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Abstract. Value-at-Risk (VaR), a downside risk measure, has emerged as the
industry standard with regulatory authorities enforcing its use in risk measure-
ment and management. Despite its widespread acceptance, VaR is not coherent.
Tail Conditional Expectation (TCE), on the other hand, for an underlying con-
tinuous distribution, is a coherent risk measures. Our focus in this paper is the
dynamic portfolio and consumption choice of a trader subject to a risk limit
specified in terms of TCE.
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1 Introduction

Value-at-Risk (VaR), a downside risk measure, has emerged
as the industry standard with regulatory authorities en-
forcing its use in risk measurement and management (Jo-
rion [6]). Despite its widespread acceptance, VaR is not
coherent (Artzner et al. [2]). Tail Conditional Expecta-
tion (TCE), on the other hand, for an underlying con-
tinuous distribution, is a coherent risk measures (Rock-
afellar and Uryasev [10]).

Our focus in this paper is the dynamic portfolio* and
consumption choice of a trader subject to a risk limit

LComputer Science Department, University of Buea, Buea, Cameroon

2Faculty of Mathematics, Chemnitz University of Technology, Chemnitz, Germany

3Mathematics Department, Zwickau University of Applied Sciences, Zwickau, Germany

4By dynamic portfolio strategy we mean portfolio re-balancing as well as re-calculation of
TCE at short intervals of time within the investment horizon. This is in contrast to the static
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specified in terms of TCE. In the existing literature, in-
vestment and consumption strategies are often studied
in separate problems. Here, we consider both in the
same problem formulation. We apply the TCE con-
straint while maximizing the agent’s utility over con-
sumption throughout the investment horizon, and over
terminal wealth. This problem has not yet received ad-
equate attention in the existing literature. We show
through numerical simulations by applying an algorithm
similar to that in Yiu [11] that the introduction of a
TCE constraint reduces investment in risky assets and

increases consumption (cf. Cuoco et al. [3]). Putschogl
and Sass [9] use Expected Shortfall instead of TCE.

2 The Model

We consider a standard Black-Scholes type market (Korn
[7]) consisting of one risk-free bond and n risky stocks
and a finite time horizon {0,T]. Uncertainty in the finan-
cial market is modeled by a probability space (€2, F, P),
equipped with a filtration that is a non-decreasing fam-
ily F' = (Ft)iepo,r of sub-o-fields of F. It is assumed
throughout this paper that all stated processes are well
defined without giving any regularity or technical con-
ditions ensuring this. The interested reader may see [1]
for such details. The risk-free rate » = r; of the risk-
free asset (bond) S° is supposed to evolve according to
dSY = rSPdt, Sy = s°. For the risky assets (stocks), for
which the prices will be denoted by S; = (S},...,S")
for some n € N, the basic evolution model is that of a
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log-normal diffusion process:

ds;
S

k
=pidt+Y odW] Vte[0,T), Sj=s,i=1,...,n, (1)
j=1
where, for some k € N, W, = [W},..., W}], with the
symbol (') standing for transpose, is a k-dimensional
standard Wiener process, i.e., a vector of k independent
one-dimensional Wiener processes. The n-vector pu =

(pl, ..., ™), contains the expected instantaneous rates
of return and the n x k-matrixc = o, (i =1,...,n, j =
1,...,k) measures the instantaneous sensitivities of the

risky asset prices with respect to exogenous shocks so
that the (n X n)-matrix oo’ contains the variance and co-
variance rates of instantaneous rates of return. An agent
invests according to an investment strategy that can be
described by the (n+ 1)-dimensional, F;-predictable pro-
cess O, = (69,6}, ...,0%), with 6. (i = 1,...,n) denoting
the fraction of wealth invested in the risky asset ¢ at
time ¢, whereby the remaining fraction 1 -7, 6; of the
agent’s wealth is invested in the risk-free asset. Let ¢; be
the instantaneous consumption rate. The corresponding
portfolio value process reads

SV KA R W
<1—Zat> 5 +> 6 S
i=1 i=1

To have a better exposition, we adopt a matrix expres-
sion: denote o = [0™], 0, = [0}, ...,0M, n=[ut,..., u"],
1, =[1,...,1) and W; = [W},... , W}F]', so that o is an

n X k matrix, u — rl, and 6; are n-dimensional column

f,c _ v/9,
vyt =V,

] - Ctdt, VOQ’C = 0- (2)

vectors and W, is a k-dimensional column vector. Hence
equation (2) can be rewritten as

AV, =V (r + 0y —rln)) dt + 0o dWi] — cpdt, V) =0, (3)
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We have adopted an incomplete market asset pricing set-
ting of He and Pearson [5]. To eliminate redundant as-
sets, we assume that o is of full row rank, that is, oo’ is
an invertible matrix.

3 Tail Conditional Expectation

Tail Conditional Expectation is closely related to the
Value-at-Risk concept, but overcomes some of the con-
ceptual deficiencies of Value-at-Risk (Rockafellar and Urya-
sev [10]). In particular, it is a coherent risk measure for
continuous distributions (Artzner et al. [2]). Given some
probability level o € (0, 1), a time ¢ wealth benchmark
T; and horizon At , the Value-at-Risk (VaR{) of time

t wealth V; at the confidence level 1 — « is given by the
smallest number L such that the probability that the loss
Grany = Yionr — Vti’cAt exceeds L is no larger than a.

VaR{ = inf{L > 0: P(Giar > L|F;) < af = (QF),

Qf =sup{L € R: PV, — Teenr) < LIF) <},

where Q' is the quantile of the projected wealth surplus
at the horizon ¢t + At and z~ = max{0, —z}.

Definition 1. (Tail Conditional Expectation)
Consider the loss distribution Giiar = Tiinr — fom

represented by a continuous distribution function Fg,, .,
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with fR |Giiat|dF (Giint) < 00. Then the TCEY at con-
fidence level 1 — « is defined as

TOEa = Et {Gt+At Z VGR?L?%} =

1
E]Et {Griatl (Giyar > —Q?)|ft}+,

where I(A) is the indicator function of the set A and
T = max{0, z}.

In other words, the Tail Conditional Expectation of
wealth V; at time ¢ is the conditional expected value of
the loss exceeding (Qf)~. Given the log-normal distri-
bution of asset returns (u, o constant), the TCEf* can
be explicitly computed as can be seen in the following
proposition. We refer to [1] for the proof.

Proposition 1. (Computation of Tail Conditional
Ezxpectation)
We have

1 c
TCE; =~ (aTHAt v

exp ((9;@ —rly) 47— V—;’C)At> o (qu(a) - ||9;a||\/E)

t
(4)
where ®(-) and ®~1(-) denote the normal distribution and
the inverse distribution functions.

)

4 Statement of the Problem

We seek the optimal asset and consumption allocation
that maximizes (over all admissible {6}, ¢;}) the expected
utility of discounted terminal wealth at time 7" and con-
sumption over the entire horizon [0, T], for a risk averse
investor who limits his risk by imposing an upper bound
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on the TCE. In mathematical terms the final stochastic
optimal control problem with TCE constraint is

T
max )]Eo{ / e‘psUl(cS)ds+e_pTU2(VT)}, (5)
Vo 0

{0, c}eA(

subject to the wealth dynamics given in (3) and the TCE
constraint

TCE® < (Vi 1), V¢ € [0,T — At), (6)

for fixed a and At > 0, where TCEY = TCE{(V}, 04, ¢t)
is given in (4). Here E;, denotes the expectation op-
erator at time ¢, given Vte’c = v (and given the chosen
consumption and investment strategies), U! and U? are
twice differentiable, increasing, concave utility functions,
(v, t) is an upper bound on TCE and p > 0 is the rate at
which consumption and terminal wealth are discounted.
We let 177/(1 — «), where v & (0,00)\{1}. This falls
in the category of power utility functions, also known as
Constant Relative Risk Aversion (CRRA) utility func-
tions.

5 Optimality Conditions

In applying the dynamic programming approach we solve
the Hamilton-Jacobi-Bellman (HJB) equation associated
with the utility maximization problem (5). From Flem-
ing and Rishel [4] we have that the corresponding HJB
equation is given by

pJ(v,t) = max {U(e) + Je(v,t) + Jy(v,t)  (7)

CtZO, 0t€]R”
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1
X ([0 (n—rl,) +71] —c) + §va(v, t)UZH,’faa'@t} :

subject to the terminal condition J(v,T) = U(v), where
J, the value function is given by

T
Jv,t) = sup K, { / e P U(cs)ds + e"TU(Vte’C)} , (8)
(v) t

{0, c}eA

where subscripts on J denote partial derivatives and Vta’c =
v, the wealth realization at time t.

In solving the HJB equation (7), the static optimization
problem

! _ _ l 2/ !
cizgl%f(ekn {U(ct) + Jp(v,t) (v[0i(n —rly) + 7] — ) + 2va(v,t)v Bio0'0: 5,
(9)

subject to the TCE constraint (6) can be tackled sep-
arately to reduce the HJB equation (7) to a nonlinear
partial differential equation of J only.

We introduce the Lagrange function

L(0,c,\)=L(0(v,t),c(v,t), A\(v,1))

as

L(0,c,\) = Jy(v,t) (w[(p—7ly)+7r—¢])  (10)

1
—|—§1)29'00’9Jm,(v, t)+U(c)—A(v,t) (aTCE(v,6,¢c) —e1),
(11)

where ) is the Lagrange multiplier, e; = ¢+« and TCE}
is given in (4). The first-order necessary conditions with
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respect to 6, ¢ and A respectively of the static optimiza-
tion problem (11) are given by

1
VoLl = vJv(u—rln)+§Jv00200'9—l—/\v[ (u—rly)At (12)

exp ((6'(n = 11,) +7 = 2)At)-0 (27 (a) - |90]| V)

, c VAt 05’

— exp ((0 (p—rl,) +7r— ;)At) - TW
e | (e a) — |90 VEY| | o,

% = UL(0) + Alw, )AL & (97(a) — 0] VAT

-[exp ((9'(,u —rl,) +r— %)At) - P (q)_l(oz) — HQIO'H\/E)]
= Jy(v,t), (13)

where U, is the first-order derivative of U with respect
to ¢ and

g—f = H(v,t) := —aYatv[exp ((9'(,u —rl,) +r— S)At)
(14)
D (qu(a) - He'au\/Kt) | +e =0,

while the complimentary slackness condition is given as
A(v,t)H(v,t) = 0 and A(v,t) > 0. Simultaneous solution
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of these first-order conditions yields the optimal solutions
6Pt P and \°P'. Substituting these into (7) gives the
partial differential equation

(e (v, 1))
)+ »

To(v,t) (W[(07" (v, 8))' (1 — r10) + 7]

—pd(v,t + Ji(v, t)+ (15)

1
—c(v,t)) + §Jw(v, t)v? (0 (v, 1)) od’ 8P (v,t) = 0,
with terminal condition J(v,T) = %,
be solved for the optimal value function J%(v,t). Be-
cause of the non-linearity in 8" and ¢, the first-order

which can then

conditions together with the HJB equation are a non-
linear system so the partial differential equation (15)
has no analytic solution and numerical methods such as
Newton’s method or Sequential Quadratic Programming
(SQP) (see, e.g., Nocedal and Wright [8]) are required to
solve for 0% (v, t), P (v,t), A" (v,t) and J% (v, t) iter-
atively.

6 Numerical Results

We use an iterative algorithm similar to that of Yiu
[11]which yields a C2! approximation .J of the exact solu-
tion J. The pair (é\t, ¢t) is the investment strategy related
to J. We refer to [1] for details of the algorithm. We
have implemented the algorithm to illustrate the opti-
mal portfolio of the preceding section with examples and
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Parameter Value

Stock (S1) w=4%, o't = 5%, o'? = 5%
Stock (S?) u=6%, o?t = 5%, 0?? = 20%
Bond (S°) r=3%

Investment horizon t€[0,1]

Initial wealth v =1

Shortfall probability | a=1%
Value-at-Risk horizon | At =1/48 ~ 7 days

Utility function Ul)=2"7/(1-7v), v=09
Wealth benchmark Y; = V;e"t (money market)
Bound e=1

Table 1: Parameters for the consumption and investment portfolio optimization
problem.

assume n = 2. That is, the market is composed of two
risky stocks and a risk-free bond. Table 1 shows the pa-
rameters for the portfolio optimization problem and the
underlying Black-Scholes model of the financial market.

We consider the Tail Conditional Expectation of the
wealth surplus V; — Y;a; with respect to the benchmark
Tira¢ such that it satisfies TCE® (Vigar — Tivar) < e,
where € comes from Table 1. That is, the TCE is re-
evaluated at each discrete time step (TCE horizon) At
and kept below the upper bound ¢, by making use of con-
ditioning information. Here, the shortfall benchmark is
taken to be the investment in the risk-free bond Y; a; =
Vie'™t. Figure 1 shows in the right panel the amount of
wealth invested in the risky assets with and without the
TCE constraint, plotted against the possible wealth real-
ization at different times. The left panel shows the value
function. The shortfall benchmark is the investment in
the risk-free bond.

As can be observed from the image, as the wealth level
increases, so does the investment in risky assets. This
results from the property of constant relative risk aver-
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risky wealth

[ without TCE

optimal with TCE

Y i,

T

Wealth

Wealth
Figure 1: Effect of the TCE constraint when benchmark is investment in the

bond.

sion of the utility function. A good control over the
investment in the risky assets has been achieved and the
proportions invested in the risky assets are reduced in or-
der to fulfill the TCE constraint. In particular, when the
constraint is not active, the optimal portfolio follows the
unconstrained solution; as the portfolio value increases,
the TCE constraint becomes active and allocates less to
the risky assets. The local minimum (around wealth level
10) observed in the left panel of Figure 1 comes as a re-
sult of a sudden increase in the consumption rate once
the constraint becomes active. The value function of
the constrained problem is identical to that of the un-
constrained one when the Lagrange multipliers are null,
whereas it is inferior when the constraint is active.
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