 
ex discharge from  diffuser 
hub hub of turbine wheel 
tip tip of turbine wheel 
m meridional component 
s isentropic condition 
tr turbine wheel 
n nozzle 
t throat 
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    Start 

Input 

stTexinin mppT −η;;;;
.

,0,0  
and working fluid 

A

Assume the initial value of 1k  and 2k  

Compute 3Q , 3ρ and sinh 3−Δ from equations (6) and (4) 

Compute thermodynamic properties ininin sh ;;ρ at the 
inlet and exexexex Tsh ;;;ρ at the exit state of the 

turboexpander by using input data and property chart  

Compute ss dandn  from Balje (1981)  

Compute ω and trD  from equations (1) & (2) 

Compute tipD and hubD  from equations (10) & (11) 

Compute meanβ and 3mC  from equations (13) & (14) 

In summary, the major dimensions for turbine have been 
computed as follows in equations (16) 

B
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Compute thermodynamic properties exex ph 00 , (equations 18 & 19) at the 

exit state of the turboexpander by using exC  

By using 3C compute thermodynamic properties 3h from 

stagnation condition (equation 21) and 033 ss =   

Compute velocity of working fluid at exit of diffuser exC (equations 
17) by using geometry of the diffuser 

By following Balje (1981) diameters and half cone 
angle of diffuser are determined. 

B

Neglecting losses the stagnation thermodynamic properties at exit 
of turbine wheel is taking as same as the exit state of the 

turboexpander (equation 20). 

By knowing 3s and 3h compute 3ρ from property 
chart  

A Is this 3ρ  and initial 3ρ (in 
equation 4) is same 

Yes

No

Compute static and stagnation thermodynamic properties (Table 3) 
at state 3 of the turboexpander and compute velocity diagram at the 

exit of the turbine wheel 

C
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Following Kun & Sentz (1985) compute 2mC by using 
equations (26) 

C

By adopting radial blades compute 2W by using 
equations 27 

Compute 2U , 2C  and 2h at turbine wheel by using equations (9), 
(28) and (30) respectively. 

By taking isentropic conditions compute adh2  and 2s at turbine wheel 
by using equations (31) and (32) respectively 

By using adh2  and 2s , compute pressure 2p  at the inlet of turbine  
wheel from property chart. 

By using 2h  and 2p , compute thermodynamic properties at the inlet 
of turbine from property chart. 

By using continuity equations compute blade height at the inlet of 
turbine wheel from equation (33). 

D
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Figure 9: Flow chart for calculation of state properties and dimension of cryogenic turboexpander 
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