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tion 3, we the numerical of the

proposedmethod and,in section4, the efficiency

of the proposed method is showned using some

numerical examples and finally in section 5, the
conclusion is presented.

3.Completeness. For every feL2([0,1))
when m goes to infinity. Parseval identity holds:

l

ir-m =
0 i=0

1

wherefi = £ J' f{t)h{t)dt.
o

(5)

Hybrid Taylor-Block-pulse

functions(HTBPFs)

Consider the Taylor polynomialsTm(t)=tm
on the interval [0,1).For m=0,l,2,...,M-l and

n=0,l,2,...,N , the Hybrid Taylor Block-pulse

function is defined as

Hybrid Functions

In this section, the concept of the hybridmethod

is presented as follows

Tm(Nt-{n- 1)),

otherwise
bnm(t) = (6)

0,

Block-pulsefunctions(BPFs)

where n and m are the order of block-pulsefunc¬

tions and Taylor polynomials respectively.

 derive 

scheme Aset of Block pulse-function 6,(t),i = 1,2,...,
on the interval [0,1) is definedas follows

N

Function Approximation

(2)

A function ft L2[0,1) can be approximated as

t -

—

f < N

0, otherwise
b,(t) =

N M

—

1

The preceding defnition shows that the in-

f{t) ~ f(n,m)b(n,m,t) FTB(t). (7)
n=1m=0

terval [0, 1) is divided into N equidistant
subin¬tervals and the ith block-pulse function b,(f),

wilere

i= 1.2. ...,N, has only one rectangular pulse of

g<n\_n t,\

unit height in the ith subinterval Lÿ-

10

Then, i is called the order of block-pulse
func¬tions.

bl(M-l)(t),b2o{t), ..., &2(A/-l)(t)>
6jvo(t), ail(l f(n,m) is defined

followsas

The following are the properties of BPFs
1.Disjointness. The BPFs are disjoint with
each other; i.c.,

1
/(n,m) = (8)

NMm\ lt=v-dtm

for n= 1,2,

We can also approximate the function
k(t,s)eL2([0, 1] x [0,1]) as follows :

N and m = 0,1, M

-

1

hit), i=j

0, i/ j
h(t)bj(t) = (3)

fc(t, s) ~BT {T)KB(S), (9)

where i,j= 0,l,...,m
2.Orthogonality. The BPFs are orthogonal

with each other: i.e.,

B(t) and B(s) arcNMxNM dimensional
vectors respectively and k is anNM x NM ma¬

trix defined as follows:

i

Jh(t)bj(t)dt = |h, i= j

0, otherwise,
(4)

d n+mk(t,s)
(10)Km = d t"d s’" (t,S)=(f,f)

in the region of te [0,1) where i,j = 0,1,...,m.

MN

-

1,u = n- [f]lV,n =for n,m = 0,1,
m~[f}N

subin¬
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thebe6Aro(t),...,6w(M_i)(t)]T,
•••,&2o(f),

follows)B(fvector

thisofthe1),[0,pulse functions
andTaylorHybridoffunctionvector

,)(f1)

[610(f),=B(t)If

MatrixOperational

PB(t), (11)

0

B(t')dt'j

where 

 — 

 011 

integration
 :
 t

is where P is an NM x NM matrix, 
that called the  matrix of 
Hybrid Taylor and Block-pulse 
functions [11], 

 Suppose that Ei,i = 1,2,...,M be 
the oper¬  ation matrix of Taylor 
polynomials on ith sub 

 interval]1ÿ-, jj], then the operation 
matrix P  has the following form [13];
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as:writtenbealsocansystemThe
1,2,

1,2,=[kpq{t,s)],p=I<(t,s)
(f)]T,5JVj52(f)[51(f)=G(t)

/v1(f)]T,/2(f)[/i(f)=F(t)where

Ad...,2,1,=pwhere

o«=r
(16)1<t<0s)Fqdskpq(t,+gP{t)=)fp(t

,Mi
/

fp, fq. gp, kpq can be written as:
fP(t) * FpB(t) = BT(t)Fp 
fq(s) cs ifi?(S) = FT(s)F9 
gp(t) c GpB(t) = BT(t)Gp 
kpq BT(t)kpqB(s)

where = [/pio, •••, fpi(M-i), fp20, 

/P2(M-i), 
 fpNOi /pTV(M-l)]/ 
 •••, )
 -Fq = [/glO, /gl(M-lp /«2o, fq2(M—l)
 fqNOi fqN(M-l)]k

functionstheforexpansionHTBPFs

 Now the P4ft equation in 16 above 
can be  expanded in iVAf-terms HTBPFs 
expansion as 

 follows:
 Mi t 

FpB(t) ~ GTpB(f.) + £ / BT(t)kpqB(s)BT(s)Fqds 
 9=1

Mi 
o 

t 
(17)

 = GTpB{t) + PT(f) £ Kpq f B(s)BT(s)Fqds 
 9=1 0 

 where p = 1,2, 
 Using 13 gives,

—,gpN{M-gPN0i

gp2(M-l),gPl(M-rp3p20,.....[,9pl0=Gp

09=1
B(s)dsfKpqFq£)BT(t+GjP(f)=

t_
Ml

01q=

FqB(s)dsffcpfJ£)BT(t+)GTpB(t~F(t)if
_tMi

gives,11Usingdiag(Fq)=Fqwhere
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Mi

ifP(t) ~ CÿB(t) +BT(t)Y/kpqFqPB(t)(19)

«=i

= GpB{t) +BTa

+ A>„F„P]P(f) (20)

Let Ap = [A>iFiP+ KpoFoP+

...

+ A>nF„P]
Then,

FpTP(f)ÿGjP(f) + PT(t)ApP(t) (21)

Using 14) gives,

PpTP(f) ~ GjP(t)+AÿP(f) (22)

0

Fp ~ G'p+Ap (23)

where Ap is an ATM--vector with components
equal to the diagonal entries of the ATM x AfM

Ml

matrix Ap = £ kpqFqP. and we have that
9=1

(f,=*9(/,)-

i.e,

since fq = [fqio, fqi(M-i), fq20,

fq2(M-i),
then

/gJV(M-l)]>'fqNO-

Now,Ap can be computed as follows:

Mi

£ kpqFqP= [KpiFiP+ Kp2F2P+ ...+ KpMlFMlP}

= [KpiFi +Kp2F2 + +KpMlFMl]P

(24)q=i

465

B(s)BT

Fq

00000

 0 /,11 0 0 0 0 0 

 0 0 fql(M-l) 0 0 0 0 
 0 0 0 fq20 0 0 0 

= 0 0 0 o fq21 0 0 

 0 0 0 0 0 fqNO 0 

 0 0 0 0 0 o ... fqN(M-l). 

(NMXNM)

0fqio

Ap

"Mi

 £ -k-pqfqlO I) 0 
 9=1 

_
 "£l HIN 
 MI 0 E2 H-2N 
 0 £ kpqfql(M-l) 0 
 9=1 
 0 0 Edv 
 Ml 
 0 0 £ KpqfqN(A/-1)

 9=1
 (25)

So,

So

vector:

NManiswhichAp,usgivesentriesdiagonalthetakingthenandmatricesabovetheMultiplying
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Mi

N KpqfqlO
9=1
Mi

2N £ kpqfqll
9=1

Mi

JV(At-l) 5)) Kpqfql(M-l)
9=1
Mi

17 £ Kpqfq20
9=1
Mi
X) Kpqfq21

AP = 2N (26)
9=1

A/i
jg £ Kpq}q2(M—\)N(M-1)

9=1

Mi

j7 £ KpqfqNQ
9=1

Mi

JV(M-l) £ KpqfqN(M-l)
9=1

466

using in 16 and replacing cs with = yields, 

 Mi 
 jf S KpqfqlO 
 9=1 

 2-TV- S Kpqfqll 
 q=i
 - 
 /plO i/plO 
 /pii Ppll Mi 
 N(M-1) S kpqfql(M-l)
 9=1 
 /pl(M-l) N S

Mi 
&pqfq2Q 

 fp20 9p20 9=1 
 fp21 9p21 Mi 
 + 2iV 9=1E hpqfq21 

 fp2(M—l) 
—
1)

 Mi 
hv- 

 JV(M-l) /U kpqfq2
(M
—
l) 

 /pJVO 9pN0 9=1 

 JpN(M-l). _9pN(M- 1). F 
A/i

S KpqfqNO 
 9=1 

 M, 
 N(M-l)9=1 k-pqfqN(M-l)

computed.easilybecansolutionsnumerical•••/(2)[/(D
=f(t)withcoefficientsthisUsingrecursively.coefficientsHTBPFsthegivesabovesystemThe

funct.ion(BPF).Block-pulseofmethodthewith

methodfunctionBlock-pulseandTaylorofbrid

hv-theiswhichmethodproposedourofmance

perfor-thecomparedhavewesection,thisIn
Results

Numerical

thewheredetermineeasilytooneallowsNof
valueappropriatetheSo,equations.ofsystem

NM-anintoproblemoriginalthetransforming
inrolesignificantaplaysNofvaluesuitableA
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n,1,2,=i0.5},<t<max{|/*-/,;|,0=e;(t)
byerrorsabsolutemaximumand,/*bysolutions

exactthe/*,bymethodtheofvaluesnumerical
computedthedenoteWeaaaproposedthe

ofresultsthedisplaysbelowTablesTheracy.

accu-goodsomegettorequiredisMofvalues
smallN,ofvalueappropriatethechoosingter

Af¬be.mightsolutionexacttheoflocation

f2(s))ds+i)(/l(s)-(fi2/+V12+V+t—fl{t)
t

[3]equations:volterraofsystemtheconsider1:Example

_
aaaa

_

l(HTBPFs)
Examplein,M=3N=3atand/|,M=1N=llatf*forResultNumericalThe1: Table

0.50000.50110.5

0.40000.38780.4

0.30000.28300.3

0.20000.2 0.1848

0.10000.09120.1

0.00000.00320.0

t hft IAWII ft /2 l/l-AI 
3.2947 x 10-3 0.0000 0.0000 
0.0000  8.738 x 10-3 0.0099 
0.0100 1.0000 x 10-10 

1.5125 x 10 2 0.0400 0.0400 
0.0000 1.6971 x 10-2 0.0899 
0.0900 1.0000 X 10"9 
1.2136 x 10 0.1324 0.1600 
2.7531 x 10-2 

1.1792 x 10-3 0.1959 0.2500 
5.4012 x 10-2

10x5.4012=62(f)and10x1.6971=e\{t)arc:errorsabsolutemaximumThe -2-2

l(BPFs)Examplein/”and/)*forResultNumerical2:Table

10x1.6000=62(f)and10x1.5600=ei(f) -2-2

10x1.60000.25000.26600.50000.5 10x5.70000.5057 -2-3

0.16000.3906 0.15270.40000.4 10“3x7.300010“3x9.4000
10x1.70000.09000.088310x3.10000.30000.29690.3 -3-3

10x1.40000.04000.041410x3.10000.20000.20310.2N=32 -3-3

10x2.10000.01000.012110x9.40000.10000.10940.1 -3-3

10x3.00000.00000.000310x1.56000.00000.01500.0

1 hy**h***j h\~I/2**h~ft*I

(27)

Example 2: consider the system of volterra equations: [3]
 t 
 fi(t) = 1- T + / (/i(s) + sesf2(s))ds 
 0 (28)
 f2(t) - 1+ V + /( se /i(s) .fo(s))cls, 
 0 

 with exact solutions /i(t) = e* and/2(t)

 Table 3: The Numerical Result for f{ at N=8 ,M=1 and/| at 

N=3 ,M=1in Example 
 2(HTBPFs)
 t ft fi I/1W1I .ft h I/I-/2I 
 0.0 1.2769 1.0000 2.7695 x 10-1 0.7500 1.0000 

2.5000 x 10 -1  
— 

 0.1 1.2769 1.1051 1.718 x 10-1 0.7500 0.9048 
1.5484 x 10 -1 

 0.2 0.9922 1.2214 2.2922 x 10-1 0.7500 0.8187 6.8731 
x 10-2 

 0.3 0.9688 1.3499 3.8111 x 10-1 0.7500 0.7408 
9.1818 x 10_;i 

 0.4 0.9297 1.4918 5.6214 x 10 1 1.0556 0.6703 
3.8524 x 10"1 

 0.5 0.8750 1.6487 7.7372 x 10 1 1.0556 0.6065 4.4902 
x 10_1

10x7.7372=(t)e.\are:errorsabsolutemaximumThe 10"1x4.4902=e2(t)and-1

Special conference edition, November, 2019

(Balakumar and Murugesan, 2013).

(Balakumar and Murugesan, 2013).
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2(BPFs)Exampleinf2*and/(*forResultNumerical4:Table

10"2x2.6500=ei(t)

1.67520.5

1.47830.4

0.3 1.3460

1.22550.2N=32

1.11580.1

1.01600.0

t h i/r-M j** /2 \fr-M 
1.0000 1.6000 x 10 0.9848 1.0000 
1.5200 x 10 -2 

1.1051 1.0600 x 10 0.8964 0.9048 
8.4000 x 10 3 

1.2214 4.1000 x 10-3 0.8162 0.8187 
2.5000 x 10-3 

1.3499 3.9000 x 10-3 0.7432 0.7408 
2.4000 x 10-3 
1.4918 1.3500 x 10-2 0.6767 0.6703 
6.4000 x 10~3 
1.6487 2.6500 x 10-2 0.5971 0.6065 

9.4000 x 10 and e2(f) = 1.5200 x 10-2

 t 
 flA) 1+ t2 — V _ V + f ((t ~ s')3/l(s') + (t — s)2f2(s))ds 
 o t 
—

 (29) 
 /2(t) = l- t-ti-tj tl4 I20 +I(/ s)4h(s) + (t- sff2{s))

ds, 
 0 

 with exact solutions fi(t) = 1+ f2 and/2(t) = 1+1 — t3, 
Table 5: The Numerical Result for /( at N=5 ,M=5 and/| at 
N=2 ,M=1 in Example 
3(HTBPF)

[3]equations:volterraofsystemtheconsider3:Example

1.37500.528410x6.25001.25001.18750.5 lO-1x8.4656-2

10x2.03891.33601.13211.16001.1301 10x2.98670.4 i-2

1.132110x1.32001.09000.3 10x1.40891.27301.0768 -1-2

10x5.98911.19201.132110x3.20001.04001.03680.2 -2-3

10x3.31091.09901.132110x6.40651.01001.01640.1 -2-a
10x1.32111.00001.132110X1.00001.00001.00010.0 -1

t hf*21fll 1-h1/1/ii-i/r

eAt)

0.5

0.4

0.3

0.2

0.1

0.0

t

6:Tabic

The maximum absolute errors are: eAt) — 6.2500 x 10-2 and e2(t) — 
8.4656 x 10 1 

 Numerical Result for /,' * and //'in Example 3(BPFs)
 N=32 
 fi h i/r - /ii fo. h 
— 

 1.0003 1.0000 3.0000 x 10 1.0156 1.0000 1.5600 x 10-2 

 1.0120 1.0100 2.0000 x 10-a 1.1080 1.0990 9.0000 x 10 
 1.0413 1.0400 1.3000 x 10-3 1.1947 1.1920 2.7000 x 10-3 
 1.0882 1.0900 1.8000 x 10“3 1.2706 

1.2730

 

2.4000

 

x

 

10“3

 
 1.1527 1.1600 7.3000 x 10 3       
 1.2660 1.2500 1.6000 x 10      

 =1.6000 x 10-2 and e2(t) =   

 Conclusion 
 In this paper, we presented the 

method for  solving system of linear 
volterra integral equa¬  tions of the 
second kind using the interval {0 < 

 t < 0.5} for a suitable N and 
M 
.

        
   
        
  
     

References 

Beauchamp K.G (1984), Applications 

of walsh 
 and related functions with an 

introduction 
 to sequence theory, Academic 

press, Lon¬ 
 don,

Special conference edition, November, 2019

468

show that the

VolterraFredholm-solving
formethod

numericalAB(2011),Rahimi

Mathematics
GeneralMatrices,erational

Op¬and
functionsBlock-pulsebyequation thethatshowresultsThe

(Balakumar and Murugesan, 2013).

Babolian, E. and Masouri, Z.  (2008).  Direct method
              to solve Volterra integral equation of the 
              first kind using operational matrix with
              block pulse function.   journal of computa-

tional and Applied Mathematics, 220:51-57.
Babolian, E., Maleknajad, K., Mordad, M. and Rahimi
              B.  (2011). A numerical method for solving

                  Fredholm Volterra integral equations in
                two dimensional spaces using block pul-
                se function and an operational matrix. 
                
                

journal of computational and Applied M-
athematics, 235:3965-3971.

Balakumar, V. and Murugesan, K.  (2013).  Numerical
                   solution of system of linear Volterra intreg-
                   ral equations using block pulse functions.
                   Malaya Journal of Matematik, 5(1):77-84.

Balakumar, V. and Murugesan, K.  (2015).  Numerical
                 solution of Volterra integral algebraic equ-
                 ations using block pulse functions.   Appli-

ed Mathematics and Computation, 263:
165-170.

Beauchamp, K.G.  (1984). Application of walsh and re-
                 lated functions with an introduction to seq-

FARUK
Typewriter

FARUK
Typewriter

FARUK
Typewriter

FARUK
Typewriter
7



         
       
         
       
     
     
   
    
     
   
    
 

    
 

    
  
  

 
     
  
    

 
    

     

  
     
  
    
  
     spaces 

using block 
 pulse function and an 

operational ma¬ 
 trix, Journal of computational and 

Applied 
 mathematics, 235 3965-3971

    
  
    
  
    
  
     

Special conference edition, November, 2019

469

Farshid uence theory.   Accademic Press London.

Farshid Mirzae, Ali Akbar Hoseini.  (2013).  Numerical
solution of nonlinear Volterra-Fredholm integ-
ral equations using hybrid of block pulse fun-
ctions and Taylor series. Alexandria Engine-
ering Journal,152:551-555.

Jung, Z.H. and Schanfelberger, W.  (1992).  Block
           pulse functions and their applications in con-
           trol systems. springer Verlag Berlin Heidelberg.

Leyla Rahmani, Bijan Rahimi, Mohammad Mordad. (20
          11).  Numerical solution of Volterra-Fredholm
           integro Differential equation by Block pulse
           functions and Operational Matrices. General

Mathematics Notes.  4(2):37-48.
Linz, P.  (1985).  Analytical and Numerical methods for
            Volterra equations. Society for industrial and 

Applied Mathematics.  7.

Maleknajad, K. and Mahmoudi, Y.  (2004).  Numerical
            solution of Linear Fredholm integral equation
             by using hybrid Taylor and Block pulse funct-
             ions. Applied Mathematics and computation

149:799-806.

Maleknajad, K., Shahrazee, M. and Khatami, H.
              (2005).   Numerical solution of integral
              equations system of the second kind by
               Block pulse functions. Journal of com-

putational and Applied Mathematics. 166:
15-24.

Marzban, H.R. and Razzaghi, M.  (2005).  Analysis
              of time delay systems via hybrid of block
              pulse functions and Taylor series. j. Vib

control. 17:1455-1468.

Razzaghi, M. and Arabshahi, A.  (1989).  Optimal
              control of linear distributed parameter sy-
              stem via polynomial series International

Journal of systems science.  20:1141-1148.

FARUK
Typewriter
8

FARUK
Typewriter

FARUK
Typewriter


	Untitled
	Untitled

