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Abstract. In this paper, we study the maximum likelihood estimator (MLE) of the
parameter vector of a discrete multivariate crash frequencies model used in the
statistical analysis of the effectiveness of a road safety measure. We derive the
closed-form expression of the MLE afterwards we prove its strong consistency and
we obtain the exact variance of the components of the MLE except one component
whose variance is approximated via the delta method.

Résumeé. Dans cet article, nous étudions l'estimateur du maximum de vraisem-
blance (EMV) du vecteur de parametres d'un modeéle discret multivarié utilisé
dans l'analyse statistique de l'efficacité d'une mesure de sécurité routiére. Nous
obtenons l'expression analytique exacte de 'EMV aprés quoi nous prouvons sa
forte consistance et nous obtenons la variance exacte des composantes de 'EMYV,
sauf pour une composante dont la variance est approximée par la méthode delta.
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1. Introduction and motivation

Let n and r be two positive integers and X = (Xi1,..., X1, Xo1,...,X2,) € R* be
a discrete random vector with multinomial distribution M (n, ) where = = (m1,

.ey Tir, To1, ..., T2.) L is @ vector of cell probabilities such that the sum of its
components equals one. Such a modelling is particularly used in the field of
road safety to estimate how much crash frequencies have been affected by a
road safety measure (design change or intervention) on a given treatment site
(N'Guessan and Langrand, 1993; N'Guessan et al., 2001, 2006a,b; N'Guessan and
Truffier, 2008). In that case, r represents the total number of accident severity
levels (for example, if accidents are categorized by severity level as property
damage only, minor injury, severe injury and fatal accident, then r = 4), n is
the total number of crashes in both periods and for all j = 1,...,r, X,; (resp.
m;;) represents the number (resp. the risk) of crashes of severity level j on the
site in time period ¢ ( = 1 for the period before the application of the road
safety measure and i = 2 for the period after). One of the benefits of this kind
of before-after studies is that they allow cause-effect interpretations (Hauer, 2010).

The estimation of the parameters ;;’s is not of direct interest to researchers or
decision-makers. One is more interested in answering the following question:
how did the measure affect the number of accidents? To this purpose, it seems
interesting to estimate the measure’s efficiency index that is a positive real number
denoted « and defined by N'Guessan et al. (2006a) as the ratio of the total number
of accidents observed in the after period to the total number of accidents expected
in the same period if the measure had no effect i.e. if the treatment site behaved
like its control area. The interpretation of the mean effect o can be done by
comparing « to 1 through a statistical test (see N'Guessan and Truffier (2008) for
more details). For example, if a < 1, then it could be concluded that the measure
has enabled to reduce the number of accidents occurring on the treatment site.
The main challenge is then to find a link function between the parameters r;; and .

In order to take into account any underlying trend in crash frequencies which
may erroneously be attributed to the measure, the treatment site is paired with a
control site of similar conditions (geometric characteristics, traffic flow, accident
exposure, roadside conditions, etc.) and where the measure was not applied
(Ogden, 1997). The accidents data of the control site over both periods of time are
represented by a non-random vector Z = (z1,...,z.)" where z; is the ratio of the
number of crashes of severity level j in the "after” period to the number of crashes
of the same severity level in the "before” period.
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The simultaneous consideration of different severity levels and control site data
introduces several secondary parameters. N'Guessan et al. (2001) proposed the
link functions

T = bi T = bi% J=1 r (1)

J 1+« 22:1 Zkﬂk-7 7 1+« 22:1 zkﬂk’ ’ ’
where 31, ..., §, are positive additional secondary parameters such that >;_, 3, =1
and for all j = 1,...,r, §; represents the probability that a crash occurring in an

area similar to the treatment site has a severity level j. Later, N'Guessan et al.
(2006a) proposed the link functions

B; By > —1 2k DBr

= T ,  T25 = T ,j:].,...,T. (2)
TtadgaBe 7 T+ay,_, b

The main difference between link functions (1) and (2) is the definition of 7,
motivated in model (2) by the fact that the mean value 22:1 2By is considered as
more stable and less sensitive to errors than the control coefficients z1, ..., 2, taken
individually. The models thus defined have a parameter vector 6 = («, 31,...,0;)
such that a > 0, 5; >0for all i = 1,...,r and h(@) = 0 where & is the function from
R™! to R defined by h(0) = >",_, 3 — 1.

7T1j

Model (1) has been the subject of several works. N'Guessan (2010) studied the
analytical existence of the maximum likelihood estimator (MLE) 0= (&, Bi,... ,BT)
of 8 = (o, f1,...,05,) and proved that, although an explicit closed-form expression
of § cannot be obtained, it is possible to write & as a function of the j;’s and
vice versa. N'Guessan and Langrand (2005) have obtained the explicit asymp-
totic variance-covariance matrix of 6. A cyclic algorithm has been developed
by N'Guessan and Geraldo (2015) for the numerical estimation of 6 and the
convergence of this algorithm has been proved by Geraldo et al. (2018). Geraldo
et al. (2015) have demonstrated the strong consistency of the MLE, that is,
converges almost surely (a.s.) to the true value 6 = («,f,...,05,) of the vector
parameter when the sample size n tends to infinity.

Although the MLE for model (2) has been shown to perform well in the numerical
simulation studies of N'Guessan et al. (2006a), the exact expression of the MLE
and the theoretical justification of its strong consistency have not been established
yet. So the aim of this paper is to fill this gap by making a comprehensive study of
the maximum likelihood estimator for the model (2).

To achieve our goal, we prove in Section 2 that the likelihood equations (obtained
by setting the partial derivatives of the log-likelihood to zero) have a unique
closed-form solution. Afterwards, in Section 3, we prove the strong consistency of
the MLE 0. We also derive the approximated variance of & using the delta method
and the exact variance of the §;’s in Section 4. In the last section of the paper
(Section 5), we discuss the possible extension of our work to the case where the
road safety measure is applied, no longer on a single site but on s (s > 1) different
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sites.

To make it easier for the reader to identify the elements involved in the matrix
operations carried out in the paper, the multidimensional objects (vectors and ma-
trices) are denoted in bold. The almost sure (a.s.) convergence is denoted by the
symbol “%. The vector w and its components 7;; will be denoted sometimes 7 (8)
and m;;(0) to emphasize their dependence on the parameter vector 6.

2. Closed-form expression of the maximum likelihood estimator

Let us start with the following lemma.

Lemma 1. Letx = (z11,...,21,, Z21,-- -, Z2) be a vector of observed data from model
(2) such that Zle Z;Zl x;; = n. The MLE 6 = (&, (1, ..., (), if it exists, is solution to
the system of non-linear equations

. az(B)z.;
j; (“j 1 +az(ﬁ)> =0

3)
o M taz) 2.6 (Z(B) — z)
7 1+az(B) Z(8)

where T.j = T1j + Taj, To. = 22:1 Tor and E(B) = Z;:l 2k B

=0, g=1,...,r

Proof. It is inspired from (N'Guessan et al., 2006a, Appendix B). One shows that
the log-likelihood is given, up to an irrelevant additive constant, by

T

0(0) = Z {x7 log(5;) + x2; log(a) — z.; log (1 +a szﬁk) + x9;log (Z zkﬁk)} .
k=1 k=1

j=1

The maximization of /() under the constraint 7(6) = 0 (where h(8) = >_7_, 5; — 1)
is equivalent to the maximization of £(0,)\) = ¢(0) — A\h(f) where ) is a Lagrange
multiplier. The first line of (3) is easily obtained from d£/0a = 0. Forall j =1,...,r,
we also have,

87,6 _ i (]j o TLO[ﬂij + fEQ,/Bij
s, B U7 140z(B)  z(B)

After multiplication by ; and summation on the index j, we get

- A@») = 0. (4)

A= 1 Taz3) T

and the second line of (3) is then obtained by substitution of the expression of A
in (4).

Zo.

Let us now give the first main result of the paper.
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Theorem 1. Let X = (Xy4,..., X1, Xo1,...,X2-) be a random vector with multino-
mial distribution ./\/l(n 7(0)) where () is defined by (2) and 6 = (o, B4, ..., 5,). The
MLE 6 = (&, 4, ...,5) of 8 is given by

& = nz;:l X2k (5)
(ZZ:1 Xlk-) (2221 2 (Xyk + sz))

. X+ X .

B]:Ufzja j:1,77' (6)

Proof. From the first line of (3), we have the following equivalences:
r az(B)z., noz(B)
j; (ibzg 1+ az(B) > 0= szj 1+az(B) 0

<= ;xzj—(n—HZZ(m):o

n T
= — = T4
1+ az(B) ; /

because Z;:l(xlj + xa;) = n. Thus

2172 _ Z2.

= . 7
adylijxy  aln— o) @

Z(B8) =

After substitution of (7) in the second line of (3), we get, forall j =1,...,r,

nB;(1+ az;) T2.0;2;
e

n — To. a(n — x3.)
which yields
x5 — Bi(1+ az;)(n — x2.) — x2.8; + afjz;(n — x2.) = 0.
After simplification, we get
.’L‘.j — nﬁj =0

hence the expression of Bj The expression of & is then easily obtained after sub-
stitution of Bj in (7).

Remark 1. It is easy to check that the MLE 6 satisfies the conditions & > 0, 0 <
Bi<lforj=1,...,rand > 3 =1.
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3. Strong consistency of the MLE

The strong consistency of the estimator @ is a very desirable property. This property
guarantees that, if X = (Xy1,..., X3, Xo1,...,Xs,) originates from the model (2)
with true unknown vector parameter 6, then 8 converges almost surely (a.s.) to 6
when the sample size n tends to +occ. Since the MLE 6 is available in closed-form,
the study of its strong convergence can be done directly by using its closed-form
expression and the properties of the underlying multinomial distribution.

We first recall the continuous mapping theorem that will be very useful in the proof
of the main theorem on the strong consistency of the MLE.

Lemma 2 (Van der Vaart (1998)). LetY, = (Y,1,...,Yni) andY = (Y1,...,Y}) be
k—dimensional random vectors and g be a mapping from R¥ to R™ continuous at
every point of a set A such that P(Y € A) = 1. If Y,, “3 Y then g(Y,) &% g(Y).

Let us now give the consistency theorem.

Theorem 2. Let X = (X11,..., X1, X01,...,Xo,) be a random vector with the multi-
nomial distribution M(n;w(0)) where =« (0) is defined by (2) and 8 = («, (4, ..., 5r).
Then, the MLE 6 defined by Theorem 1 converges a.s. to 8 as n tends to +oo.

Proof. We know that the almost sure (a.s.) convergence of a random vector is
equivalent to the a.s. convergence of each of its components. To prove that 6 =
(d,Bl,...,BT) converges a.s. to 6§ = (a,f1,...,05;), it is sufficient to prove that: (1)
a %% qand, (2) forallj=1,...,7, 3; £5 6;.

(1) We can write
~ X
=1 B <X11 X1 Xo1 er)

~ X ¢ Xip | Xor\ n’ T,
Pl I T e
n P n n

k=1

d:

where g is the continuous function defined from R?" to R by

a ) — ZZ:l ak
T (e br) (g 2w (ak 4+ br))

As X/n % 7 when n — oo, we apply Lemma 2 and get

g(b17"'7b7‘7a1a'~- (8)

a.s

lo% —_— g(7r11(0),...7r1r(9),7r21(0),...,7r2r(9)) = Q.
(2) Forall j =1,...,r, we have
5 X1 Xir Xo1 Xor
Bj_gj T ey Ty T Ty ey T
n n n n

where g; is the continuous mapping defined from R?" to R by

Journal home page: http:/ /www.jafristat.net, www.projecteuclid.org/euclid.as,
wwuw.agjol.info/ afst



I. C. Geraldo, Afrika Statistika, Vol. 15 (2), 2020, pages 2335 - 2348. On the maximum
likelihood estimator for a discrete multivariate crash frequencies model 2341

gj(bl,...,br,al,...,a,«):bj+aj.

As X/n %% 7 when n — oo, we apply Lemma 2 here too and get
Bj 2) gj(ﬂ'u(e),. .. 77T1r(0),7T21(9),. .. 77T2r(0)) = 7T1j(0) +7T2j(9) = Bj'

4. Computation of the variance of the MLE’s components

The estimation of the parameters of the model cannot be complete without the
estimation of the variance of the estimators &, 31, ..., 3, which allows to have an
idea on their variability.

Theorem 3. Let § = (&, B, ..., B,.) be the MLE defined by Theorem 1. Then, for all
j=1,...,r, the exact variance of the MLE [3; is
var(Bj) - M 9)
n
Proof. For any j = 1,...,r, the random variable X;; + X,; follows the binomial
distribution B(n,m; + m2;). This simple property of the multinomial distribution
will not be demonstrated here and we rather refer the reader to (Wasserman, 2004,
pages 53-54, 235-237). We then have

5 (le + X,

1
var(B3;) = var - ) = ﬁvar(le + Xs;)

1
= ﬁ(n(ﬂlj + o) (1 — 5 — sz))
where 15 + T2 = ﬁj'

Direct calculation of the variance of the estimator & seems impossible because &
is expressed as a quotient of random variables whose exact distribution cannot be
determined accurately. However, an approximate variance can be obtained using
the delta method (Lo et al., 2016, Proposition 35). This method enables to approx-
imate the variance of a function of a random variable (or a random vector) whose
exact variance is known. The delta method is recalled by the following lemma.

Lemma 3 ((Lo et al., 2016, Proposition 35)). Let Y ¢ R¢ be a random vector with
mathematical expectation p € R? and variance-covariance matrix ¥ of order d x d.
For any differentiable function g : R — R,

var(9(Y)) = (Vo (1) ' 2(Vy(n)) (10)
where V,(u) € R? is the gradient of g (the vector of first partial derivatives) evaluated
at the point pu.

Before giving the approximate variance of &, we recall the first-order and second-
order moments of the multinomial distribution through the following lemma.
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Lemma 4. Let X = (X11,..., X1, Xo1,. .., X2,) be a random vector with multinomial
distribution M(n; ) where ® = (711,..., T To1,...,T2r) L. Let 1y = (w11, ..., 7)€
R" and 3 = (a1, ..., m,)T € R". The mathematical expectation of X /n isE (X/n) = =
and its variance-covariance matrix is

Y= (A 77T7TT)

S|

where

_ A1 Or,r
A= <0r,r A2> ’
A, (resp. As) is the diagonal matrix of order r x r whose diagonal elements are the
components of m; (resp. wy) and 0,.,. is the null matrix of order r x r.

Proof. From the classical results on the multinomial distribution (see for example
(Wasserman, 2004, page 53)), we know that E(X) = nm and var(X) =n (A — w7T).
Lemma 4 is then easily deduced from the equalities E (X/n) = E(X)/n and ¥ =
var (X /n) = var(X)/n?.

The following lemma gives some intermediate results that will be needed to prove
the theorem on the approximate variance of &. For simplicity, z(3) is denoted Z.

Lemma 5. Let g be the continuous function defined from R?" to R by Equation (8).
For any vectory € R", let ly|4, = yTAyy and |ly||4, = y Azy. Lety =

= )
22 =31 Bz

and

1+az

(1)
1
Vy(m) = = ( —ayZ" —oz1} 1Y — anZ" )T
€Rr" €R"
where 1, = (1,...,1)T € R",
—ayZ" — az1T = (—ayz — 07, .., —ayz, —az)" ER”

17 —oyZ" = (1 —avyz,...,1—ayz)" €R".

(2) ||ovZ + 04217«||2A1 = o?y%22 + 0?2972 4 2024272,

3) 11, - O"YZHQAQ = ayZ + o?7%%22 — 2024272,

4) Vg(Tl')Tﬂ' = —a.

Proof.

(1) Foralli=1,...,r, we have

Journal home page: http:/ /www.jafristat.net, www.projecteuclid.org/euclid.as,
wwuw.agjol.info/ afst



I. C. Geraldo, Afrika Statistika, Vol. 15 (2), 2020, pages 2335 - 2348. On the maximum
likelihood estimator for a discrete multivariate crash frequencies model 2343

(i an) [ (s zalan +50)) + 2 S5 b

dg _

o (Shes 00 (i o +01))

o (Cica bi) (i zlan + b)) — = (Siy ) (Ciy an)
o (s ) (S aon 4 00))

and, therefore,

09 1y _ (X k=1 72k) [(2221 2k (m2k + mk)) + 2 Yo Wlk}

i (Sho ) (S anlmae + 7a0))

(X k=1 T1k) (ZZ:1 2 (mok + Wlk)) = 2i (Chmr k) (o k)
(Chey m18)” (Zzzl 2k (mok + Wlk))Q

dg
aai

(m) =

Since 7o, + w1 = B and

s s s
E 2k (o + k) = Y 2uPr =2, E Tik =7, E ok = QYZ,
k=1 k=1

k=1 k=1

we can write

99

—avZ(Z+ ziy)  —a(Z+vz) @(ﬂ_) _VE—zyanE
Ob; z

(m) = = =

1—avyz
272 vz T day 272 vz

(2)
lavZ + aZ1, A, = o® [WZ + 71, ][5, = o (YZ" +71)) Ay (VZ + 71,.)

=a®) mj(yz +2)° =0’y ) Bi(yz +2)°

j=1 j=1
T T T
=a®y (VY B+ Y Bi+EY Bz
j=1 j=1 j=1

=a’y (72? +22 + 2722)
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3)

2
11 — avZ|[5, = (17T — oz’yZT) As (1, — avZ)

= my(l - ayz)?
j=1

i I T
= Z ayzZB; + aPy? Z ory?ﬁjz? —2ay Z avzZf;z;
j=1

Jj=1 Jj=1

=avz + 043732? — 2a27222.
(4)
T, _ 1 VA —1T 4T 7T ™
V,(m) w—% —avZ —ozl,, 1, —ay -
1
= — {—chTﬂ'l — 0451371'1 + 1?71'2 — a’yZTﬂ'g}
VZ
1 r r r r
= % {_Ofyzzlﬂrlk - 04527711@ + Zﬂzk - 04’72«21971'21@}
k=1 k=1 k=1 k=1
1 T r T
= — — — 2
72{ ’Yzzk(ﬁk-i-ﬁzk) OéZZﬁk-i-Zﬂzk}
k=1 k=1 k=1
1 r r r
-1 {—mzzkm—azzmwzm}
k=1 k=1 k=1
1 _ _ _
= —{-ayZ - ayZ+arz}
VZ
= —«

Theorem 4. Let 6 = (&, Bi,... ,BT) be the MLE defined by Theorem 1. The approxi-
mate variance of & is

@ a?22 o
ar(@) =~ 4+ — - — 11
var(&) = - (11)

1 - r
where v = T and z2 =3, Biz?.

Proof. Recall that

A <X> - <X11 Xlr X21 X2r>
=g\ — | =g\ — Ty
n n n n n

where g is defined by (8). From Lemmas 3 and 4,
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1
var(&) ~ EVg(ﬂ')T (A —7w") V()

1 1

= Evg(ﬂ')TAVg(ﬂ') — EVQ(TI')TTHTTVg(Tr)
1 1 T

=V, (m)TAV,(x) — —Vg(m) " (V () ")
1 1 2

= n g(W)TAvg(ﬂ') T n (VQ(W)TW)

because V,(m)Tm € R. On the one hand, we have

1 . — —azl,.
V(1) AV, (1) = g (— arZ" — 0z f 1) - anZ?) (()Arlr OAQ) ( O{VZ_ aj?)

2
|

—_

_ 2 2
1= {lanZ + azL |1}, + 11, - anZy, }

2
|

and, from Lemma 5,

1 a— S
V,(m)TAV,(7) = 53 {a2’y‘322 + %922 4+ 2029°7% + vz + 343722 — 20[272?2}
v’z
1 _ _
= — {a273z2 + a2z + ayz + a373222}
v2z
= % {a’yzﬁ +az® +7+ 042722272}
vz
- (0% 275 | = _
= {(a’y 22+z)(1 —|—o<z)}
— {(a'yzz?—i— z)l}
vz ol
_a?? o«
2

On the other hand, by Lemma 5, V,(r)"w = —a. Finally, we have

1| o222 1
var(a) ~ L {a . a} Ly

n| z v2z
and the proof is completed.

Remark 2. As the variance of a random variable is always positive, some authors
(see for example (Casella and Berger, 2002, Theorem 5.5.28)) add the condition
V,(1)"EV,(p) > 0 in Lemma 3. This should be straightforward if the matrix ¥
was positive definite, but this is not the case here because the variance-covariance
matrix ¥ of the multinomial distribution is not even invertible (the sum of its el-
ements by row or by column is zero). Fortunately, for the approximation of the
variance of &, we have
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« a?22 o o o? [ 22
pr i e s el [l
ny?z = nz n n?z  n \z

and

0< iﬁi(zi -z)* = erﬁlzf +§2iﬂi - QEZT:,@‘Z%
i=1 i=1 i=1 i=1

= 22472272

hence the quantity (11) is strictly positive.

5. Discussion

In this paper, we derived the closed-form expression of the constrained maximum
likelihood estimator (MLE) § = (&,8) of the parameter vector # = (a,8) of a
multivariate discrete crash data model where « > 0 is the parameter of interest
and 8 = (f4,...,05,) is a vector of probabilities such that 22:1 B; = 1. We proved
that the MLE is strongly consistent and we derived the approximated variance of &
using the delta method and the exact variance of the components of 3. The model
considered in this paper is motivated by the statistical analysis of the effectiveness
of a road safety measure applied to a given target site paired with a control site
where the measure was not applied.

It should be interesting to consider the general case (N'Guessan et al., 2006a) where
the road safety measure is applied, no longer on a single site but on s (s > 1)
different treatment sites, each being paired with a control site. In this case, the
parameter vector still has the form 6 = («,3) but 8 = (84,...,8;) where, for all
k=1,...,8 Br = (Bk1,---,Prr) and 25:1 Br; = 1. This simultaneous consideration
of several treatment sites considerably increases the complexity of the model and,
a priori, does not allow to envisage obtaining a closed-form expression of the MLE.
However, one could consider studying the strong consistency directly from the like-
lihood equations as in Geraldo et al. (2015) and obtain the approximate variance
of the components of the MLE using other methods like the analytical inversion of
the Fisher information matrix (Aitchison and Silvey, 1958; Neuenschwander and
Flury, 1997; N'Guessan and Langrand, 2005).
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