Journal Afrika Statistika

Journal Afrika Statistika
Vol. 6, 2011, pages 391-411.
DOT: http://dx.doi.org/10.4314 /afst.v7il.2

ISSN 0852-0305

Nonlinear wavelet regression function
estimator for censored dependent data

Djabrane Yahia and Fateh Benatia
Laboratory of Applied Mathematics, Mohamed Khider University of Biskra, 07000, Algeria

Received 9 May 2012; Accepted 1 September 2012

Copyright © 2012, Journal Afrika Statistika. All rights reserved

Abstract. Let (Y,C,X) be a vector of random variables where Y, C' and X are, respec-
tively, the interest variable, a right censoring and a covariable (predictor). In this paper, we
introduce a new nonlinear wavelet-based estimator of the regression function in the right
censorship model. An asymptotic expression for the mean integrated squared error of the
estimator is obtained to both continuous and discontinuous curves. It is assumed that the
lifetime observations form a stationary a—mixing sequence.

Résumé. Soit (Y,C, X) un vecteur de variables aléatoires ot Y, C et X sont, respective-
ment, la variable d’intérét, une censure & droite et une covariable (prédicteur). Dans cet
article, nous introduisons un nouveau estimateur de la fonction de régression basé sur les
ondelettes non linéaire dans le modele de la censure a droite. Une expression asymptotique
de l'erreur quadratique moyenne intégrée de ’estimateur est obtenue pour les deux courbes
continues et discontinues. On suppose que les observations de la durée de vie forment une
suite a—mélangeante.

Key words: Censored data; Mean integrated squared error; Nonlinear wavelet-based esti-
mator; Nonparametric regression; Strong mixing condition.
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1. Introduction

Wavelets and their applications in several areas of both pure and applied mathematics has
provided statisticians with powerful new techniques for nonparametric curve estimation by
combining recent advances in approximation theory with insights gained from applied signal
analysis. Because wavelets are localized in both time and frequency and have remarkable
approximation properties, wavelet estimators automatically adapt to these varying degrees of
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regularity (discontinuities, cusps, sharp spikes, etc.) of the underlying curves to be estimated.
This is a remarkable property of the wavelet method when compared to other common
estimation techniques, such as the kernel method, which may fail in unsmooth situations.
The recent monograph by Hérdle et al. (1998) and the book by Vidakovic (1999) provide
excellent systematic discussions on wavelets and their applications in statistics.

Under the assumption that the lifetime observations are mutually independent, the nonlinear
wavelet estimator of the density function has first been considered for complete data; see,
Hall and Patil (1995). These authors showed that the asymptotic mean integrated squared
error (AMISFE) formula is the same in both smooth and unsmooth density case, a fact that
is not true for the kernel method. Similar results are available for the problem of estimating
a regression function, see Hall and Patil (1996) for i.i.d. complete data and Truong and
Patil (2001) for a—mixing complete data. For right censorship model, Li (2003) consider a
nonlinear wavelet estimator of a single density function with randomly censored data and
derives its MISE. Li et al. (2008) considers the estimation of the regression function and
they showed its convergence rate over a large function class in the i.i.d. setting.

In this paper we consider the right censorship model and we introduce a new nonlinear
wavelet-based estimator of the regression function and we investigate the asymptotic ex-
pression for the M ISE of the estimator. It is assumed that the lifetime observations form a
stationary a—mixing sequence.

Let Y be a lifetime variable with continuous distribution function (df) F and X a continuous
covariable (predictor) taking its values in [0,1] with df L and corresponding density ¢. In
regression analysis one expects to identify, if any, the relationship between the Y;’s and
X;’s. This means looking for a function m*(X) describing this relationship that realizes the
minimum of the mean squared error criterion. It is well known that this minimum is achieved
by the regression function of Y given X = z, that is m(z) := E(Y|X = z) = h(z)/l(x),
with h(z) = [yF(x,dy), where F(-,-) being the joint df of the random vector (X,Y") with
density f(-,-).

In practice, the response lifetime variable Y — a variable of interest may be subject to left
truncation and/or right censoring. As in medical follow—up research, the observation of the
time to an event may be prevented by a previous censoring occurrence. Examples of such
events include the death of a patient and the relief from symptom. Examples of censoring
occurrences include the end of the study and the loss of data caused by failure to follow up.
In this case only part of the observations are true death time or real relief time. Wavelet
procedures in conjunction with censoring have also been used for detecting change points
in several biomedical applications. Typical examples are the detection of life-threatening
cardiac arythmias in electrocardiographic signals recorded during the monitoring of patients,
or the detection of venous air embolism in doppler heart sound signals recorded during
surgery when the incision wounds lie above the heart. The recent work of Hardle et al. (1998)
provide excellent selective review article on nonlinear wavelet methods in nonparametric
curve estimation and their role on a variety of statistical applications.

Consider a real random variable (rv) Y and a strictly stationary rv’s (Y;),~; with common
unknown absolutely continuous df F. In medical research, industrial life-testing, survival
analysis and other studies, the rv’s my be the lifetime of patient under study. Also let (C;),~,
be a sequence of censoring rv’s with unknown df G. In contrast to statistics for complete data
studies, right-censored model involves pairs (7T}, d;) where only T; := min (V;,C;) = Y; A C;
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and 0; = I (Y; < C;),i=1,2,...,n are observed, where I (A) denotes the indicator function
of the set A.

In this paper, we adapt the wavelet-based regression estimators to right censored data un-
der strong mixing conditions whose definition is given below. First, let F¥(Z) denotes the
o—field of events generated by {Z;, i < j < k}. For easy reference, let us recall the following
definition.

Definition 1. Let {Z;, i > 1} denotes a sequence of rv’s. Given a positive integer n, set:

a(n) =sup {|P(ANB) —P(A)P(B)|: A€ F{(Z), Be F3,(2), ke N*}.

The sequence is said to be a—mixing (strongly mixing) if the mixing coefficient a(n) — 0
as n — oo.

Among various mixing conditions used in the literature, a—mixing is reasonably weak and
has many practical applications. Many processes do fulfill the strong mixing property. We
quote, here, the usual ARMA processes which are geometrically strongly mixing, i.e., there
exist p € (0,1) and v > 1 such that, for any n > 1, a(n) < yp™ (see, e.g., Jones, 1978).
The ARCH models (see Engle, 1982), their GARCH extension (see Bollerslev, 1986), the
threshold models and the EXPAR models (see Ozaki, 1979) are geometrically strongly
mixing under some general conditions. We refer the reader to the recent Bradley’s monograph
Bradley (2007).

In the sequel, {T},d;, X;; ¢ > 1} is assumed to be a stationary a—mixing sequence of ran-
dom vectors with coefficient «(n). Moreover, we suppose that the sequences {Y;, i > 1}
and {C;, i > 1} are a—mixing with coefficient «1(n) and as(n) respectively. Cai (2001,
Lemma 2) showed that {T;, ¢ > 1} is then strongly mixing; with coefficient as(n) =
4max (a1 (n), as(n)).

The rest of this paper is organized as follows. In Section 2, we give the necessary definitions
and define the nonlinear wavelet-based estimators of m (+), £(-) and h (-). Assumptions and
main results are given in Section 3. The proofs of the main results are postponed to Section
4, where some auxiliary results are also proved. In Appendix, we collect some preliminary
lemmas, which are used in the proofs of our main results.

2. Notations and definition of estimators

Our aim is to estimate, m (-), £(-) and & (-) by non-linear empirical wavelet coefficients. Let
¢ (z) and ¢ (z) be father and mother wavelets, having the properties: ¢ and v are bounded
and compactly supported; [¢* = [¢? =1, uy = [y (y)dy =0, for 0 < k <r —1 and
pr = rlk, where k = (1/r!) [ y"¢ (y) dy. Therefore, the functions

¢; () =p'*o (o —j), i (@) =p W (pw—j); z€R (1)

for arbitrary p > 0, 4,7 € Z, i > 0 and p; = p2’ are orthonormal:

/¢j1¢j2 = 5j1j27 /wiljlwi2j2 = 5i1i26j1j27 /¢j1wij2 =0,
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where §;; denotes the Kronecker delta, ie., d;; = 1, if ¢ = j; and d;; = 0, otherwise.
Then, the collection {¢; (z),;; (z), i,7 € Z,i > 0} is an orthonormal basis of L? (IR) . For
the existence and properties of such wavelet, we refer the reader to Cohen et al. (1993);
Daubechies (1992) and Hérdle et al. (1998).

Assume that ¢ and v are compactly supported on [0,1]. For all function f € L? (R), we
have the following wavelet expansion:

Fa) =3 s @)+ asts () @
=0 i=0 j=0

where aj = [ f¢; and a;; = [ fi);; are the wavelet coefficients of the function f () and the
series in (2) converges in L? ([0,1]).

As is usual in the wavelet literature we assume that the regression function m (-), density
£(-) and function h (-) are supported on the unit interval [0, 1]. In view of (2), the proposed
nonlinear wavelet estimators of the covariate density £ (-) is

0= 30,0+ 3 Z i1 (ass| > 8) i () 3)

where 6 > 0 is the "threshold” and ¢ > 1 is another smoothing parameter, and the empirical
wavelet coefficients are defined as follows:

a; = /@-dLn =n"1> " ¢; (X)), aij = /wijdLn =n"" i (Xi)
k=1 k=1

n
where L, =n~! Y I (X} < x) is the empirical estimator of the covariat’s cumulative df L.

k=1
Similarly, as for £(-), the wavelet expansion of the function h (-) is given by

p—1 oo pi—l
hz) = bigs(x)+ > > byt (x),
j=0 i=0 j=0

where b; = [h¢; and b;; = [ hip;;. Note that the estimator of the joint df F (z,y) =
P(X <z,Y <y) of (X,Y) under censorship model (see Stute, 1993) is given by

F, =n! E — I (X <z, Ty <
n (x,y) n e Gn(Tk) ( (k) ST 4(k) > y) )

where T{) is the k — th ordered T'—value and X(4) is the concomitant variable associated
with the k — th order statistic Tk, i.e., X(x) = X if T(y) = T;. Here G, denote the Kaplan
and Meier (1958) estimator of the df G :=1— G, i.e.,

B n 1—6: I(Y;<t)
Gn(t) = 1 - ———— I(Y,, >t).
(=)

Hence the proposed nonlinear wavelet estimators of h(z) = [yF (z,dy) is
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b)) =3 by () + >0 3 bl ([big] > 0) i (@), (4)
j=0 i=0 j=
where b; and b;; are defined as follows:
~ 1 - (5ka > 1 = 6ka
b; = — — Xk), bij = — = i (X 5
J n,;Gn(Tk)¢J( k) J n & Gn(Tk)wj( k) ( )

oL

Further, from (3) and (
the convention 0/0 = 0.

3. Assumptions and main results

Throughout this paper, ¢ denotes a positive constant which might take different values
at different place. We define the endpoints of F' and G by 70 = sup{y, F(y) <1},
76 =sup{y, G (y) < 1} and we assume that 7 < 0o and G (1) > 0 (this implies 77 < 7).
We point out that since Y can be the lifetime we can suppose it bounded. In addition, we as-
sume that {C;,i > 1} and {(X;,Y;), 7 > 1} are independent. We introduce our assumptions,
gathered below for easy reference:

A.1 The joint density ¢; (-,-) of (X1, X;41) exists and satisfies

[0;(s,t) —L(s)e(t)| < ¢, Vs, t€][0,1],

for some constant ¢ not depending on j.

A.2 The marginal density ¢ (-) satisfies £ (z) <¢, Vz €][0,1].

A.3 The smoothing parameters p, g and ¢ are functions of n. Suppose that p — oo, ¢ — o0
as n — oo in such a manner that p,62 = O (n=°) for some 0 < ¢ < 1, p* 7152 — oo,

d>c (n_l logn) 1z,
A.4 The mixing condition satisfies o (n) = O (n™*) for some

A>max{(2—¢)/e,3+4r, 14+ 2r+1)/e,(v—1)2v+1)(2—¢) /2e(v — 2)},

where v > 2, and

e(A+1+20)+2b/(2r+1)>2(0b+1), forb>1

Proposition 1. Under assumptions (A.1)-(A.4) and the conditions on ¢ and i) stated in
section 2. Assume that the r —th derivatives £ and h") are continuous and bounded. Then

E’/(E—E)z— {n1p+ﬂ2 (1_22r)‘1p2r/e<r>2}’ —o(nptp ). (6)
B ‘/ (- h)2 = {n_lp// Z/Qé((z’)y)da:dy+ K2 (1 - 2—‘”)1p—2”/h<ﬂ2}
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Theorem 1. Under the assumptions of Proposition 1. Let v > 1, suppose that 1 —
r/(2r+1)<e<2r/(2r+1) and p* ' = O (n), then

/ (7 —m)* = Op (n~'p+ 7). (8)

Moreover, if p is chosen of size n*/m+1  then [ (1 — m)® = 0, (n=2r/CrD)

In Proposition 1 and Theorem 1 we described the performance of wavelet methods for
functions ¢ and h with r derivatives. Clearly that smoothness assumption does have a bearing
on our results. Nevertheless, the failure of the smoothness condition at a finite number of
points does not affect Proposition 1 and also Theorem 1, as our next result shows.

Theorem 2. Under assumptions (A.1)-(A.4) and the conditions on ¢ and 1 stated in
section 2. Also assume that pgr“'ln_” — 00, and impose the condition of r—times differen-
tiability of £ and h only in a piecewise continuous sense; that is, we ask that there exist points
O=2p<x1 < -+ <Ny <zxns1 =1 such that the first r derivatives of £ and h ezist and
are bounded and continuous on (xj,xj41) for 0 < j < N, with left- and right-hand limits.
In particular, £ and h themselves my be only piecewise continuous. Then the conclusions (6)
and (7) in Proposition 1 still hold, and also (8) in Theorem 1 holds when () is continuous
and bounded.

Remark 1. Condition (A4.1) is needed for covariance calculus and takes similar forms to
those used in complete data under dependence. Note also that, it is satisfied in the i.i.d.
case. Hypothesis (4.2) and (A.3) are used in de Ufia-Alvarez et al. (2010) and is needed to
establish Lemmas 5-4. Assumptions (A4.4) concern the mixing processes structure which is
standard in such situation. Furthermore, if we replace o (n) = O (n™*) by a(n) = O (p™)
for some 0 < p < 1, then (A.4) is automnatically satisfied.

Remark 2. The error rates in our Theorems are same as that in Hall and Patil (1996)
fpr i.i.d. complete data, Truong and Patil (2001) for dependent complete data and de Una-
Alvarez et al. (2010) for truncated dependent data.

Remark 3. Compared with the kernel estimator, the wavelet analogue of the bandwidth
h,, of the kernel estimator is p~!. As point out by Hall and Patil (1996), the n~'p term
derives from variance (compare (nh,)”" in the the kernel estimator case) and the p~2" term
from squared bias (compare h2" for an rth—order kernel estimator), the optimal size of p is
en'/Cr+1)  Moreover, by choosing p ~ n'/(27+1) it can be shown that the MISE satisfy

E/ (é - 4)2 ~nlp+ R (1- 2’2T)_1p727ﬁ/€(r)2 2B,

2 2
P -1 v f(z,y) 2 (1 _o—2r\—1 _or (r)2 —2r/(2r+1)
E/ (h h) n p//ié W dedy + K% (1—-27%") 'p h n )
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4. Proofs

Observing that the orthogonality of ¢ and v implies

N 2 bzl —1pi—
/(hfh) - (bjfbj) +ZZb ( )
7=0 i=0 j=0
a-lpizl 0o pi—1
303 (b =) 1 ([bs| > 0) + 038
i=0 j=0 i—q =0

In order to prove (7), it suffices to bound each term Iy, I, I3 and I separately, which is
done in Lemmas 1-4 respectively.

Lemma 1. Under the assumptions of Proposition 1,

E\I - n_lp// yQC];((Z)y)da:dy‘ =o(n'p). (9)

Proof. Using Lemma 5 it follows that

E‘I —n_lpffyf W) )dxdy‘ <E

j;: (57 - bj) —n~p[f Y f y) )dxdy

p—1 5
+ Y EB
7=0

=:I11 + Lo + I1s.

Firstly, using the conditional expectation property we get

E [ ! ‘Xl - :1:] —E [E {W‘m] ‘Xl - m]

—E [G&)E[I Vi < C) ‘Yl} (Xl = x}

—E [Yl(Xl - x} = m(z).

Then we have

Eb; = E {ngﬁ) -(Xl)’Xl} =B |:¢j (X)) E [ 51Ty ‘Xlﬂ

- / o, (z) m(x)l(z)dx = / ¢; (x) h(x)de = b;.
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Now, for simplicity we set U; i, := dxTk¢; (Xi) /G(Tk). Note that

nk (BJ - bj>2 = %Varin,k
k=1

n—1
l
=Var (Uj,l) +2 ; (1 — n) Cov (Uj,l, Uj,l+1) . (10)
We have
Var (Uj1) = E [U;4] — E* [Uj1] :== V1 — Va.

Using again the conditional expectation property, (1) and a change of variable, we get

Vi=E [qﬁ (X)) E {W‘H”

-/ / G () (2. dady

/ / —qﬁz £ ((t+3) Jp.y) didy. (11)

In other hand

v2—<//y¢j(x) xydxdy) </¢)j(x)h(x)dx)2
_(—1/2/¢ (t+3)/p)d ) ) (12)

By [ ¢% =1 and the compactness of the support of ¢ we get
sz <CZ/ 142 (1) hz((tJrj)/p)dtHC’/hQ( ) du
7=0

Hence, from (11), (12) and Z p L f((t+7)/p,y) = [ f(z,y)dz, it follows
7=0

EVGT( ji1 //f dacdy—i—o( ) (13)

Now, from (77 < 7¢) and £ (z) < ¢, we have

|Cov ( Uj1,Uj, 1+1)| = |E[ U4

| = EUj1] EUj144]]
/|¢J )65 ()] 1 (2, y) — £ () £ (3)) dacdly

< G2
< G2 _ //|¢> )] 160 (5,) — € (s) € (1)) dsdt.
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Assumption (A.1) give

|Cov ( Ujq, Uj, l+1)| = (p_l)- (14)

On the other hand, since |U; | < p/? (|8, G~! (1) = O (p'/?), from a result in Hall and
Heyde (1980, Corollary A.1), we have

|Cov (Uj1, Ujia)| = O (pa (1)) - (15)

Then to evaluate this covariance term, the idea is to introduce a sequence of integers w,
which we precise below. Then we use (14) for the close 1 and [ and (15) otherwise. That is

2|Z (L=1/n)Cov (Uja1,Ujis1) | < Z Z |Cov (Uj1,Ujas1)|-

1<wp I>w,
Note that p,6? = O (n™¢) and p>" 162 — oo, implies p > cn®/?". Choosing w,, = p/Inln(n),

we have

n—1

2|Z (1—=1/n)Cov(Uj1,Uji4+1) | < ¢( Z Z min (p~*,pa (1)) = o(1). (16)

-1

In the same way as for the term Var Z (a; aJ) of de Unia-Alvarez et al. (2010) (see the
7=0
proof of (4.11) in their Appendix, pp 341-344), it can be shown that

Varpi:l (l;j — bj) =o(n *2p*2) . (17)
j=0

Then (10), (13), (16) and (17) yield that I;; = o (n™'p).

For I,5, following the line as for I7q, it is easy to see that

p—1
Iy — O (lnln(n)) B

7=0 k=1
Inln(n) pl 1 & ’
2
<0 (R Y L5 |25 s (ol - Bl (| + (B0 (X))
j=0 k=1
Inl Inl
= O (n n(n)> O (n_lp) + O <n n('fl)) = 0 (n_lp) .
n n
Finally, as to I3, we have
A , vz 1/2
Ly <2 [ 3B (b -] S EB}| =o(n'p).
§=0 §=0
Combining the estimates on I11, I12 and I13 together, we obtain (9). |
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Lemma 2. Under the assumptions of Proposition 1,

E I, - —2r 2 2—21“ /h (r)?

—QT) .

Proof. Let ¢ > 0, and define

aini! q—1pi—1
Iy =Y Y 0T (bl <(1-¢)0), Ta=Y_> biI(lbil <(1+¢)0),
=0 5=0 i=0 j—=0

i) bij

226(

=0 j=
expansion, we have

bijz/h(x)z/}” )dw = 1/2/¢ (“”)du
02 o { ) W Gl + s ) [ e (J;f“) dt}du

1 .
12y 1 / - / r=1, (r) <J+tu)
=D; U U 1-—t h — | dtdu
(r—1)! v 0 ( ) Di
= wp; TG+ M), (18)

< Cé) . Then Is; — A < I, < Iy + A. By using Taylor

where G;; = h®) (j/p;) and SUPg<i<g—1,0<j<pi—1 | Hijl = 0.

Note that sup; bij| < cp;(rH/Q) < e¢p~(+t1/2) and p"t1/2§ — oco. Hence, for n large enough
we have

qg—1p;—1

Iy = Iy = Z Z KD (QTH (Gij +7'lw)

=0 j=0
— p 22 (1 2—27) 1/h(7-)2 +O(p—2r)_

Hence, to prove Lemma 2, it suffice to show that EA = o0 (Ia2). According to Lemma 5 we
have

q—1p;—1 q—1p;—1
EA < b2 ( bi]‘ — bij > 6145) + Z ‘Bwl > CQC(S) (19)
=0 75=0 =0 j=

where ¢y and ¢y are positive constants such that ¢; + co =

1
In order to evaluate FA, we first use Lemma 7 to bound P ( > 01(:5) . Set Wi, =

RTEEN 1/%; (X&) . Then EVyjp = byj, [V — EVy5] < CP;/2

G(Tw) 8
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E (U — E\I/ijk)z < E\Iffjk <c and [Cov(¥ij, Uiju)| = O (pgl) for t # .

Therefore, by Lemma 8, taking v = 0o, for N € N, 0 < N < n/2 we have

! 2/r
Dy = max Var (Z \Ifijk> < CN{(pZ}/2) / (p;1)1—1/r n c} < eN. (20)

1<I<2N
- k=1

Assumption (A.3) and A > (2 — ) /e imply p} 162D < pM+1523=1 — 0. So, according
to Lemma 7, taking N = {(piézﬂ , it follows that

P

> 01C5) =P <Z (\Pijk — E\I’ijk) > ’rLClC(5>

k=1

(nei¢8)? /16 32s
<4 - N
= eXp{ "N—1Dy 1 Cne,CoNs (  neycs W)

< dexp {—C6%n} +C (pg*“)/?(sk—l) 0. (21)

By using arguments similar to those behind (20), it follows that

"L 5Ty
Var <Z G’(Tk)wij (Xk)> < cn.

k=1
Hence
9 Inln (n 1 = 6T |95 (X 2
_o () [y, (L 8Ty ()l 8T [ (X))’
_O< n ){V (nkz_l G(Ty) >+E< G(1) >}
zo(lnh;(n)){1/n+1/pi}:0(1/n), (22)

From (19), (21) and (22), and the fact that nd? — oo, it yields that

—1p;—1 —1p;—1
q DPi q pi EBE]

2 2 j
maco (S50 ) S 0 20 <ot
i=0 j=0 i=0 j=0 2
This finishes the proof of Lemma 2. 0

Lemma 3. Under the assumptions of Proposition 1,

E(I) =0 (n—2r/(2r+1)) _
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Proof. Let c3, ¢4 denote positive numbers satisfying c3 + ¢4 = 1. Then, from

I( Bij > (5) < I(lblj‘ > 03(5) —l—]( Bij —bij > 645) s
we have
q—1p;—1 ) 9 q—1p;—1 R 2 )
E(Ig) < E |:(sz — b”) I(‘b”| > 835):| + Z Z E |:(b” — b,j) 1 ( bij — bi]‘ > C45>:|
i=0 j=0 i=0 j=0
= I31 + I32.
According to Lemma 5, it follows that
q-1pi—1 N 2 q—1p;—1
I3 < QZ Z E |:<bz'j - bij) I(|bi;| > 635)} + 22 Z E B} (|bsj| > ¢36)]
i=0 j=0 i=0 j=0
= I311 + I312.

- 2
The proof of (20) shows that E (bij - bij) < C/n, and (18) implies sup;, |b;;| < cp;(T+1/2).

Therefore, from n'/2§ — oo, we find

-1
1311 =0 (n_l) quzj (pz < (0/635)2/(2T+1)>
=0
-0 (n71572/(2r+1)) —0 <n727’/(2r+1)) . (23)

Note that p,6° = O(n™¢) and § > c(ln(n)/n)l/2 implies that ¢ = O (In(n)) and
pgIn(n) /n — 0. Then by using (22) we have

L — O (lnlr;(n)> qi:l (% N 1) _0 <lnlr;(n)> (% +q>

i=0
—0 (n—Qr/(2r+1)) _ (24)

Equations (23) and (24) yield that I3 = o (n=2/(r+1).

As to I3, let c5, cg denote positive numbers satisfying c¢5 + cg = 1. On applying Lemma 5
again, we have

g—1p;—1

I3 < 22 Z E |:<Bij - bij)21(|Bij| > 04066)}
=0 j=0
g—1 pjifl qg—1p;—1 _ 9 ~
+23 S EBL+2Y Y E [(bij i) 1 (b — bis| > 64055)} . (2)
=0 j=0 =0 j=0
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Observe that
q—1p;—1 ~ 9
Z Z E |:<bz] — b,’j) (|Bz]‘ > C4866):|
1=0 5=0
q 1p;—1
E |: — ('Blj‘ > C466(5 bi]' z] > C4C5(5>:|
i= J
pz ~
—|— E |: — (|B”| > 6406(5 b” — 1] < 64055)]
pi—1 q—1pi—
E|: — <bij—bij >C4C56):| +CZZEB”,
=0 j= =0 j5=0
which, together with (25) and the proof of (24), leads to
q—1p; _ q—1p;—1
132<3ZZE|:( ) I(bij—bij >C4055):|+CZ
i=0 j=0 i=0 j=0
q—1p;—1
S 32 Z FE |:(b” b”> I ( bij - bij > C4C55):| +o (n_2r/(2T+1)) .
i=0 j=0
Therefore, it suffice to show that
q—1pi— 9 ~
Z Z |:( ij — b”> I ( bij - bij > C4C55):| =0 (TFQT/(QTH)) . (26)
i=0 j

Let a denote a positive number such that 1/a + 1/b = 1. By using Lemma 9 and (21),

according to Holder’s inequality, we get

) 2“>1/a (P(

> 04055)]

bij — bij

> 04055) ) e

| o\ 1/(2b)
<c 2. 2.5 {eXp (—6152n) + (p?+152(>‘ 1)) }

By choosing 6 > ¢

0
L exp (—c16%n) + CTf1p((1)‘+1)/(2b)+15()‘*1)/b.

In(n )/n)l/2 with ¢g is such that cjco = 2r/(2r + 1), and by noticing

that p,62 = O (n=9), § > c3 (In(n)/n)"? and € (A + 14 2b) + 2b/(2r + 1) > 2 (b + 1) imply

n—lpéA+1)/(2b)+15(A—1)/b _ 0(

the lemma.

n=2r/(r+1)) " Combining (23), (24) and (26), we have proved

O
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Lemma 4. Under the assumptions of Proposition 1,

oo pi—1
=SS o),
i=q j=0
Proof. From (18), it follows that
oo pi—l1 oo pi—1
Iy = Z Z KQP;(%H) (Gij + Hij)Q < 2K? ZP;(%H) Z gfj
i—q j=0 i—q =0
=0 (") =o(@™).
We achieve the proof. O

Proof of Proposition 1. The proof of (7) follows from Lemmas 1-4. The proof of (6)
concerning the covariate density is a particular case of (7) (it suffice to take ¢; = 1,T; =
1,G(T;) = 1; i > 1, i.e., without censoring).

We are now in a position to give the proof of Theorem 1. O
Proof of Theorem 1. We use the following classical decomposition

@ b)) )
(@) =) = T @) S
Then
[ (i (2) —m (2)) da < >
B sup |i2(a) ~ ()]
z€[0,1]
x {f (@)~ h(@) de 5! sup (m @) J (1)~ ux))gdx} 7

where 8 = ir[lf ]Zg (x). Recall that, by using the fact that |w| = O, (E |w]) for any rv w,
z€[0,1

Proposition 1 yield that

~ 2 N 2
/ (E () — ¢ (x)) dz =0, (n"'p er*zr) , / (h (x) —h (9:)) dx =0, (nflp +p72T) .
From assumption (A.2) it suffices to show that

sup
z€[0,1]

(z) - K(x)‘ = 0,(1). (27)

The proof of (27) is analogous to that given in the proof of Theorem 3.1 of de Utia-Alvarez
et al. (2010, pages: 331-332) concerning the covariate density under truncation, therefore,
it is omitted. O
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Proof of Theorem 2. The proof is analogous to Proposition 1 and Theorem 1, we prove
only (7), the proof of (6) is similar, and (8) is a consequence of (6) and (7).

. 2
Observe that, by the orthogonality properties of ¢ and ¢, [ (h — h) =7,(Z,Z,...) , where
Z denotes the set of all integers and

q—1
(T, Jo, s ) = Z (l;] _ bj)2 +Z Z bfjl ( lA)” _

Jje€T =0 jET;
—1

FS (b —) 1 (fi] > 0) + ZZZ)
i=0 jET; i=q j€

=1 (J)+ Lo (Jo, T, ) + L3 (Jo, J1s ---) +I4 (Jo, J1s ),
where J;={0,1,...,p; — 1} . When h (+) is only piecewise continuous, let X denote the finite
set of points where A(*) has point of discontinuities for some 0 < s < 7. If supp$ C (—u,u),
then, unless
jeK={k: ke (py—u,py—u) for somey € X'},

both b; and b; are constructed entirely from an integral over or an average of data values from
an interval where h(") exists and is bounded and continuous. Likewise, if supp¢ C (—u,u),
then, unless

jeK;={k: ke (piy—u,p;y —u) for some y € X},

b; and Iaj are also constructed solely from such regions. Then we may write

~ 2 o~ o~
/ (h - h) =T, (K, Ko, K1,..) + 1, (/c, Ko, K1, ) :
where K and K; denotes the complements of K and K; in Z. The proof of (10) shows
. 2
E (bj - bj) = O (n™'), the evaluation for I3 shows EB? = O (Inln(n) /n) (n=' +p~').

Furthermore, noting that both K and K; have no more than (2u + 1) (#X) elements for
each i. Then by Lemma 5 it follows that

Ezl(/C)g2ZEBJ2+QZE(B]»—bj)2

JEK jeEK
=0 (Inln(n) /n) (nfl +p*1) +0 (nfl) —0 <n72r/(2r+1)> .
Note that

j

q—
ET (Ko, K1, ...) ZZ I(lbi| < (1—¢ +ZZb ('6
=0 jeK,; =0 jeK,;
*O(p52)+22p;1{P(l~)w

i=0 jEK;

> 45)

)+ P (1Bl > ed)} . (28)
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From § > ¢ (n~'logn) /2 we have

o Inln (n)\ /2 _ /61Ty [bi; (X1))] Inln (n)\ /2
sl <o (M) e (M) << (Gwe) -~

hence similarly to the proof as for (21) one can verify that

P(|Bi;| > ) < P(|Bij — EBj;| > c8) < 4exp {—c6?n} +c( OFD/253— 1)
Therefore, in view of p2"+'n=?" — oo and (A.3), from (28) and
2/ @D OGN /21 < = (012220 /i) g

sincee(A—1)/2—2r/(2r+1) >bby A > 14 (2r +1) /e we have

EZ, (Ko, K1, ..) < O (q (pgd®) p; —&—C’Zpl (exp {—Co%n} + V2501

<o (nfzr/(wﬂ)) +cplexp {—C’ézn} + C’p,(])‘ﬂ)/Q(S)‘*l =0 (nfw/(%ﬂ)) .

By Lemma 5 and Lemma 6, from (22) it follows that

q—1
ETs (Ko, Ky, ) <23 > {Eij +E (Bij - bij)"’} =0(gq/n)=o0 (n—zr/urm) _

i=0 jEK;

Thus Z; (K) + Z3 (Ko, K1, ...) + Z3 (Ko, K1, ...) is negligible compared to the main terms
of MISE. In view of b;; = O (p;l/Q) and p2tn=?" — oo we have Z3 (Ko, Ky,...) =

O (p;') = o (n=2"/Cr+D)  The methods in the proof of Proposition 1 may be employed to
oo . 2
prove that Z, (IC, Ko, K1, ) has precisely the asymptotic properties claimed for [ (h — h)

in Proposition 1.

Acknowledgements The authors thank the referee for his/her comments and valuable
suggestions, which have greatly improved the quality of the paper.

Appendix A:

In this section we give some preliminary lemmas which have been used in the proofs of our
main results. Let {Z;, ¢ > 1} be a stationary a—mixing sequence of real rv’s with the mixing
coefficients a(n) (see, Definition 1).

Lemma 5. Set

n

b= am e =Yg
k:l

k=1

i (Xk) - (A1)

QI
3
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Then under the assumption a(n) = O (n™") for some r > 3, we have lA)j =b; + Bj and
i)ij = i)ij + Bl‘j, where

|Bj\:0(\/1nln ) Z|¢] Xo) Y] as, (A2)

IBj| = O (Mlnln )%Zw” (X)) [Ya]  a.s. (A3)
k=1
Proof. We have from (5) and (A1)
pooa_ 1 ~ T (Y <Cp)Yi <)Y,
bJ bﬂ‘ n I; Gn(Yk) ¢J (Xk?> ; G(Yk) (bj (Xk)
<! Z ¥l 6, (]| SR
1 - - 1
< EnEe e (IGnt) = G@[) — > Vil 165 (Xi)]

k=1

In the same way as for Theorem 2 of Cai (2001), it can be shown that

sup (|Gn(t) — G(t)]) :O( lnln(n)/n) a.s.

t<tp

Similarly, we get (A3). O

Lemma 6 (Hall and Heyde (1980, Corollary A.1)). Suppose that X and Y are rv’s
such that | X| < ¢1 and |Y| < ca. Then

|EXY — EXEY| < 4cics sup  |P(XY)—P(X)P(Y) .
A€o (X),Beo(Y)

Lemma 7 (Liebscher (2001, Proposition 5.1)). Assume that EZ; =0, EZ} < 0o and
|Zj| <s<ooas. (j=1,..,n). Then, forn,N € N, 0 < N <n/2, fore>0,

- €2/16 s
P Z; <4 — 32— N
; R exp{ anDN+esN/3}+ ena( )

where Dy = maxi<i<an Var (2221 Zj) .
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Lemma 8 (Liebscher (1996, Lemma 2.3)). Assume a(n) < ¢in™", for some ¢; > 0,

r>1. Let sup |Cov(Z;,Z;)| := R*(n) < oo be satisfied. Moreover, let R, (n) < oo
1<i;j<n, iz

for some v, 2r/ (r —1) < v < oo, where R, (n) = sup; <<, (E|Z;]")

Ry (n) = supy <<, €58 sup,eq |Z;] . Then

1/Vfov“l§1/<oocmd

Var [ 325 ) < n e (R )™/ @727 (R* () ™72 + B3 (m) }
j=1

20r—40r/v 1/r

holds with c(, ) = =2/ C1 s a constant depending on r,v only.

In order to obtain the bounds on the term I3y in Lemma 3, we also need the following
Lemma.

Lemma 9. Under the assumptions of Lemma 3. Let v > 2, if A > (v — 1)(2v +

].) (2—5) /QE(V—Q), thenE|d” —CLZ'j|V :O(TL_V/Q) s E Bij _bij = (’I’L_V/2).

Proof. Following the lines of Lemma 4.5 in Liang et al. (2005) or that of de Unia-Alvarez
et al. (2010, Lemma A.7), we can verify the Lemma. We only prove the second equation,
the proof of first equation is analogous. Choosing 7 (n) = [(n/py)" 272" ~], and positive
integers k(n) and v (n) such that n = r(n)k(n) +vy(n), with 0 < y(n) < r(n). Set

M, (61 Twtbi; (Xi) /G(Tk) — bij). Then

" on

k(n) ir(n)

Bij_bijzz Z M, + Z M;.

=1 j=(1-1)r(n)+1 j=r(n)k(n)+1

The contribution of the remainder last term is negligible (and is subsequently ignored). So,
without loss of generality, we assume v (n) = 0, and further &k (n) = 2s(n) . Then

_ 2s(n) Ir(n) 2s(n)

bij —bij= Y YooM= G0 (A4)
=1 j=(-1)r(n)+1 =1
2s(n) 2s(n)

=) G+ > G@-1)=Sn)+T(n).
=1 =1

Hence E ‘Bij — bij‘ < C{EI|S(n)]” + E|T (n)|"}. Next, we evaluate only E |T (n)|”, since
the evaluation of F|S (n)|” is similar. In view of Theorem 3 of Bradley (1983), there exist
iid. rv’s ¢F(20—1), 1 = 1,2,...,s(n) such that ¢} (2] — 1) has the same distribution as
Cn (20 — 1) for each [, and satisfies

[16n (20 = Dl

€l

1/2
PUC@I—1) =G (2 —1)| > 2) < 18( ) a(r(n),  (AB)
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where 0 < g < ||G, (20— 1), if ||Cn (20 = 1)||, > 0 and ¢ > 0, if ||¢, (20 —1)]|, = 0.
Then

2s(n) 2s(n)
E|T (n)]" < c{E| Z @ -1) =G @-D)["+E| Y ¢@-1)}
=1

=c{hh (n)+Tz(n)}-

Let us take N,, > 0 such that s (n) N,, < n='/2, where a,, < 3,, means 0 < liminf ov,, /8, <
limsup o, /B, < 00, and assume ||¢, (20 —1)||, = Np, for I = 1,2,...,5(n). Otherwise,
by rearranging the terms appropriately, we may assume that ||, (20 —1)||,, > N, for
l=1,2,..,s(n), and [|(, (2l —1)||., < Np, for I = s1(n) +1,...,5(n), where s; (n) is a
positive integer with s; (n) < s(n), then

2s(n)
Ty (n) < ef(Nos (n)” + B(D_ |G (20— 1) = G (21— 1) )"}
=1
Therefore,
2s(n)
Ty (n) < ef(Nus (n)"+E( D (G (2 = 1) (2 = 1) [T (¢ (2= 1) = G (2= 1) | = No))"},
=1

where ||, (21 — 1), > N,. Observe that

ev)’” v
G (2= 1) = Ga (2 = 1) | < 2r (n) | =5+ Ibis| | — < en™"2r (n) py/%.
Gn(TF) a
—aw=2) 41 ;(u 12)+ +4
Note that, assumptions (A.3) and (A.4) imply n~ 2= Tap Y =o (n*”/Q) . Then,
according to (A5) and N,,s (n) = O (n=1/2) , it follows that
(o) e ) oS
Ti(n) <O (n"/? pi/? )T P(¢(20—1)— ¢, (2l —1)| > N,)
=1
—v/2 1/2 v -1 1/2 1/2 -2
<0 (n72) 4 e (n i () pl/?)” (s (n) ((nm r(n)p/) " (r (n)

o Ar—2)
<en —3G= f))+—pz<u D5ty L0 (nfu/z) ) (nfu/z) .

Next, we estimate 75 (n). Applying the Rosenthal inequality for sums of independent rv’s
(see, Petrov, 1995, Theorem 2.9, page 59), we get

s( s(n)
)< c{z BIG (2= 1) [ + (Y B (¢ (2= 1))°)%)

=1
<c {s (m) ElGa (1) 1" + (s (0) B(Ga (1))} (A6)
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From (77 < 7¢), we have

ElG, (1 E\ZMkI” (n))” E|M; "

< e () Bl (X1) I
< el n ! [lo ) e(t“)

c(r(n)"n="pl/*7 1.

IN

Then

s(0) ElGa (1) = 0 (n7/2). (AT)
As to E(¢, (1))%, by using Lemma 8, it follows that

r(n)
(G (1 = Bl Y. Myf? < 1 () {elBoc (r () (B (r ()~ + B3 (r ()}

k=1

where

/2
1
Ry (r(n)) := sup esssup |Mg| <c (WH + |bij> - = 0 (n—lpé/z) 7

1<j<n weN Gn(TF)

R2(r (n)) = E|JMy[2 < en~2 / b (1)[2 ¢ (T) dt =0 (n?),

?

R*(r(n)) := sup |Cov (M, M;)| < cn*qufl
1<4;5<r(n),i#j
Hence, E((, (1)) < cer(n)n™2 and s(n) E(¢, (1))* < es(n)r(n)n™2 = O (n™'), which,
together with (A6) and (A7), yields T5 (n) = O (n~"/2) . This finishes the proof. O
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