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Abstract. In this paper, we determine the Minimum Hellinger Distance estima-
tor of a stationary univariate GARCH process. We construct an estimator of the
parameters based on the minimum Hellinger distance method. Under conditions
which ensure the ¢-mixing of the GARCH process, we establish the almost sure
convergence and the asymptotic normality of the estimator.

Résumeé. Dans ce papier, nous déterminons I'Estimateur du Minimum de Distance
de Hellinger d'un processus GARCH univarié stationnaire. Nous construisons un
estimateur basé sur la méthode du Minimum de Distance de Hellinger. Sous les
conditions de ¢-mélange du processus GARCH, nous établissons les propriétés
asymptotiques de cet estimateur.
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1. Introduction

The GARCH (General Autoregressive Conditionally Heteroscedastic) models were
pioneered by Engle (1982) and Bollerslev, 1986, and have ever since been widely
used to analyze financial time series. The method of estimating parameters of the
most widely used GARCH models in the literature is QMLE (See Berkes (2003)
and Francq and Zakoian (2004)). Studies have shown that the resulting estimator
is efficient but not robust. Thus, for the contaminated data the results obtained
by the QMLE are not reassuring.

In this paper we estimate the parameters of GARCH process using the minimum
Hellinger distance (MHD) method, under uniform mixing (or ¢-mixing) condition.

The advantages of this method is that the obtained estimators are efficient and
robust against disturbances (See Beran (1977)). Which can be interesting for
contaminated data.

To show the performance of the MHD estimator, we compare it (in simulation
section) to the QML estimator, to the MD estimator and to the M-estimator.

The minimum Hellinger distance estimators have been used in parameter estima-
tion for independent observations (See Beran (1977)), for nonlinear time series
models (See Hili (1995)) and recently for univariate long memory linear processes
(See Bitty and Hili (2010)), for nonlinear univariate and multivariate gaussian
process (See N’'dri and Hili (2011) and N’dri and Hili (2013)), for parameter esti-
mation of one-dimensional diffusion process (See N'drin and Hili (2013)).

The paper is organized as follows. In section 2 we give the definitions and some
properties of the univariate GARCH model. Section 3 contains the definition of the
estimator and some assumptions. In Sections 4 and 5 are the main results of the
paper. They, respectively, establish the consistency and the asymptotic normality
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of the estimator ﬁn, In section 6 we did some numerical simulations. In section 7
we did the conclusion.

2. Definitions and some properties of GARCH model
Definition 1. The process (X;),., is called a GARCH(p,q) if
Xt = et/ I, (2.1)
where ¢, are i.i.d random variables, with F (¢;) = 0, E(¢7) = 1 and
P q
hy = JtQ =w+ Zain_i + Zﬂiht_i.
=1 =1

The «; and §; are nonnegative constants and w is a (strictly) positive constant.

Let0 = (w, 1, ..., ap, B1, ..., Bg)" € © C P71 be the vector of the parameters of interest
where © is a compact set, 6y the vector of the true value and 7' the transpose.

Proposition 1. [Bollerslev, 1986 ; Theorem 1] If

p q
Zai + Zﬁl <1,
=1 =1

then, The GARCH(p,q) process (Xi),., defined in (2.1) admits a unique strictly sta-
tionary solution.

Proof of Proposition 1. See Bollerslev, 1986. &

Definition 2. Let (X;),., be a strictly stationary process, F°_ the o-field gen-
erated by {..,X_2, X_1,Xo} and F.° the o-field generated by { Xy, X;11, Xi42,...} .
Let’s define the following :

o(ky= s |P(D|C)=P(D).
CeF° __,DeFge

The process (X,) is said to be ¢-mixing if ¢ (k) — 0 when k — oc.

Proposition 2. If ¢; has a positive Lebesgue density on a neighborhood of 0, the
strictly stationary GARCH process (X;) defined in (2.1) is ¢-mixing, moreover, the
mixing rate ¢;, decays to 0 geometrically (¢, < Cp* withC >0 and 0 < p < 1).

Proof of Proposition 2. See Davis and Mikosch (2008). &
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3. Assumptions and Estimation

We observe random variables, X, ... , X,,, a sequence of univariate GARCH process
whose density belongs to the parametric family { f“’}see where © is the parameter
space, a compact set of RPT4t!l, We specify that in our study, the form of the
density is not explicit.

We denote by f,, the kernel density estimator of fy, a non parametric estimator
which is defined as

1 — z— X,
:—E K R
fn(l') nbn P < bn ) Y T e I

where K (.) is a kernel function and (b,,) is a sequence of bandwidths.

We construct an estimator 6, of 6, over the family {fo}, _. In order to do this,
we choose the value of § which minimizes the Hellinger distance (denoted by Hs)
between f,, and fy defined by :

o~

= 1 H N
0, = arg Iglglg Q(fna f9)a

Halhiso) = { [

To establish the asymptotic properties of the estimator 8,,, we need the following
assumptions. Then,

where

1 L2 3
i (x) — 17 (l‘)’ daz} )

3.1. Assumption (A3.1)
The ¢, has a positive Lebesgue density on a neighborhood of 0 and

p q
Zai + Zﬂl < 1.
=1 =1

Assumption (A 3.1) gives the stationarity and the ¢-mixing conditions of
GARCH(p, q) model.

3.2. Assumption (A3.2)

1-For each § € ©, the function =z — fp(z) is positive and twice continuously
differentiable.

2-For each z € R, the function 6 — fy (z) is continuously differentiable.

Assumption (A 3.2) is a technical assumption on the density of the GARCH(p, q)
model.
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3.3. Assumption (A3.3)

For each 0 € O,

‘f(gi)H zsup‘fe(i)(m)‘ <o 1=0,1,2.
o x

Assumption (A 3.3) is also a technical assumption on the density of the
GARCH(p, q) model.

3.4. Assumption (A3.4)

Suppose that lim b, =0, lim /b, = +oc and lim nib2 = 0.
n—»oo n—>moo n—s o0

Assumption (A 3.4) specifies the choice of the bandwidth.

3.5. Assumption (A3.5)
The kernel K is bounded with compact support, such that

/RUK(u)du =0, / uw?K(u)du < oo

R

and

/ K*(u)du < oc.
R
Assumption (A 3.5) specifies the choice of the kernel.

3.6. Assumption (A3.6)

For 01, 0, € O, 0; # 0, implies that {z € R, fy, (v) # fo, (x)} is a set of positive
Lebesgue measure.

Assumption (A 3.6) is the identifiability assumption on the parametrization.
The assumptions (A 3.2.2) and (A 3.6) ensure the existence of the estimator @L

4. Consistency of the estimator

Theorem 1. [Almost sure convergence] Suppose that assumptions (A 3.1)-(A 3.6) are
satisfied. If 0y is in the interior of ©, then 6,, — 0y a.s when n — +o0.

Proof of Theorem 1. Let F' denote the set of all densities with respect to the
Lebesgue measure on R.

Define the functional U: ' — © as

— inH. .
U(g) arg min 2(9, fo)
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U (g) may have multiple values, so we shall assume that it stands for any one of
those values.

We have
‘fn(x) - f00($)| < |fn<x) - Efn(x” + Sg% |Efn(m) - fGO(x)| .
By lemmas 1 and 2

| fr(x) — fo,(xz)] — 0 almost surely when n — co.

From the continuity of the Hellinger distance (See Beran (1977), Theorem 1),

HAM%J:{A

Thus, f.(x) — fg,(x) a.s when n — oo in the Hellinger topology.

1 1 2 2
f7 (@) = fg (x)‘ dm} — 0 a.s when n — 0.

Using the continuity of the functional U (See Beran (1977), Theorem 1), we obtain

O, = U(fn(z)) — U(fg,(2)) = 0y a.s when n —s ool

The following lemmas (Lemma 1 and Lemma 2) give the details of the proof of
Theorem 1.

Lemma 1. Suppose that assumptions (A 3.1)-(A 3.5) are satisfied. Then,
|fn(x) — Efyn(x)] — 0 a.s whenn — oo.

Proof of Lemma 1. We have

Fnl) — Efala)] = -

n

>a,
t=1

where

z—X t z—X t)
bn by

Using Assumption (A 3.5) and Jensen’s inequality, we get

At:K(

) — EK(

z— X r— X
A K|+ B (k5 )
< K24 (R
by, bn,
< sup |K( ;Xt) —|—E<sup K(bet))
< 2K,.
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Finally sup |A;| < 2K, where K is a constant.

We also have the following

a?—Xt

< B ()

= [ K5 fay (s)ds
R n

< [ K3 (=—2)supfy, (s)ds
R bn seR

Jupfgo(s)/K?("T %)ds
seR R bn

= supfo, ()b, [ K*(u)du
s€R R

—Clb’ru

where C; = sup fa, (s) [, K*(u)du.
seR

Then, from the Bernstein-type inequality for ¢-mixing processes established by
Hanyuan et al.(2016) and for all € > 0, we obtain

1
E 1
P(n4 >6> :P< >n_4116bn>
nb,, n

1 2
(n*Zebn) n
< 2exp T
8Cy (4C1b, + 2Kgn~ % eby )

> A
t=1

DA
t=1

€2\/nb,
8C, (401 + 2Koen—%)

= 2exp —

where Cy = > ¢,.. We have
k=1

Cy = Z@f <ooand lim n~3 = 0.

n—>00
k=1

Then, using Assumption (A 3.4) and Borel Cantelli’s lemma, we get

ni |fo(x) — Efn(z)] — 0 a.s when n —s oo . 4.1)
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Hence,

|fn(z) — Efq(x)| =0 (n*i) a.s when n — oo B

Lemma 2. Suppose that assumptions (A 3.1)-(A 3.5) are satisfied. Then,

sup |E fn(z) — fo,(x)] — 0 when n — cc.
zE€R

Proof of Lemma 2. We have

Bfae) = 1B (K( . Xt))

= / K(u)fgo (z — bpu)du
R

Using assumptions (A 3.1.1), (A 3.5) and Taylor’s formula in one variable gives for
z such that |6 , we obtain

Efu(z) — foolz) = / K(u) [fo, (2 — bot) — fo, ()] du

— [ [j2e255,0)]
5)‘ /R WK (u)du.

nisup |E frn(x) — fo,(x)] — 0 when n — oo. 4.2)
z€R

Then,

1 1 1
nisup |[Ef,(z) — fo,(z)| < §n4 bisup
zeR zER

By assumptions (A 3.3), (A 3.4) and (A 3.5)

Hence,

sup |E fn(z) — fo, ()] =0 (n_%> when n — oo Wl

5. Asymptotic normality of the estimator

For the following theorem, let’s note,

gy . D%gs
=17 o = 20" %~ 90007
and
- 7 ()
Vo(z) = U gg(x)gg(x)dx} g(x) and hy (z) = 20220 (5.1)
R 2f92 (33)
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Theorem 2. [Asymptotic normality of the estimator]
Suppose that assumptions (A 3.1)-(A 3.6) are satisfied. Furthermore, assume that

(i) the components of g, and gy are in L, and the norms of these components are
continuous functions at § and

(i) if 0, lies in the interior of © and if [, gg,(x)ge, (x)dx is a non singular (p + q + 1) x
(p + ¢ + 1)—matrix, then the limiting distribution of \/n (@L - 00) is N (0,%?%) where

n2 = i {Ageo(x)g;(x)dx} 71.

Proof of Theorem 2. From Theorem 2 in Beran (1977), we deduce that

where A, isa ((p+¢+1) x (p + ¢ + 1))-matrix whose components tends to zero as
n —» +0o0.

We have
(@ - @)
fé(l‘) _ f@éo(x) _ (fn(x) : f@o(‘r)) _ " . b0
2fg (x) 2fg, ()
_ (fa@) — fo @) (fal) — fa(2))’
1 1 1 1 2°

2@ 2 @) (S @)+ £ (@)

Thus,

— it [ Vi) I g [ ) D 2T O)_g,
R R

1 1 2
2

250 () (fi (@) + fi (@)
_ \/ﬁ wo(x)(fn(x) TfaO(m))dl’-i-Bn,
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1

[ Vo)),
22 @) (B @)+ fa @)

Since
1 1 2
20 @) (fi (@) + f5 @) > 205 (@),
thus
|B|</|Veo D Vi () = foo @)
2f.9 (z)
We have

0T | fu(@) — foo ()] < 01 | ful@) — Efu(@)| + nisup |[Efa(x) — fo, (z)].

z€R
By (4.1) and (4.2), we get

ni |fr(z) = fo,(x)] — 0 a.s when n — co.
Hence,

Vn (fa(x) = fo,(x))* — 0 a.s when n —s oo.

Conditions (i) and (ii) of Theorem 2 imply that Vj, is continuous and bounded
( for 6y fixed). Furthermore applying Vitali’'s theorem on the sequence
Voo (2)| V7 (fn (%) — fo,(2))? , we obtain |B,,| — 0 in probability when n — oc.

On the other hand,

\F/ feo( ) 4o
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Since A, — 0 when n — oo, then the study of the limit distribution of \/n (5; — 90>
is reduced to that of

-1
([an@sin@raz) [ Vi, @ fu(ola
R R
Therefore, by the lemmas 3 and 4, we get
/ Vnhg, (z) fn(z)dz 2N (0, I'*) when n — oo,
R

where

1 . )
I? = Z/geo(x)geo(x)de .
R

We conclude that,

(/[ o s 07 a0) h [ Vi, @) faaida 25 N (0, 22),

where

v = ([ i) m

The next lemmas (Lemma 3 and Lemma 4) allow us to prove the Theorem 2.

Lemma 3. Let hy (.) the continuous function defined in (5.1). Suppose that assump-
tions (A 3.1)-(A 3.5) are hold. Then,

Vn {/R hoy () fr(z)da — ;iheo (Xi)} — 0 in probability.

Proof of Lemma 3. We have
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/R iK(z — X\ g (@) d — b, (Xi))
/ R(u)ho, (X; + ubn) du — hg, (X:) K(u)du)

R R
/ (hey (Xi + uby) — hg, (X;)) K(u)du) .

R
Thus,

1 — ?
5 (ﬁ { [ oy @) ey = +3 (X»})

n

_ (;EZ </R (hoo (X + uby) — hg, (Xi))K(u)du>>2

/ (ho, (Xi + uby) — hey (X;)) K(u)du))
R

(

1

_ iéE ( /R (hoy (X + ubn) — hay (X3)) K(u)du>2
+ iZ:E (( /R (hoy (Xi + uby) — hg, (X3)) K(u)du)

X ( /R (hoy (X + uby) — ha, (Xj))K(u)du>) .

Step 1 : we prove that

n 2
EZE </ (hoy (X; + uby) — ho, (X3)) K(u)du) — 0 when n — .
i R

Using Cauchy-Schwarz’s inequality, we obtain
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3

—_

,ZE ( / (hay (X: + ubn) — ho, (Xi))K(u)du>2

3

% { [ oy o+ ) = B, (@) K(u)du) fon (x)dx}

( (ho, (z + ubn) — hg, () K(u) ) fo,(x)dx
[ [/R (hay (@4 ubn) = hay 2)" s /RKQW)CW] foo (@)da

_ o /R /R (hoy (2 + ubp) — hoy (2))? fo, () duds

IN

=Cs / / (he, (x4 ubyn) — hg, (x))° fo, (z)dzdu.
R JR
where C3 is a constant.
By the continuity of hy,, we get

(ho, (x + uby,) — hg, (2))> — 0 when n —s .

Conditions (i) of Theorem 2 imply that g, is bounded ( for 6, fixed). Then, hg, is
also bounded ( for 6, fixed).

Thus, there exist a constant C; > 0 such that for alln € N

(hgy ( + uby) — hg, ())* < Ci.

Since by Assumption (A 3.3) 0 < fp, < oo, we have

(he, (x4 ubyn) — hg, (x))° fo,(z) — 0 when n — oo.

For all n € N and for all x € R,

(h90 (I + Ub") - hao (l‘))2 f‘%(gj) < C4f90(56).

Then, by the dominated convergence theorem,

/ (hg, (z + uby) — hg, (2))? fo, (z)dz — 0 when n —s oo,
R
where u esupp(K) the support of kernel density K(.) a compact set.

On other hand, for all v esupp(K) and for all n € N, we get
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/}R (hoy (& + uby) — hgy (2))? fop (2)d

< C4/Rf90($)dx
= (4.

Therefore, by the dominated convergence theorem

/ / (hoy (@ + ubyp) — hg, (2))° fo, (x)dzdu — 0 when n —s .
RJR

Step 2 : we prove that

2
,ZE <(/ (hoy (X; + uby) — ho, (X3)) K(u)du)
n<—- R
1<]J
X (/ (hoo (X + uby) — he, (X)) K(u)du)) — 0 when n — co.
R
Let ¢ be the function defined by : for all v esupp(K) a compact set and for all z € R
¥ () = / (hoy (z + ubn) — ey (2)) K(u)du.
R

1 is a continuous function. Therefore ¢ (X;) is ¢-mixing. We have

1 (@) = \ [ oy ) = b, () K)o
< / ((hay (& + ubn) — o, ()| K(u)du

< Cs / K(u)du
R
= C5s.
Thus, there exist a constant Cg such that

E i (X,)* < C. (5.2)
On the other hand, we know that

¢ (k) < CpF,
where C > 0and 0 < p < 1.

Therefore, ¢2 (k) < Cexp <;k logp> = Cexp (—;uk) with v = —log p.
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Let x be the function defined for all ¥ € N

x (k) = Cexp (—;uk‘) . (5.3)
We have

ZE((/ (hay (Xi + ubn) — ha, (Xi))K(u)du)

1<J

(] oy 0 ) = iy () K0 ))
= 2B W) ¥ (X)),

i<j

Using lemma 20.1 in Billingsley (1968) and (5.2), we obtain

=y ‘E(¢(Xi)¢(xj))|:*ZJ|E ¥ (Xj41))]

1<i<j<n

D=
Nl=

| /\

—szz ) (1w (x0)P)

4CGZ¢
n—1n—1

3l

k=1Il=k

(Ble (X;:0))

I /\

n—1ln—1

oy S v

k=1l=k
n—1ln—1

DB

k=1Il=k

| /\

w\»—-
I\J\H

The fact that y is a decreasing function, we get

2 BeE)eE) < TS o) e
1<i<j<n k=11=k
< O kY (v
k=1 =1
<4§< (x(z‘»%) 0
i=1
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Combining stepl and step2, we obtain

EQ%{Af%@HM@M—iiﬁ%Mw})—%OMRHn—%m

We conclude that,

Vn { / hoy () fn(z)de — —Zhen } — 0 in probability B
R
Lemma 4. Suppose that assumptions (A 3.1)-(A 3.5) are hold. Then,
1 . .
thgo —> N(O FQ) , whereT? = 1 /]RgeO () go, (:U)Tdm.

Proof of Lemma 4.
We have [, fs,(z)dz = 1, and by Assumption (A 3.2.2), we get

[ @ s = 5 [ e @

0
) 3f9(.%‘)
LT g
Q/Rm%(w) gl
*ZA o0
= 0.
Then,
E (hay (X0)) = [ B, (@) fo(a)d =0
R
Moreover
B (1, (X)) = [ 8, @) fu@)do = 7 [ @)
= 1/ du, @)z
We have

n 2
E (}Zh <Xk>> B (hoy (X0)* + 23 (hay (X0) hay (X,)).
nk:l
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Since hg, is bounded (for §, fixed), thus there exist a constant C; such that

E |hg, (X3)|* < Co.

Then, we obtain

n 1
2
- > B (hay (X3) hay (X)) ZJ |E (hoy (X1) hoy (Xj41))]
1<i<j<n j 1

Nl
[

sz () (B Iha, (X1)P?)

400 Z

(B1ha, (Xj41))

We use the same approach as in the proof of Lemma 3, it follow that

2
7Z\E ho, (Xi) ho, (X; 4CO (Z %> — 0,

1<J

where y is defined in (5.3).

We conclude that,

2
I & 1
E(—=> ha (X — g, ()" dz wh :
(\/ﬁ; 90( k)) — 4‘/]]{900(‘@)990(‘@) r when n — oo

By the convergence limit theorem in Dtirr (1986), we get

1 < D 9
7\/ﬁk221h90 (X)) — N(O , I ),
where

1

1 / 9o, () g0, (z)Tdx when n — oo B
R

2=

6. Simulations

In this section we give some simulations for the minimum Hellinger distance es-
timator to show its performance. For this purpose, we consider the univariate
GARCH model ()N(f @),...X;: (9)) for s = 1,2,...,5, obtained from s replications of
the basic model. We define as in Takada, 2007 the function

S
fn& Z

z”: ) , T €R,
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which is an alternative to the intractable density function fy. For details one can
consult Gouriéroux and Monfort, 1996. The following lemma justifies this method.

Lemma 5. Let assumptions (A 3.1)-(A 3.6) be fulfilled, then
’f@(.’lﬁ) — fng(x)‘ — 0 a.s. whenn — oo.

Proof of Lemma 5.
We have

[fo(@) = Fao(@)| < sup|fo(@) = E (Fao(@))]

zeR

E (Jao(@)) = Fno(@)

< Zsup [folw) = B (7))

_1T€R

¥ 1; B (7)) - 7o)

where for s = 1,..., .5,

x — X 5 )
n 9 nb Z
Using Lemma 2, we show that

Sug ‘f@(x) -F (ﬁs()’(x)) ’ — 0 when n — oo,
z€

for each s.
Similarly, the Lemma 1 allows us to show that
‘E (ﬁ(jg(w)) - ffjg(x)‘ — 0 a.s. when n — oo,

for each s W

Simulations are based on 500, 1000 or 2000 observations of GARCH (1,1) process.
The kernel density f, and the function fn,g are constructed by using Biweight's
kernel or Epanechnikov’s kernel and the bandwidth b,, = n~°27. We use in R “fgarch
and fbasics” packages. To compare the performance of the estimators, we use the
root mean square error (RMSE) defined as follows :

RMSE(# J (-
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Tables 1 to 3 compare, on the one hand the MHDE and QMLE and on the other
hand the MHDE and MDE, the MHDE and LADE and QMLE. Table 4 shows the
robustness of MHDE.

=~

@ a 3
mean(MHDE) 0.091075 0.153218 0.402811
RMSE 0.386817 0.054185 0.030398
mean(@MLE) 0.085698 0.177487 0.300088
RMSE 0.382285 0.734444 0.114497

Table 1. Comparison of MHDE and QMLE : Results for n = 500, S = 100, w =
0.09, a = 0.15, 8 = 0.4, Epanechnikov’s kernel and ¢; ~ AN (0, 1).

Table 1 shows that the RMSE’s of the MHDE are smaller or almost equal to those
of QMLE. The MHDE seems to perform better than the QMLE.

a a B B
g mean RMSE mean RMSE
MHDE 0.1038 0.0225 0.6004 0.0151

“MDEyw 30 0.0959 0.0567 0.5420 0.2444
‘MDEnxw 40 0.0992 0.0575 0.5463 0.2438

Table 2. Comparison of MHDE and MDE : Results for n = 1000, S = 1000, w =
0.006, a = 0.1, 5 = 0.6, Biweight’s kernel and ¢; ~~ 5.

g is the number of autocorrelations

From Table 2 the MHDE'’s are more efficient than MDE yyy-.

=

] a B
mean(MHDE) 0.1043 0.1072 0.7544
RMSE 0.0207 0.0120 0.0235
*mean(QMLE) 0.1136 0.1063 0.7231
*RMSE 0.0540 0.0379 0.1032
®mean(LADE) 0.1163 0.1085 0.7175
*RMSE 0.0519 0.0334 0.0961

Table 3. Comparison of MHDE, LADE and QMLE : Results for n = 2000, S =
1000, w = 0.1, a = 0.1, § = 0.75, Biweight's kernel and ¢, ~~ ¢5.
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We can see in Table 3 that the MHDE is more efficient than LADE and the QMLE.

a : Baillie and Chung (2001)
b : Tinkl (2013)

To illustrate the robustness of the MHD estimator, we proceed as follows : in the
MHD estimation, we replace f, ¢ by f, ¢,» which is defined as follows

fn,g,,\ =(1- )\)ﬁw + A4[0, 1], where X € [0, 1],

and 4|0, 1] the uniform density on the interval [0, 1]. We make X vary between O and

1 and we consider the estimators of the associated MHD.

A w a B

0.1 0.08971672 0.14978625 0.39864413
0.2 0.08908243 0.1489463 0.39921852
0.3 0.09013601 0.15121177 0.39804661
0.4 0.09010718 0.14984752 0.40005337
0.5 0.08910752 0.15284870 0.40281130
0.6 0.08961155 0.14484359 0.39813678
0.7 0.09063663 0.14853763 0.39963746
0.8 0.08996624 0.15061865 0.40016230
0.9 0.08933807 0.14917768 0.39971352

Table 4. Robustness of the MHDE : Results for n = 500, S = 100, w = 0.09, a =
0.15, 8 = 0.4, Epanechnikov’s kernel and ¢; ~ Log-N (0, 1).

For each value of )\, the difference between the resulting estimators of the simula-

tion is not meaningful. Therefore, although fn,e are contaminated, the estimators
obtained are closed to the true values. Thus, the results of table 4 show the ro-
bustness of the MHDE.

7. Conclusion

In this paper; we focused on estimating of the parameter 6, of a univariate GARCH
process. We construct an estimator 0, of 0y using the Minimum Hellinger Distance
method. The obtained estimator, minimizes the Hellinger distance between the
probability density of the univariate GARCH process fy and the estimator f, of
this density.

Under regular assumptions, we showed that f, convergence almost surely to
fo,- Therefore, using the continuity of the Hellinger distance, we have shown the
almost sure convergence of 0,,. We have also studied the asymptotic distribution of
6,,. Through simulations, we have shown that the resulting estimator is efficient
and robust.
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Appendix : Notation
D

— :  Converge in distribution.

— a.s : Almost sure convergence.

Cy,C1,...,Cs : Generic constants taking different values from time to time.
N(0,1) :  Normal distribution with mean 0 and standard deviation 1.
Log— N (.,.) : Lognormal distribution.

ts :  Student-t distribution with 5 degrees of freedom.

LADE : Least Absolute Deviation-type Estimator.

QMLE :  Quasi-Maximum Likelihood Estimator.

MDE_NW :  Minimum Distance Estimator use the Newey-West method.
MHDE :  Minimum Hellinger Distance Estimator.
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