
Afrika Statistika
Vol. 15 (1), 2020, pages 2225 - 2246.
DOI: http://dx.doi.org/10.16929/as/2020.2225.155

Afrika Statistika

ISSN 2316-090X
Estimation and asymptotic properties of a
stationary univariate GARCH(p, q) process

Aka Roger Kadjo (1,2,∗), Ouagnina Hili (2) and Aubin N’dri (2,3)
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Abstract. In this paper, we determine the Minimum Hellinger Distance estima-
tor of a stationary univariate GARCH process. We construct an estimator of the
parameters based on the minimum Hellinger distance method. Under conditions
which ensure the φ-mixing of the GARCH process, we establish the almost sure
convergence and the asymptotic normality of the estimator.

Résumé. Dans ce papier, nous déterminons l’Estimateur du Minimum de Distance
de Hellinger d’un processus GARCH univarié stationnaire. Nous construisons un
estimateur basé sur la méthode du Minimum de Distance de Hellinger. Sous les
conditions de φ-mélange du processus GARCH, nous établissons les propriétés
asymptotiques de cet estimateur.
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1. Introduction

The GARCH (General Autoregressive Conditionally Heteroscedastic) models were
pioneered by Engle (1982) and Bollerslev, 1986, and have ever since been widely
used to analyze financial time series. The method of estimating parameters of the
most widely used GARCH models in the literature is QMLE (See Berkes (2003)
and Francq and Zakoian (2004)). Studies have shown that the resulting estimator
is efficient but not robust. Thus, for the contaminated data the results obtained
by the QMLE are not reassuring.

In this paper we estimate the parameters of GARCH process using the minimum
Hellinger distance (MHD) method, under uniform mixing (or φ-mixing) condition.

The advantages of this method is that the obtained estimators are efficient and
robust against disturbances (See Beran (1977)). Which can be interesting for
contaminated data.

To show the performance of the MHD estimator, we compare it (in simulation
section) to the QML estimator, to the MD estimator and to the M-estimator.

The minimum Hellinger distance estimators have been used in parameter estima-
tion for independent observations (See Beran (1977)), for nonlinear time series
models (See Hili (1995)) and recently for univariate long memory linear processes
(See Bitty and Hili (2010)), for nonlinear univariate and multivariate gaussian
process (See N’dri and Hili (2011) and N’dri and Hili (2013)), for parameter esti-
mation of one-dimensional diffusion process (See N’drin and Hili (2013)).

The paper is organized as follows. In section 2 we give the definitions and some
properties of the univariate GARCH model. Section 3 contains the definition of the
estimator and some assumptions. In Sections 4 and 5 are the main results of the
paper. They, respectively, establish the consistency and the asymptotic normality
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of the estimator θ̂n. In section 6 we did some numerical simulations. In section 7
we did the conclusion.

2. Definitions and some properties of GARCH model

Definition 1. The process (Xt)t∈Z is called a GARCH(p,q) if

Xt = εt
√
ht, (2.1)

where εt are i.i.d random variables, with E (εt) = 0, E
(
ε2
t

)
= 1 and

ht = σ2
t = w +

p∑
i=1

αiX
2
t−i +

q∑
i=1

βiht−i.

The αi and βi are nonnegative constants and ω is a (strictly) positive constant.

Let θ = (w,α1, ..., αp, β1, ..., βq)
T ∈ Θ ⊂ p+q+1 be the vector of the parameters of interest

where Θ is a compact set, θ0 the vector of the true value and T the transpose.

Proposition 1. [Bollerslev, 1986 ; Theorem 1] If

p∑
i=1

αi +

q∑
i=1

βi < 1,

then, The GARCH(p,q) process (Xt)t∈Z defined in (2.1) admits a unique strictly sta-
tionary solution.

Proof of Proposition 1. See Bollerslev, 1986. �

Definition 2. Let (Xt)t∈Z be a strictly stationary process, F0
−∞ the σ-field gen-

erated by {..., X−2, X−1, X0} and F∞k the σ-field generated by {Xk, Xk+1, Xk+2, ...} .
Let’s define the following :

φ (k) = sup
C∈F0

−∞,D∈F∞k
|P (D | C)− P (D)| .

The process (Xt) is said to be φ-mixing if φ (k) −→ 0 when k −→∞.

Proposition 2. If εt has a positive Lebesgue density on a neighborhood of 0, the
strictly stationary GARCH process (Xt) defined in (2.1) is φ-mixing, moreover, the
mixing rate φk decays to 0 geometrically (φk ≤ Cρk with C > 0 and 0 < ρ < 1).

Proof of Proposition 2. See Davis and Mikosch (2008). �
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3. Assumptions and Estimation

We observe random variables, X1, ... , Xn, a sequence of univariate GARCH process
whose density belongs to the parametric family {fθ}

θ∈Θ
where Θ is the parameter

space, a compact set of Rp+q+1. We specify that in our study, the form of the
density is not explicit.

We denote by fn the kernel density estimator of fθ, a non parametric estimator
which is defined as

fn(x) =
1

nbn

n∑
t=1

K
(
x−Xt

bn

)
, x ∈ R,

where K (.) is a kernel function and (bn) is a sequence of bandwidths.

We construct an estimator θ̂n of θ0 over the family {fθ}
θ∈Θ

. In order to do this,
we choose the value of θ which minimizes the Hellinger distance (denoted by H2)
between fn and fθ defined by :

θ̂n = arg min
θ∈Θ

H2(fn; fθ),

where

H2(fn; fθ) =

{∫
R

∣∣∣f 1
2
n (x)− f

1
2

θ (x)
∣∣∣2 dx} 1

2

.

To establish the asymptotic properties of the estimator θ̂n, we need the following
assumptions. Then,

3.1. Assumption (A3.1)

The εt has a positive Lebesgue density on a neighborhood of 0 and

p∑
i=1

αi +

q∑
i=1

βi < 1.

Assumption (A 3.1) gives the stationarity and the φ-mixing conditions of
GARCH(p, q) model.

3.2. Assumption (A3.2)

1-For each θ ∈ Θ, the function x 7→ fθ (x) is positive and twice continuously
differentiable.

2-For each x ∈ R, the function θ 7→ fθ (x) is continuously differentiable.

Assumption (A 3.2) is a technical assumption on the density of the GARCH(p, q)
model.
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3.3. Assumption (A3.3)

For each θ ∈ Θ,
∥∥∥f (i)
θ

∥∥∥
∞

= sup
x

∣∣∣f (i)
θ (x)

∣∣∣ <∞ i = 0, 1, 2.

Assumption (A 3.3) is also a technical assumption on the density of the
GARCH(p, q) model.

3.4. Assumption (A3.4)

Suppose that lim
n−→∞

bn = 0, lim
n−→∞

√
nbn = +∞ and lim

n−→∞
n

1
4 b2n = 0.

Assumption (A 3.4) specifies the choice of the bandwidth.

3.5. Assumption (A3.5)

The kernel K is bounded with compact support, such that∫
R
uK(u)du = 0,

∫
R
u2K(u)du <∞

and ∫
R

K2(u)du <∞.

Assumption (A 3.5) specifies the choice of the kernel.

3.6. Assumption (A3.6)

For θ1, θ2 ∈ Θ, θ1 6= θ2 implies that {x ∈ R, fθ1 (x) 6= fθ2 (x)} is a set of positive
Lebesgue measure.

Assumption (A 3.6) is the identifiability assumption on the parametrization.

The assumptions (A 3.2.2) and (A 3.6) ensure the existence of the estimator θ̂n.

4. Consistency of the estimator

Theorem 1. [Almost sure convergence] Suppose that assumptions (A 3.1)-(A 3.6) are
satisfied. If θ0 is in the interior of Θ, then θ̂n −→ θ0 a.s when n −→ +∞.

Proof of Theorem 1. Let F denote the set of all densities with respect to the
Lebesgue measure on R.

Define the functional U : F −→ Θ as

U (g) = arg min
θ∈Θ

H2(g, fθ).
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U (g) may have multiple values, so we shall assume that it stands for any one of
those values.

We have

|fn(x)− fθ0(x)| ≤ |fn(x)− Efn(x)|+ sup
x∈R
|Efn(x)− fθ0(x)| .

By lemmas 1 and 2

|fn(x)− fθ0(x)| −→ 0 almost surely when n −→∞.

From the continuity of the Hellinger distance (See Beran (1977), Theorem 1),

H2(fn, fθ0) =

{∫
R

∣∣∣f 1
2
n (x)− f

1
2

θ0
(x)
∣∣∣2 dx} 1

2

−→ 0 a.s when n −→∞.

Thus, fn(x) −→ fθ0(x) a.s when n −→∞ in the Hellinger topology.

Using the continuity of the functional U (See Beran (1977), Theorem 1), we obtain

θ̂n = U(fn(x)) −→ U(fθ0(x)) = θ0 a.s when n −→∞�

The following lemmas (Lemma 1 and Lemma 2) give the details of the proof of
Theorem 1.

Lemma 1. Suppose that assumptions (A 3.1)-(A 3.5) are satisfied. Then,

|fn(x)− Efn(x)| −→ 0 a.s when n −→∞.

Proof of Lemma 1. We have

|fn(x)− Efn(x)| = 1

nbn

∣∣∣∣∣
n∑
t=1

∆t

∣∣∣∣∣
where

∆t = K(
x−Xt

bn
)− EK(

x−Xt

bn
).

Using Assumption (A 3.5) and Jensen’s inequality, we get

|∆t| ≤
∣∣∣∣K(

x−Xt

bn
)

∣∣∣∣+

∣∣∣∣E (K(
x−Xt

bn
)

)∣∣∣∣
≤
∣∣∣∣K(

x−Xt

bn
)

∣∣∣∣+ E

(∣∣∣∣K(
x−Xt

bn
)

∣∣∣∣)
≤ sup

x

∣∣∣∣K(
x−Xt

bn
)

∣∣∣∣+ E

(
sup
x

∣∣∣∣K(
x−Xt

bn
)

∣∣∣∣)
≤ 2K0.
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Finally sup |∆t| ≤ 2K0, where K0 is a constant.

We also have the following

E |∆t|2 = E

∣∣∣∣K(
x−Xt

bn
)− EK

(
x−Xt

bn

)∣∣∣∣2
= E(K2(

x−Xt

bn
))−

(
EK

(
x−Xt

bn

))2

≤ E(K2(
x−Xt

bn
))

=

∫
R

K2(
x− s
bn

)fθ0(s)ds

≤
∫
R

K2(
x− s
bn

)sup
s∈R

fθ0(s)ds

= sup
s∈R

fθ0(s)

∫
R

K2(
x− s
bn

)ds

= sup
s∈R

fθ0(s)bn

∫
R

K2(u)du

= C1bn,

where C1 = sup
s∈R

fθ0(s)
∫
R K2(u)du.

Then, from the Bernstein-type inequality for φ-mixing processes established by
Hanyuan et al.(2016) and for all ε > 0, we obtain

P

(
n

1
4

nbn

∣∣∣∣∣
n∑
t=1

∆t

∣∣∣∣∣ > ε

)
= P

(
1

n

∣∣∣∣∣
n∑
t=1

∆t

∣∣∣∣∣ > n−
1
4 εbn

)

≤ 2 exp


−

(
n−

1
4 εbn

)2

n

8Cφ

(
4C1bn + 2K0n−

1
4 εbn

)



= 2 exp


− ε2

√
nbn

8Cφ

(
4C1 + 2K0εn−

1
4

)
 ,

where Cφ =
∞∑
k=1

φk. We have

Cφ =

∞∑
k=1

φk <∞ and lim
n−→∞

n−
1
4 = 0.

Then, using Assumption (A 3.4) and Borel Cantelli’s lemma, we get

n
1
4 |fn(x)− Efn(x)| −→ 0 a.s when n −→∞ . (4.1)
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Hence,

|fn(x)− Efn(x)| = o
(
n−

1
4

)
a.s when n −→∞ �

Lemma 2. Suppose that assumptions (A 3.1)-(A 3.5) are satisfied. Then,

sup
x∈R
|Efn(x)− fθ0(x)| −→ 0 when n −→∞.

Proof of Lemma 2. We have

Efn(x) =
1

bn
E

(
K(
x−Xt

bn
)

)
=

1

bn

∫
R

K(
x− s
bn

)fθ0(s)ds

=

∫
R

K(u)fθ0(x− bnu)du.

Using assumptions (A 3.1.1), (A 3.5) and Taylor’s formula in one variable gives for
x such that |δ − x| < |bnu|, we obtain

Efn(x)− fθ0(x) =

∫
R

K(u) [fθ0(x− bnu)− fθ0(x)] du

=

∫
R

K(u)

[
1

2
b2nu

2f
′′

θ0(δ)

]
du.

Then,

n
1
4 sup
x∈R
|Efn(x)− fθ0(x)| ≤ 1

2
n

1
4 b2nsup

x∈R

∣∣∣f ′′θ0(δ)
∣∣∣ ∫

R
u2K(u)du.

By assumptions (A 3.3), (A 3.4) and (A 3.5)

n
1
4 sup
x∈R
|Efn(x)− fθ0(x)| −→ 0 when n −→∞. (4.2)

Hence,

sup |Efn(x)− fθ0(x)| = o
(
n−

1
4

)
when n −→∞ �

5. Asymptotic normality of the estimator

For the following theorem, let’s note,

gθ = f
1
2

θ ,
.
gθ =

∂gθ
∂θ

,
..
gθ =

∂2gθ
∂θ∂θT

and

Vθ(x) =

[∫
R

.
gθ(x)

.
g
T
θ (x)dx

]−1
.
gθ(x) and hθ (x) =

.
gθ (x)

2f
1
2

θ (x)
. (5.1)
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Theorem 2. [Asymptotic normality of the estimator]

Suppose that assumptions (A 3.1)-(A 3.6) are satisfied. Furthermore, assume that

(i) the components of .
gθ and ..

gθ are in L2 and the norms of these components are
continuous functions at θ and

(ii) if θ0 lies in the interior of Θ and if
∫
R

..
gθ0(x)gθ0(x)dx is a non singular (p + q + 1) ×

(p+ q + 1)−matrix, then the limiting distribution of
√
n
(
θ̂n − θ0

)
is N

(
0,Σ2

)
where

Σ2 =
1

4

[∫
R

.
gθ0(x)

.
g
T
θ0(x)dx

]−1

.

Proof of Theorem 2. From Theorem 2 in Beran (1977), we deduce that

√
n
(
θ̂n − θ0

)
=
√
n

∫
R
Vθ0(x)

[
f

1
2
n (x)− f

1
2

θ0
(x)
]
dx

+
√
nAn

∫
R

.
gθ0(x)

[
f

1
2
n (x)− f

1
2

θ0
(x)
]
dx

where An is a ((p + q + 1) × (p + q + 1))-matrix whose components tends to zero as
n −→ +∞.

We have

f
1
2
n (x)− f

1
2

θ0
(x) =

(fn(x)− fθ0(x))

2f
1
2

θ0
(x)

−

(
f

1
2
n (x)− f

1
2

θ0
(x)
)2

2f
1
2

θ0
(x)

=
(fn(x)− fθ0(x))

2f
1
2

θ0
(x)

− (fn(x)− fθ0(x))
2

2f
1
2

θ0
(x)
(
f

1
2
n (x) + f

1
2

θ0
(x)
)2 .

Thus,

√
n

∫
R
Vθ0(x)

[
f

1
2
n (x)− f

1
2

θ0
(x)
]
dx

=
√
n

∫
R
Vθ0(x)

(fn(x)− fθ0(x))

2f
1
2

θ0
(x)

dx−
√
n

∫
R
Vθ0(x)

(fn(x)− fθ0(x))
2

2f
1
2

θ0
(x)
(
f

1
2
n (x) + f

1
2

θ0
(x)
)2 dx

=
√
n

∫
R
Vθ0(x)

(fn(x)− fθ0(x))

2f
1
2

θ0
(x)

dx+Bn,

where
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Bn = −
√
n

∫
R
Vθ0(x)

(fn(x)− fθ0(x))
2

2f
1
2

θ0
(x)
(
f

1
2
n (x) + f

1
2

θ0
(x)
)2 dx.

Since

2f
1
2

θ0
(x)
(
f

1
2
n (x) + f

1
2

θ0
(x)
)2

> 2f
3
2

θ0
(x),

thus

|Bn| ≤
∫
R

|Vθ0(x)|
√
n (fn(x)− fθ0(x))

2

2f
3
2

θ0
(x)

dx.

We have

n
1
4 |fn(x)− fθ0(x)| ≤ n 1

4 |fn(x)− Efn(x)|+ n
1
4 sup
x∈R
|Efn(x)− fθ0(x)| .

By (4.1) and (4.2), we get

n
1
4 |fn(x)− fθ0(x)| −→ 0 a.s when n −→∞.

Hence,

√
n (fn(x)− fθ0(x))

2 −→ 0 a.s when n −→∞.

Conditions (i) and (ii) of Theorem 2 imply that Vθ0 is continuous and bounded
( for θ0 fixed). Furthermore, applying Vitali’s theorem on the sequence
|Vθ0(x)|

√
n (fn(x)− fθ0(x))

2
, we obtain |Bn| −→ 0 in probability when n −→∞.

On the other hand,

√
n

∫
R
Vθ0(x)

(fn(x)− fθ0(x))

2f
1
2

θ0
(x)

dx

=

(∫
R

.
gθ0(x)

.
gθ0(x)T dx

)−1 ∫
R

√
n
.
gθ0(x)

(fn(x)− fθ0(x))

2f
1
2

θ0
(x)

dx

=

(∫
R

.
gθ0(x)

.
gθ0(x)T dx

)−1

∫
R

√
n

.
gθ0(x)

2f
1
2

θ0
(x)

fn(x)dx− 1

2

√
n

∫
R

.
gθ0(x)f

1
2

θ0
(x)dx


=

(∫
R

.
gθ0(x)

.
gθ0(x)T dx

)−1 ∫
R

√
n

.
gθ0(x)

2f
1
2

θ0
(x)

fn(x)dx− 0

=

(∫
R

.
gθ0(x)

.
gθ0(x)T dx

)−1 ∫
R

√
nhθ0 (x) fn(x)dx.

Journal home page: http://www.jafristat.net, www.projecteuclid.org/euclid.as,
www.ajol.info/afst



A. R. Kadjo, O. Hili and A. N’dri, Afrika Statistika, Vol. 15 (1), 2020, pages 2225 - 2246.
Estimation and asymptotic properties of a stationary univariate GARCH(p, q) process.2235

Since An −→ 0 when n −→∞, then the study of the limit distribution of
√
n
(
θ̂n − θ0

)
is reduced to that of

(∫
R

.
gθ0(x)

.
gθ0(x)T dx

)−1 ∫
R

√
nhθ0 (x) fn(x)dx.

Therefore, by the lemmas 3 and 4, we get

∫
R

√
nhθ0 (x) fn(x)dx

D−→ N
(
0 , Γ2

)
when n −→∞,

where

Γ2 =
1

4

∫
R

.
gθ0(x)

.
gθ0(x)T dx .

We conclude that,

(∫
R

.
gθ0(x)

.
gθ0(x)T dx

)−1 ∫
R

√
nhθ0 (x) fn(x)dx

D−→ N
(
0 , Σ2

)
,

where

Σ2 =
1

4

(∫
Rd

.
gθ0(x)

.
gθ0(x)T dx

)−1

�

The next lemmas (Lemma 3 and Lemma 4) allow us to prove the Theorem 2.

Lemma 3. Let hθ (.) the continuous function defined in (5.1). Suppose that assump-
tions (A 3.1)-(A 3.5) are hold. Then,

√
n

{∫
R
hθ0 (x) fn(x)dx− 1

n

n∑
i=1

hθ0 (Xi)

}
−→ 0 in probability.

Proof of Lemma 3. We have
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√
n

{∫
R
hθ0 (x) fn(x)dx− 1

n

n∑
i=1

hθ0 (Xi)

}

=
√
n

{∫
R

1

nbn

n∑
i=1

K(
x−Xi

bn
)hθ0 (x) dx− 1

n

n∑
i=1

hθ0 (Xi)

}

=
√
n

{
1

n

n∑
i=1

(∫
R

1

bn
K(
x−Xi

bn
)hθ0 (x) dx− hθ0 (Xi)

)}

=
1√
n

n∑
i=1

(∫
R

1

bn
K(
x−Xi

bn
)hθ0 (x) dx− hθ0 (Xi)

)

=
1√
n

n∑
i=1

(∫
R

K(u)hθ0 (Xi + ubn) du− hθ0 (Xi)

∫
R

K(u)du

)

=
1√
n

n∑
i=1

(∫
R

(hθ0 (Xi + ubn)− hθ0 (Xi)) K(u)du

)
.

Thus,

E

(
√
n

{∫
R
hθ0 (x) fn(x)dx− 1

n

n∑
i=1

hθ0 (Xi)

})2

= E

(
1√
n

n∑
i=1

(∫
R

(hθ0 (Xi + ubn)− hθ0 (Xi)) K(u)du

))2

=
1

n
E

(
n∑
i=1

(∫
R

(hθ0 (Xi + ubn)− hθ0 (Xi)) K(u)du

))2

=
1

n

n∑
i=1

E

(∫
R

(hθ0 (Xi + ubn)− hθ0 (Xi)) K(u)du

)2

+
2

n

∑
i<j

E

((∫
R

(hθ0 (Xi + ubn)− hθ0 (Xi)) K(u)du

)

×
(∫

R
(hθ0 (Xj + ubn)− hθ0 (Xj)) K(u)du

))
.

Step 1 : we prove that

1

n

n∑
i=1

E

(∫
R

(hθ0 (Xi + ubn)− hθ0 (Xi)) K(u)du

)2

−→ 0 when n −→∞.

Using Cauchy-Schwarz’s inequality, we obtain
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1

n

n∑
i=1

E

(∫
R

(hθ0 (Xi + ubn)− hθ0 (Xi)) K(u)du

)2

=
1

n

{
n

∫
R

(∫
R

(hθ0 (x+ ubn)− hθ0 (x)) K(u)du

)2

fθ0(x)dx

}

=

∫
R

(∫
R

(hθ0 (x+ ubn)− hθ0 (x)) K(u)du

)2

fθ0(x)dx

≤
∫
R

[∫
R

(hθ0 (x+ ubn)− hθ0 (x))
2
du×

∫
R

K2(u)du

]
fθ0(x)dx

= C3

∫
R

∫
R

(hθ0 (x+ ubn)− hθ0 (x))
2
fθ0(x)dudx

= C3

∫
R

∫
R

(hθ0 (x+ ubn)− hθ0 (x))
2
fθ0(x)dxdu.

where C3 is a constant.

By the continuity of hθ0 , we get

(hθ0 (x+ ubn)− hθ0 (x))
2 −→ 0 when n −→∞.

Conditions (i) of Theorem 2 imply that .
gθ0 is bounded ( for θ0 fixed). Then, hθ0 is

also bounded ( for θ0 fixed).

Thus, there exist a constant C4 > 0 such that for all n ∈ N

(hθ0 (x+ ubn)− hθ0 (x))
2 ≤ C4.

Since by Assumption (A 3.3) 0 < fθ0 <∞, we have

(hθ0 (x+ ubn)− hθ0 (x))
2
fθ0(x) −→ 0 when n −→∞.

For all n ∈ N and for all x ∈ R,

(hθ0 (x+ ubn)− hθ0 (x))
2
fθ0(x) ≤ C4fθ0(x).

Then, by the dominated convergence theorem,∫
R

(hθ0 (x+ ubn)− hθ0 (x))
2
fθ0(x)dx −→ 0 when n −→∞,

where u ∈supp(K) the support of kernel density K (.) a compact set.

On other hand, for all u ∈supp(K) and for all n ∈ N, we get
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∣∣∣∣∫
R

(hθ0 (x+ ubn)− hθ0 (x))
2
fθ0(x)dx

∣∣∣∣
≤ C4

∫
R
fθ0(x)dx

= C4.

Therefore, by the dominated convergence theorem∫
R

∫
R

(hθ0 (x+ ubn)− hθ0 (x))
2
fθ0(x)dxdu −→ 0 when n −→∞.

Step 2 : we prove that

2

n

∑
i<j

E

((∫
R

(hθ0 (Xi + ubn)− hθ0 (Xi)) K(u)du

)

×
(∫

R
(hθ0 (Xj + ubn)− hθ0 (Xj)) K(u)du

))
−→ 0 when n −→∞.

Let ψ be the function defined by : for all u ∈supp(K) a compact set and for all x ∈ R

ψ (x) =

∫
R

(hθ0 (x+ ubn)− hθ0 (x)) K(u)du.

ψ is a continuous function. Therefore ψ (Xi) is φ-mixing. We have

|ψ (x)| =
∣∣∣∣∫

R
(hθ0 (x+ ubn)− hθ0 (x)) K(u)du

∣∣∣∣
≤
∫
R
|(hθ0 (x+ ubn)− hθ0 (x))|K(u)du

≤ C5

∫
R

K(u)du

= C5.

Thus, there exist a constant C6 such that

E |ψ (Xi)|2 < C6. (5.2)

On the other hand, we know that

φ (k) ≤ Cρk,

where C > 0 and 0 < ρ < 1.

Therefore, φ 1
2 (k) ≤ Cexp

(
1

2
k logρ

)
= Cexp

(
−1

2
νk

)
with ν = − log ρ.
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Let χ be the function defined for all k ∈ N

χ (k) = C exp

(
−1

2
νk

)
. (5.3)

We have

2

n

∑
i<j

E

((∫
R

(hθ0 (Xi + ubn)− hθ0 (Xi)) K(u)du

)

×
(∫

R
(hθ0 (Xj + ubn)− hθ0 (Xj)) K(u)du

))
=

2

n

∑
i<j

E (ψ (Xi)ψ (Xj)) .

Using lemma 20.1 in Billingsley (1968) and (5.2), we obtain

2

n

∑
1≤i<j≤n

|E (ψ (Xi)ψ (Xj))| =
2

n

n−1∑
j=1

j |E (ψ (X1)ψ (Xj+1))|

≤ 2

n

n−1∑
j=1

2jφ
1
2 (j)

(
E |ψ (X1)|2

) 1
2
(
E |ψ (Xj+1)|2

) 1
2

≤ 4C6

n

n−1∑
j=1

jφ
1
2 (j)

=
4C6

n

n−1∑
k=1

n−1∑
l=k

φ
1
2 (l)

≤ 4C6

n

n−1∑
k=1

n−1∑
l=k

χ (l)

=
4C6

n

n−1∑
k=1

n−1∑
l=k

(χ (l))
1
2 (χ (l))

1
2 .

The fact that χ is a decreasing function, we get

2

n

∑
1≤i<j≤n

|E (ψ (Xi)ψ (Xj))| ≤
4C6

n

n−1∑
k=1

n−1∑
l=k

(χ (l))
1
2 (χ (k))

1
2

≤ 4C6

n

∞∑
k=1

(χ (k))
1
2

∞∑
l=1

(χ (l))
1
2

≤ 4C6

n

( ∞∑
i=1

(χ (i))
1
2

)2

−→ 0.
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Combining step1 and step2, we obtain

E

(
√
n

{∫
R
hθ0 (x) fn(x)dx− 1

n

n∑
i=1

hθ0 (Xi)

})2

−→ 0 when n −→∞.

We conclude that,

√
n

{∫
R
hθ0 (x) fn(x)dx− 1

n

n∑
i=1

hθ0 (Xi)

}
−→ 0 in probability �

Lemma 4. Suppose that assumptions (A 3.1)-(A 3.5) are hold. Then,

1√
n

n∑
i=1

hθ0 (Xi)
D−→ N

(
0, Γ2

)
, where Γ2 =

1

4

∫
R

.
gθ0(x)

.
gθ0(x)T dx.

Proof of Lemma 4.
We have

∫
R fθ0(x)dx = 1, and by Assumption (A 3.2.2), we get

∫
R
hθ (x) fθ(x)dx =

1

2

∫
R

.
gθ(x)f

1
2

θ (x)dx

=
1

2

∫
R

∂

∂θ
f

1
2

θ (x)f
1
2

θ (x)dx

=
1

2

∫
R

∂fθ(x)

∂θ

2f
1
2

θ (x)
f

1
2

θ (x)dx

=
1

4

∫
R

∂fθ(x)

∂θ
dx

= 0.

Then,

E (hθ0 (Xi)) =

∫
R
hθ0 (x) fθ0(x)dx = 0.

Moreover

E
(
h2
θ0 (Xi)

)
=

∫
R
h2
θ0 (x) fθ0(x)dx =

1

4

∫
R

.
g

2
θ0(x)dx

=
1

4

∫
R

.
gθ0(x)

.
gθ0(x)T dx.

We have

E

(
1√
n

n∑
k=1

hθ0 (Xk)

)2

= E (hθ0 (X1))
2

+
2

n

∑
i<j

E (hθ0 (Xi)hθ0 (Xj)) .
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Since hθ0 is bounded (for θ0 fixed), thus there exist a constant C0 such that

E |hθ0 (Xi)|2 ≤ C0.

Then, we obtain

2

n

∑
1≤i<j≤n

|E (hθ0 (Xi)hθ0 (Xj))| =
2

n

n−1∑
j=1

j |E (hθ0 (X1)hθ0 (Xj+1))|

≤ 2

n

n−1∑
j=1

2jφ
1
2 (j)

(
E |hθ0 (X1)|2

) 1
2
(
E |hθ0 (Xj+1)|2

) 1
2

≤ 4C0

n

n−1∑
j=1

jφ
1
2 (j) .

We use the same approach as in the proof of Lemma 3, it follow that

2

n

∑
i<j

|E (hθ0 (Xi)hθ0 (Xj))| ≤
4C0

n

( ∞∑
i=1

(χ (i))
1
2

)2

−→ 0,

where χ is defined in (5.3).

We conclude that,

E

(
1√
n

n∑
k=1

hθ0 (Xk)

)2

−→ 1

4

∫
R

.
gθ0(x)

.
gθ0(x)T dx when n −→∞.

By the convergence limit theorem in Dürr (1986), we get

1√
n

n∑
k=1

hθ0 (Xk)
D−→ N

(
0 , Γ2

)
,

where

Γ2 =
1

4

∫
R

.
gθ0(x)

.
gθ0(x)T dx when n −→∞ �

6. Simulations

In this section we give some simulations for the minimum Hellinger distance es-
timator to show its performance. For this purpose, we consider the univariate
GARCH model

(
X̃s

1 (θ) , ..., X̃s
n (θ)

)
for s = 1, 2, ..., S, obtained from s replications of

the basic model. We define as in Takada, 2007 the function

f̃n,θ(x) =
1

S

S∑
s=1

[
1

nbn

n∑
t=1

K(
x− X̃s

t (θ)

bn
)

]
, x ∈ R,
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which is an alternative to the intractable density function fθ. For details one can
consult Gouriéroux and Monfort, 1996. The following lemma justifies this method.

Lemma 5. Let assumptions (A 3.1)-(A 3.6) be fulfilled, then∣∣∣fθ(x)− f̃n,θ(x)
∣∣∣ −→ 0 a.s. when n −→∞.

Proof of Lemma 5.
We have

∣∣∣fθ(x)− f̃n,θ(x)
∣∣∣ ≤ sup

x∈R

∣∣∣fθ(x)− E
(
f̃n,θ(x)

)∣∣∣
+
∣∣∣E (f̃n,θ(x)

)
− f̃n,θ(x)

∣∣∣
≤ 1

s

S∑
s=1

sup
x∈R

∣∣∣fθ(x)− E
(
f̃

(s)
n,θ(x)

)∣∣∣
+

1

s

S∑
s=1

∣∣∣E (f̃ (s)
n,θ(x)

)
− f̃ (s)

n,θ(x)
∣∣∣

where for s = 1, ..., S,

f̃
(s)
n,θ(x) =

1

nbn

n∑
t=1

K(
x− X̃s

t (θ)

bn
).

Using Lemma 2, we show that

sup
x∈R

∣∣∣fθ(x)− E
(
f̃

(s)
n,θ(x)

)∣∣∣ −→ 0 when n −→∞,

for each s.

Similarly, the Lemma 1 allows us to show that∣∣∣E (f̃ (s)
n,θ(x)

)
− f̃ (s)

n,θ(x)
∣∣∣ −→ 0 a.s. when n −→∞,

for each s �

Simulations are based on 500, 1000 or 2000 observations of GARCH (1,1) process.
The kernel density fn and the function f̃n,θ are constructed by using Biweight’s
kernel or Epanechnikov’s kernel and the bandwidth bn = n−0.27. We use in R “fgarch
and fbasics” packages. To compare the performance of the estimators, we use the
root mean square error (RMSE) defined as follows :

RMSE(θ) =

√√√√ 1

S

S∑
s=1

(
θ0 − θ̂s

)2

.
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Tables 1 to 3 compare, on the one hand the MHDE and QMLE and on the other
hand the MHDE and MDE, the MHDE and LADE and QMLE. Table 4 shows the
robustness of MHDE.

ŵ α̂ β̂
mean(MHDE) 0.091075 0.153218 0.402811
RMSE 0.386817 0.054185 0.030398
mean(QMLE) 0.085698 0.177487 0.300088
RMSE 0.382285 0.734444 0.114497

Table 1. Comparison of MHDE and QMLE : Results for n = 500, S = 100, w =
0.09, α = 0.15, β = 0.4, Epanechnikov’s kernel and εt  N (0, 1).

Table 1 shows that the RMSE’s of the MHDE are smaller or almost equal to those
of QMLE. The MHDE seems to perform better than the QMLE.

α̂ α̂ β̂ β̂
g mean RMSE mean RMSE

MHDE 0.1038 0.0225 0.6004 0.0151
aMDENW 30 0.0959 0.0567 0.5420 0.2444
aMDENW 40 0.0992 0.0575 0.5463 0.2438

Table 2. Comparison of MHDE and MDE : Results for n = 1000, S = 1000, w =
0.006, α = 0.1, β = 0.6, Biweight’s kernel and εt  t5.

g is the number of autocorrelations

From Table 2 the MHDE’s are more efficient than MDENW .

ŵ α̂ β̂
mean(MHDE) 0.1043 0.1072 0.7544
RMSE 0.0207 0.0120 0.0235
bmean(QMLE) 0.1136 0.1063 0.7231
bRMSE 0.0540 0.0379 0.1032
bmean(LADE) 0.1163 0.1085 0.7175
bRMSE 0.0519 0.0334 0.0961

Table 3. Comparison of MHDE, LADE and QMLE : Results for n = 2000, S =
1000, w = 0.1, α = 0.1, β = 0.75, Biweight’s kernel and εt  t5.
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We can see in Table 3 that the MHDE is more efficient than LADE and the QMLE.

a : Baillie and Chung (2001)
b : Tinkl (2013)

To illustrate the robustness of the MHD estimator, we proceed as follows : in the
MHD estimation, we replace f̃n,θ by f̃n,θ,λ which is defined as follows

f̃n,θ,λ = (1− λ)f̃n,θ + λδ[0, 1], where λ ∈ [0, 1],

and δ[0, 1] the uniform density on the interval [0, 1]. We make λ vary between 0 and
1 and we consider the estimators of the associated MHD.

λ ŵ α̂ β̂
0.1 0.08971672 0.14978625 0.39864413
0.2 0.08908243 0.1489463 0.39921852
0.3 0.09013601 0.15121177 0.39804661
0.4 0.09010718 0.14984752 0.40005337
0.5 0.08910752 0.15284870 0.40281130
0.6 0.08961155 0.14484359 0.39813678
0.7 0.09063663 0.14853763 0.39963746
0.8 0.08996624 0.15061865 0.40016230
0.9 0.08933807 0.14917768 0.39971352

Table 4. Robustness of the MHDE : Results for n = 500, S = 100, w = 0.09, α =
0.15, β = 0.4, Epanechnikov’s kernel and εt  Log-N (0, 1).

For each value of λ, the difference between the resulting estimators of the simula-
tion is not meaningful. Therefore, although f̃n,θ are contaminated, the estimators
obtained are closed to the true values. Thus, the results of table 4 show the ro-
bustness of the MHDE.

7. Conclusion

In this paper; we focused on estimating of the parameter θ0 of a univariate GARCH
process. We construct an estimator θ̂n of θ0 using the Minimum Hellinger Distance
method. The obtained estimator, minimizes the Hellinger distance between the
probability density of the univariate GARCH process fθ and the estimator fn of
this density.

Under regular assumptions, we showed that fn convergence almost surely to
fθ0 . Therefore, using the continuity of the Hellinger distance, we have shown the
almost sure convergence of θ̂n. We have also studied the asymptotic distribution of
θ̂n. Through simulations, we have shown that the resulting estimator is efficient
and robust.
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Berkes, L. Horvàth and P. Kokoszka (2003). GARCH processes: structure and estimation.
Bernoulli, 9(2):201-227.

Bitty, A. L. et Hili, O. (2010). Estimateurs du minimum de distance de hellinger des proces-
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Appendix : Notation
D−→ : Converge in distribution.
−→ a.s : Almost sure convergence.
C0, C1, ..., C6 : Generic constants taking different values from time to time.
N (0, 1) : Normal distribution with mean 0 and standard deviation 1.
Log −N (., .) : Lognormal distribution.
t5 : Student-t distribution with 5 degrees of freedom.
LADE : Least Absolute Deviation-type Estimator.
QMLE : Quasi-Maximum Likelihood Estimator.
MDE NW : Minimum Distance Estimator use the Newey-West method.
MHDE : Minimum Hellinger Distance Estimator.
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