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ABSTRACT:- The van der Waal equation of state is redefined in a functional manner that reveals
some additional critical parameters and presents the ideal gas temperature as a lower limit to the
van der Waal gas temperature. The law of corresponding states is also shown to apply to the lower
limits of reduced temperatures.

INTRODUCTION
An equation of state for a given gas system can be
determined in terms of pressure, volume, temperature and
mass of the enclosed gas under consideration. At
sufficiently low pressures, the relations among these
quantities are found to satisfy the empirical ideal gas law,
that is

PmVm = N m kmTm
where

(1)

Pm , Vm , Tm , N m and km are pressure, volume,

temperature, number of particles and Boltzmann constant
respectively, while the subscript m is introduced to
specify that the parameters are determined or deduced
from experimental measurements. At relatively higher
pressures, measurements are found to relate in manners
that deviate from that of Eqn (1). In an attempt to account
for such deviations, van der Waal took into account the
effects of intermolecular forces 1,2 and theoretically
developed general equation of state for gases as 3,4,5


α N m2 
+
P
 m
 [Vm − N m b] = Nt ktTt
Vm2 


Tt , N t , kt are theoretically implied values of

temperature, number of particles and Boltzmann constant
respectively. It has been experimentally verified that the
11

The format of Eqn (2) is often interpreted to imply that in
the determination of Tt , the parameters Pm and Vm are
independent of α and b. We shall show that this
assumption does not hold in the neighborhood of a critical
point. In addition we shall highlight the relation between
the empirical ideal gas temperature Tm and the theoretically
implied van der Waal temperature Tt .
METHOD
Basic formulations
We consider here that, the intermolecular forces
considered in the van der Waal equation are already in
play so that the results obtained from measurements of
pressure, volume and temperature for real gases, can be
represented by the functional forms P(α,b), V(b) and
T(α,b,k), so that Eqn (1) becomes

(2)

where α is a factor dependent on the strength of the
attractive intermolecular forces and b is a factor dependent
on molecular sizes and the repulsive intermolecular forces,
while the subscript t is introduced to indicate that the
quantities

parameters α and b are constants, that are characteristic
of the system under consideration. For any particular gas
system, the van der Waal equation becomes identical to
the ideal gas law in the limit when the volume V is large.

Pm (α , b)Vm (b) = N m kmTm (α , b, km )

(3)

Next we seek a form of van der Waal equation, analogous
to Eqn (3), in which the characteristic quantities α and b
do not appear explicitly. To achieve this we rewrite Eqn (2)
in the form

Pt (α , b)Vt (b) = N t ktTt (α , b, kt )

(4)
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where we have made the replacements

Pt (α , b) = Pm (α , b) +

α N m2
Vm2 (b)

(5)

and

Vt (b) = Vm (b) − N mb

(6)

Equation (4) is a representation of the van der Waal equation
of state in a manner that preserves the format of the ideal gas
law. Thus for any volume Vm , we may combine Eqns (4), (5)
and (6) to obtain


α N m2 
+
α
(
,
)
P
b
 m
 [Vm (b) − N mb ] = N t ktTt (α , b, k )
Vm2 (b) 

(7)

Vmc (b) = 3 N mc b,

(11a)

α
27b 2

(11b)

Pmc (α , b) =
and

Ttc (α , b, ktc ) =

8α N mc
27bktc N tc

from which we obtain the well established relation7

Pmc (α , b)Vmc (b)
3
=
N tc ktcTtc (α , b, ktc ) 8

(8)

Vtc (b ) = 2 N mc b ,
Ptc (α , b ) =

4α
,
27b 2

This is a cubic function Vmc(b) in and would in general have
three solutions. Graphically, the special condition when all
the three solutions are equal describes a point of inflection
which is called the critical point and for which we introduce
subscript c hereafter. Thus in the neighborhood of a critical
point, Eqn (8) becomes

and


N k T (α , b, ktc ) 
Vmc3 (b) −  N mc b + tc tc tc

Pmc (α , b)


2
3
α N mc
α N mcb
Vmc2 (b) +
Vmc (b) −
=0
Pmc (α , b)
Pmc (α , b)

8  N K  T (α , b, km )
Ttc (α , b, ktc ) =  mc mc  m
3  Nt Kt 

Tmc (α , b, k mc ) =

α
9bkmc

(13a)
(13b)

(13c)

By substituting Eqn (13c) into (11c) we obtain the relation
(14)

(9)
from which it is clearly evident that if the temperatures Tm
and Tt are equal, then the number of enclosed particles that
do participate at the critical point must be such that

N mc ≤ Ntc , that is, provided that the Boltzmann parameter

Since the cubic polynomial

is a universal constant.

Vmc3 (b) − 3Vmc (b)Vmc2 (b) +
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(12)

On substituting Eqns (11a), (11b) and (11c) into Eqns (3), (4)
and (6) we obtain the following additional critical parameters

3
m

3Vmc2 (b)Vmc (b) − Vmc3 (b) = 0

(11c)

Additional Critical Parameters

which can be rearranged to become


N k T (α , b, k ) 
V (b) −  N mb + t t t

Pm (α , b) 

α N m2
α N m3 b
Vm2 (b) +
Vm (b) −
=0
Pm (α , b)
Pm (α , b)

also has three equal solutions, we consequently compare
its coefficients1,6 with those of Eqn (9) to obtain the critical
parameters as

(10)

If we consider that Eqn (14) applies at points sufficiently
removed from the critical point, then we may write

12
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8  N K  T (α , b, km )
Tt (α , b, kt ) =  m m  m
3  Nt Kt 

so that on substituting eqns (17b), (17c), (17d) and (13c) into
Eqn (16) we obtain
(15)

as a general relation between the van der Waal's theoretical
temperature Tt and the empirically determined temperature
Tm. Eqn (7) therefore becomes


αN 
 Pm (α , b) + 2  [Vm (b) − N mb ]
Vm (b) 

8
= N m kmTm (α , b, km )
3
2
m

(16)

This is a form of van der Waal equation of state in which the
pressure, volume and temperature are all experimentally
measured values.


3 
1 8
 P m (α , b) + 2
  V m (b) −  = N m T m (α , b, km )


3 3
V m (b)  

(19)
as a reduced equation of state with all parameters obtained
from practical measurements.
By dividing Eqn (15) by (14) we obtain the reduced relation

 N m k m  T m (α , b, km )
T t (α , b, kt ) = 

 N t kt 

(20)

Since in the formulation of van der Waal equation of state, a
theoretical assumption is made that all particles do participate
at the critical point, such that

The Law of Corresponding States

Nt =1 ,

If we introduce a dimensionless parameter notation

we can by making use of Eqns (18), (20) and (21), reduce Eqn
(19) to the form

X
X=
Xc ,

(17a)

where Xc is the critical value for any X (representing any
specific parameter amongst pressure, volume, temperature,
number of particles and Boltzmann constant), then we have
for example,

V m (b ) =

Vm (b)
Vmc (b) ,

P (α , b)
P m (α , b) = m
Pmc (α , b)

(17b)

(17c)

Tm (α , b, k m )
Tmc (α , b, k mc ) .

(17d)

Taking Boltzmann constant as a universal constant, we
therefore set

km = kmc

13


3 
1 8
 P m (α , b) + 2
  V m (b) −  = T t (α , b, kt )


3 3
V m (b)  

(22)
which is the familiar law of corresponding states 6,8,9,10. Eqn
(22) is applicable universally to any form of van der Waal
gas, because the quantities and no longer appear explicitly.
This universality has been experimentally confirmed 11,12 for
many substances. Any two different substances for which
the reduced parameters,
corresponding states.

X are equal, are said to be in

DISCUSSIONS

and

T m (α , b, k m ) =

(21)

(18)

Although the universality tests for the law of corresponding
states have been based on Eqn (22), with the assumption
that Tt = Tm , it is clear from Eqn (19) that the temperatures
need not always be equal. From statistical arguments, not all
particles may simultaneously participate at the critical point.
This implies the condition
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Nm ≥1 .

(23)

and

Vmc (0) = Vmc (b) . This would however lead to an

erroneous conclusion that the effects of intermolecular forces
are not measurable.

and consequently that

T t (α , b, kt ) ≥ T m (α , b, km )

(24)
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between the temperatures Tm and Tt is minimal, compared
to that between Tm and Tt . The minimization of the deference
consequently renders the law of corresponding states to be
in far more exact agreement with experimental results than
the van der Waals equation . For very dilute gases, where we
can neglect the terms involving α and b, the reduced
temperatures Tm and Tt become nontrivially equal.
Finally, we note that without the definitions introduced in
Eqns (4), (5) and (6), the van der Waal equation of state can
equivalently be expressed in the form


α N m2 
P
(0,
0)
+
 m
 [Vm (0) − N mb ] = Nt ktTt (α , b, kt )
Vm2 (0) 

(25)
so that the ideal gas law consequently becomes

[ Pt (0, 0)][Vt (0)] = Nt ktTt (0, 0, kt )

(26)

Although Eqn (25) fits the usual interpretations of van der
Waal equation, the details introduced here imply that this
formulation is however inconsistent with concept of critical
parameters, unless the parameters are themselves
independent of α and b, such that
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Pmc (0, 0) = Pmc (α , b)

14

