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ABSTRACT. The present work describes a mathematical model based on a population balance approach for 
determining the effect of the reaction temperature and hydrogen amount on the vital final product properties 
including average molecular weight and polydispersity index and flow index of polypropylene and also the profile 
rate of the polymerization. The aim of this study was to find the best operating condition through a model which is 
validated by the experimental data. The software program was coded in MATLAB/SIMULINK. The model 
profile rates compared with the experimental results to show the accuracy of the model. In this study, it was 
concluded that increasing the reaction temperature until a certain limit is useful and improve some indices of the 
final product and after that rising the reaction temperature has a harmful effect on the indices. Exactly the same 
issue is true in the case of increasing the amount of hydrogen. 
  
KEY WORDS: Mathematical modeling, Propylene polymerization, Melt flow index, Population balance, 
Average molecular weight, hydrogen 

INTRODUCTION 
 
Polypropylene is one of the most valuable polyolefin products which having excellent physical-
mechanical properties and relatively low prices. The final product properties categorize its 
applications and highly depend on the kinetics of the reaction. Owing to the complexity of the 
catalyst kinetics and despite a long history of consuming Ziegler-Natta catalyst more than sixty 
years, the polymerization performance still remains unknown and unclear [1, 2].  

The crucial indices of the final product properties are comprising of flow index (MFI); 
number and weight average molecular weight (Mw and Mn) which are classified the polymer 
applications. Among them, the average molecular weight is the most significant index, which 
must be precisely controlled. Weight average molecular weight depends strongly on 
the polymerization kinetics and the polymerization rate profiles (Rpt). For controlling the 
average molecular weight, it is necessary to find a clear image of the behavior of the 
polymerization system as a function of operating conditions such the reaction temperature and 
hydrogen amount in the polymerization system. Due to the complexity of the kinetics and a 
large number of polymerization reactions, only a validated mathematical model might approach 
us to the aim. 

Varshouee et al. focused on providing a validated model that able to predict polymerization 
profile graphically and proposed a model to show the percentage of the total existing catalyst 
sites which be activated by the used hydrogen amount [3]. In the following, they investigated 
the effect of the reaction temperature and the hydrogen amount on the deactivation constant (Kd) 
and the yield of the catalyst used and also evaluated the variation of the melt flow index of the 
final product by imperial equation in absence of hydrogen [4]. Afterward, they decided to 
expand their model to cover the above mentioned existing gap and also proposing a new model 
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to predict the variations of melt flow index with hydrogen amounts. This article is the result of 
the decision. This study presents a validated model based on a kinetic model which is able to 
make a profound sense of the polymerization performance. The main advantages of this model 
are that it can easily estimate the final product properties such as number and 
eight average molecular weight (Mw and Mn), flow index (MFI) and determining the best 
process conditions of the polymerization recipe namely the reaction temperature and hydrogen 
amount in the polymerization system.   

The most previous studies in this regard have focused on an experimental approach, whereas 
this method is not reliable, because of their results heavily dependent on test and laboratory 
conditions. The other constraint of the method is the different type of the catalyst used that their 
results cannot be used for each other [5-7]. Reginato et al. modeled an industrial-scale loop 
reactor by assuming that a non-ideal continuous stirred tank model can be used instead of loop 
reactor model, they claimed that their model was validated by commercial plant data [2]. Al-haj 
Ali et al. proposed a generalized model for hydrogen response based on the dormant site theory 
in bulk propylene polymerization but they used an experimental profile rate of the 
polymerization in their study. There was no validated model which might be able to predict the 
profile rate of the polymerization and the vital indices of final product properties such as 
average molecular weight mathematically at the same time [5].  

Although some other researchers have endeavoured on the propylene polymerization 
modeling, the existing gap still remains. Most of their models were proposed based on 
mathematical calculations without validation with experimental data. Their studies have only 
focused on a loop or fluidized-bed reactors (FBRs) in bulk or gas phase polymerization [2, 8-
10]. Yang et al. have modeled a commercial loop propylene polymerization reactor in bulk 
media without paying attention to kinetic study and final product properties [11]. Thereafter, 
another researcher has been attempted to model a multi-scale polypropylene reactor in 
the fluidized bed reactor (FBR) using moment equations [12]. In 2016, Kim et al. have also 
simulated Sheripol technology in bulk polymerization without paying attention to some final 
product properties such as average molecular weight and polydispersity as well [13].  

This study proposes a validated model to determine some crucial indices such as melt flow 
index (MFI); number and weight average molecular weight (Mw and Mn) as the best way. The 
model is able to show the profile rate of the polymerization graphically and also able to 
determine the best condition of the polymerization, namely the best reaction temperature and 
hydrogen amount in the polymerization system. 

By using the model, the chemists, who are working on the catalyst preparation could 
improve their new catalyst. In addition, the model might be beneficial for the process engineers 
to replace new catalyst in the commercial reactor without risk and hazard; and also he can 
design a new recipe for new economical grades or a tailor-made polymer in order to a certain 
application by using the available catalyst. 

Population balance approach (moment balance method) was selected as the modeling 
approach for slurry polymerization. The advantages of the approach can be listed as follows: (1) 
The profile rate of the polymerization can be calculated and plotted with acceptable accuracy 
and (2) The vital final property such as average molecular weight is obtained directly from 
kinetic equations. 

The software program was coded in MATLAB/SIMULINK. The model was validated by 
experimental data from a lab scale semi-batch reactor with an acceptable margin of error. For 
this study, it is concluded that 70 °C and 18 mg of hydrogen amount are the best conditions for 
the catalyst used in the polymerization system. 

EXPERIMENTAL 
 

The 4th generation of spherical MgCl2 supported Ziegler-Natta catalyst containing 3.6 wt% Ti 
and Di-isobutyl phthalate (DIBP) as internal donor supplied by Sudchemie, Germany. Tri-ethyl-
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aluminum (TEA of 98% purity) from Merck, Germany, diluted in n-heptane was used as a 
cocatalyst and the so-called external donor (cyclohexyl methyl dimethoxy silane) were 
purchased from Merck and was used without further purification. Polymer-grade propylene was 
provided from Shazand Petrochemical company in Iran and was used as received. Hydrogen and 
nitrogen used were of >99.999% purity. Nitrogen was further purified by passing over beds of 
absorbents. A typical polymerization procedure exists for reactor preparation, polymerization, 
and discharge. The detailed procedure of the polymerization was according to the reference [3, 
4]. 

Experimental the profile polymerization curve (Rpt) curves come for setup monitor, then the 
molecular weight of products are measured by gel permeation chromatography (GPC), 
employing an Agilent  PL-220 model with TSK columns at 155 °C using 1,2,4-trichlorobenzene 
as a solvent. The GPC is  calibrated with the narrow molecular weight distribution polystyrene 
standard as a reference. The melt flow index (MFI) of samples is evaluated according to ASTM 
1238 at the temperature of 230 ºC and load of 2.16 kg.  

 

 
 
Figure 1. Simplified schematic of the reactor system [4]. 
 
Modeling description  
 
Assumptions 
 
The following modeling assumptions are considered: (1) It was supposed that propylene 
polymerization was carried out in the amorphous phase and amorphous phase concentrations 
during polypropylene  polymerization is at the thermodynamic equilibrium condition that obeys 
from Sanchez and Lacombe Equation(SLE) [14] for calculating the amount of X = CH/Cm,  the 
hydrogen molar ratio. (2) It was assumed that γ1 = γ2 =.....= γNC, where γ is equilibrium 
constant and NC is a number of solvent in slurry phase components [2]. (3) The reaction 
temperature, pressure, and monomer concentration were kept constant during the polymerization 
process. (4) The resistance of both mass and heat transfer and the diffusion effect of the 
reactants were ignored. (5) It was assumed that the propagation constant is independent of the 
length of the growing polymer chain. (6) Using "dormant sites theory" for activating catalyst by 
hydrogen concentration [5, 10]. 
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Formulation 
 
The used reaction equations in this model are listed in Table 2. The ODE mass balance 
equations in the model are as follows: 
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Qf, Q0, and QR are feed volumetric flow rate, reactor-output volumetric flow rate and volumetric 
recirculation flow rate in respectively. In which VR and Rj are defined as reactor volume and j 
component reaction rate in equation 1.  

Since the model is a semi-batch process and assumed constant monomer concentration 
during the polymerization, the input and output terms are eliminated (Qf and Q0) then the terms 
of η and ζ  are meaningless in this study. Table 1 shows possible reactions with their rate 
equations in the polymerization reactor. The Concentration variations with time used in 
modeling are as follows: 
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Where:  k is site number of the catalyst.  
 
In this study, it is supposed that the catalyst has mono-site, and then k is equal to one.  Here, CH, 
CA, CE, CMi, CB, CS, Ccat, and P0 is the concentration of hydrogen, co-catalyst (aluminum alkyl), 
electron donor, monomer, poison, site transfer, catalyst and potential site in the polymerization 
in respectively. Table 2 is listed the component rate equations and moment equations have been 
used in the model. The final product properties of polypropylene can be estimated by the 
moment equations. The basic polymer properties, called as end-use properties, are four items; 
Number average molecular weight (Mn), weight average molecular weight (Mw), melt flow 
index (MFI) and polydispersity index (PDI). The relationship between the moment and these 
indices are defined by the following equations: 
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Table 1. The probable reactions and their rate equations in propylene polymerization used in the model [2]. 
Reaction step Component Reaction Rate equation 
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Melt flow index 
The melt flow index (MFI) is one of the most important of  polymer rheology index, Which is 
an indicator to determine the application polymer. It has inversely proportional toWeight 
average molecular weight. A power-law-Equation based on Mark-Houwink model was 
suggested as a model that is able to calculate MFI as follows [2]: 

 
 

   (5) 

If X = 0 (i.e. no hydrogen in system; as defined by Eq (6)), a and b parameters which should be 
obtained according to experimental data. The equation is fairly fitted only in the absence of 
hydrogen in the polymerization system. In the presence of hydrogen, some other researchers 
such as McAuley and MacGregor for polyethylene and Wang et al. for polypropylene suggested 
another model for predicting MFI [16-17]: 
 
X=CH2/Cm           X is the hydrogen-monomer molar ratio:               (6) 

log(MFI) = α + β·log(X) + γ·log(T) If X = 0 (i.e.  hydrogen exists in system)               (7) 
 

Where T is the reaction temperature (°C); α, β and γ are equation constants such as before 
should be determined by experimental data. The amount of the α, β, and γ for this study will be 
inserted in results and discussion as well.  

b
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Table 2. The component rate and moment equations used in the model [2]. 
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Figure 2. (a) The general algorithm modeling in this work; (b) The iterative methodology used 

for adjusting kinetic parameter in this work [3, 4]. 
 

Modeling algorithm 
 

This study has outlined the algorithm for programming the mathematical model in a 
MATLAB/SIMULINK environment, as shown in Figure 2a. It is composed of two part; main-
program (as named "Runsim") and subroutine (function file). For obtaining kinetic constants in 
the model, it is proposed a new approach as iterative method algorithm by using consistency 
property of ODE's equation in Figure 2b.  
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In this study, from literature [2, 8], the initial guess of kinetic constants was estimated and 
applied to the model, next the constants were exactly adjusted and determined in accordance 
with the catalyst used in the set-up (experimental data ) by the proposed algorithm in Figure 2b. 
Comparing the polymerization profile rate of the model outputs and the experimental data in 
Figure 3a and 3b implies that the fairly accurate kinetic constants have been adjusted and 
applied in the model. 

RESULTS AND DISCUSSION 
 
The aim of this study was to be established a validated model that it is able to predict the vital 
indices of final product properties such as number and weight average molecular 
weight (Mw and Mn) and flow index (MFI); and also be able to determine the best process 
conditions of the polymerization recipe namely the reaction temperature and hydrogen amount 
in the polymerization system. For this purpose, a new model for the polymerization has been 
done by using population balance method to obtain directly the final product properties from 
kinetic equations. The model was coded in MATLAB/SIMULINK software program, according 
to the algorithm that shown in Figure 2a. The reaction equation used in the model is listed in 
Table 1 and the components rate and moment equation used in the model is summarized in 
Table 2. 

One of the most important advantages of this model is that it is able to show the profile rate 
of the polymerization graphically, then it is possible to compare the model profile and the 
experimental profile rates come from the lab Set-up. By having the profile rate of the 
polymerization, it is easily possible to study the kinetics of the polymerization and also to 
determine the crucial indices belong to the kinetic study [3, 4]. The experimental condition runs 
are listed under the title "recipe conditions" and also the results which come from the model and 
experimental are summarized in detail in Table 3.  
The comparison between the model and experimental profile rates graphically at a different 
reaction temperature in the absence of hydrogen is shown in Figure 3a. The conclusions in this 
regard can be listed as follows: (1) The model profile rates are in line with the experimental 
profiles rates with a relatively acceptable error, it means that the model has been validated and 
adjusted kinetic parameter (constants) in a proper way manner by using the proposed algorithm 
in Figure 2b. In this regard, the other conclusion in this regard is that selected population 
balance approach is a suitable technique for the polymerization. (2) However, the error in 
modeling is inevitable; it can be explained by the source of error including the global numerical 
error that is the summation of truncation, method, and rounds off error; personal and systematic 
errors; the equation of state error; and the assumption errors. 

Increasing reaction temperature gives rise to increase rate of reaction (obviously, according 
to Arrhenius equation). But rising the reaction temperature to 70 ºC increases the catalyst yield 
and the average molecular weight (Figure 5a) and decreases polydispersity index (as favorite 
aspects); and from 70 ºC to up, increasing temperature has exactly the opposite effect of these 
items (unfavorite aspects); refer to Table 3. It is concluded that the reaction temperature at 70 ºC 
is the best condition in the absence of hydrogen in this study (run 3). Figure 3b illustrates the 
comparison between the model profile rates and the experimental profiles rate at 70 ºC in the 
absence of hydrogen in the polymerization system. 

Hydrogen as chain transfer agent not only effects on final product properties but also has an 
influence on increasing activated site on the catalyst used and the kinetics of the polymerization 
as well. So far, three theories have been proposed to explain the influence of the hydrogen on 
polypropylene polymerization as follows: Theory 1: Increase in the number of active sites 
theory. Theory 2: The change in oxidation states theory. Theory 3: Dormant sites theory. 
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Table 3. The comparison of model output and experimental results in different conditions. 
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X: Hydrogen molar ratio, it is calculated by Aspen Software polymer software based on SLE (SOE). 1as the 
product was off or wax grade only MFI of product was measured 3. 

 

Figure 3. (a) The comparison of the experimental and model out of the profile rate in the 
absence of hydrogen at a different temperature. (b) The comparison of the 
experimental and model out of the profile rate in the absence of hydrogen at the 
constant temperature of 70 °C. 
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So far, the first and second theories studies have been rejected and the reasons for the rejection of 
theories exist in the open literature [14]. For the sake of brevity, the detailed discussion in this regard is 
avoided in this paper. But it should be mentioned that the dormant sites theory is still the strongest theory 
in this field. The comparison between the model and experimental profile rates graphically at a different 
hydrogen amount in the polymerization system at the constant reaction temperature of 70 ºC is shown in 
Figure 4a. 

Before proceeding to discuss the effect of hydrogen on the polymerization, it is necessary to 
remark that as mass flow controller (MFC) of lab setup shows the amounts of hydrogen which 
are entered to the reactor as per milligram, firstly the amounts were listed as per [mg] in Table 3. 
Then their equivalents in molar ratio were inserted in a separated column in front of them. 
Molar Ratio was calculated by ASPEN Software based on Sanchez and Lacombe Equation 
(SLE). 

As can be seen from Figure 4a, it is concluded that increasing hydrogen amount leads to 
increase the rate of reaction and the reason for this event can be explained by dormant sites 
theory. The theory says hydrogen causes to raise the activated site on the catalyst used. The 
quality and quantity of this event on the catalyst used have been modeled in previous work [3]. 
The results belong to runs 2, 4 and 5 from Table 3 show that rising hydrogen amount to 18 mg 
gives rise to   increase rate of the polymerization, the catalyst yield and reduces the average 
molecular weight to allowance limit  ( and also Figure 5b) and decreases polydispersity index 
(as favorite aspects); and from 18 mg to up, increasing hydrogen amount not only decreases rate 
of polymerization but also has exactly the opposite effect of these items except average 
molecular weight to reduce more to make product as off grade (as unfavorite aspects). It is 
concluded that the hydrogen amount at 18 mg at the constant temperature (70 ºC) is the best 
condition in this study (run 4). Figure 4b illustrates the comparison between the model profile 
rates and the experimental profiles rate at 70 ºC and hydrogen amount at 18 mg in the 
polymerization system. 

 

 
Figure 4. (a) The comparison of the experimental and model out of the profile rate at a different 

hydrogen amount and the constant temperature of 70 °C (b) The comparison of the 
experimental and model out of the profile rate at 18 mg hydrogen amount and the 
constant temperature of 70 °C. 

 
Figure 5b shows changing the average molecular weight by increasing hydrogen amount in 

the polymerization system, from point A to B, the functionality of hydrogen is as chain transfer 
agent reacts with the active site on the chain, therefore, hydrogen causes to terminate the growth 
of the polymer chain then the average molecular weight is decreased; afterward from B to C 
excess hydrogen amount reacts with the activated site on the catalyst surface and for that reason 
the rate of the polymerization and the yield of the catalyst also decrease slightly. 
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Figure 5. (a) The comparison of the experimental and model outputs of the average molecular 
weight of the polymer in the absence of hydrogen at different temperatures. (b) The 
comparison of the experimental and model outputs of the average molecular weight of 
the polymer in the presence of different hydrogen concentration at the constant 
temperature of 70 °C. 

 

As melt flow index (MFI) is one of the vital rheology indexes, in this study, it is concluded 
that in absence of hydrogen, the melt flow index (MFI) might be a function of average 
molecular weight (Mw) and obeys from the power-law-equation based on Mark-
Houwink model, i.e. equation (5). The constants of a and b were obtained as a = 9.4841×1013  
and b = -2.3747 with a linear correlation coefficient (R2) of 0.99 [3]. It is concluded that 
increasing reaction temperature to 70 ºC leads to decreasing MFI according to the same 
aforementioned reasons for Mw; but after 70 ºC, MFI increase by increasing the reaction 
temperature. Therefore MFI has a minimum point at 70 ºC in the absence of hydrogen, as shown in 
Figure 6. 

In contrast, in presence of hydrogen, the Mark-Houwink model does not predict MFI correctly; 
according to McAuley and MacGregor's comments for polyethylene and Wang's opinion for 
polypropylene, the melt flow index (MFI) is a function of reaction temperature and hydrogen 
concentration in the system. Given this orientation, equation (7) was considered as a suitable model to 
calculate and predict of MFI in presence of hydrogen. For this study as shown in Figure 7a, the α, β, and 
γ of equation (4) were fitted and obtained with a correlation coefficient (R2) of 0.98 as follows: 
α = 13.42, β = 1.948 and γ = -3.756. 

 
Figure 6. The variation of MFI with the reaction temperature changes and the constant 

temperature of 70 °C. 

 
Figure 7a, shows the variation of MFI with hydrogen changes and the constant temperature 

of 70 °C. Within the scope of this research, the model curve with the experimental curve is 
completely consistent as shown in Figure 7b. 
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Figure 7. (a) The variation of MFI with hydrogen changes and the constant temperature of 70 

°C. (b) The variation of MFI with hydrogen changes and the constant temperature of 
70°C within the scope of this research. 

 

CONCLUSION 
 
In this work, a validated model is presented which is able to calculate and show graphically the 
profile rate of propylene polymerization. In this paper, the comparisons between the profile rates 
come from the experimental and model output have been down. It is concluded that the model 
profile rates are in line with the experimental profiles rates with a relatively acceptable error and 
also concluded that the selected approach is a suitable technique for this study; the model was 
tuned in a proper way by the proposed algorithm. The software program was coded in 
MATLAB/SIMULINK and validated by the experimental data come from a lab setup reactor. 

In addition, the variation of the melt flow index in the absence and the presence of hydrogen 
were investigated and concluded that MFI only obeys from the power-law-Equation based on 
Mark-Houwink model in absence of hydrogen. A new model for MFI as a function of the 
reaction temperature and the hydrogen amount was proposed and the constants of the model 
were determined and shown that the proposed model has an acceptable performance in this 
study. Finally, it is concluded that the reaction temperature at 70 °C and hydrogen amount at 
18mg could be considered as the best process condition in this study. It is suggested that to be 
investigated in this field of the catalyst deactivation model and also the average molecular 
weight distribution for future studies. 
  
Notation 
 

C 
total active site concentration, 
kgmol/m3 Rp   polymerization rate, kg/gcat hr 

Cd dead-site concentration, kgmol/m3 Rp0  initial  polymerization rate, kg/gcat hr 

Cj  
component j bulk concentration, 
kgmol/m3 t time, s 

Cj,R 
concentration into the reactor, 
kgmol/ m3 Tr Reactor temperature, K 

Ck 
type k active specie concentration, 
kgmol/m3 T  feed stream temperature, K f 

Cp 
potential site concentration, 
kgmol/m3 VR  reactor volume, m3 

Dk n  

dead polymer chain concentration 
with n monomers originated from 
site k, kgmol/m3 Y   yield, gr PP 
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DPI polydispersity index Rrk,n 

r reaction from site k for a growing 
chain with n monomers, kgmol/(s . 
m3) 

K 
two-site equilibrium constant, 
kgmol-1 Rj 

j component reaction rate, kgmolr(s 
_m3. 

Mw 
mass average molecular weight, 
kg/kgmol 

Greek 
letters   

NC number of liquid-phase components Γj 

equilibrium constant for j component 
between liquid phase and amorphous 
polymer phase 

nj, R 
moles of component j into reactor, 
kgmol Ξ 

ratio between solid-phase components 
concentration at reactor output flow 
and into reactor 

nj, a 
moles of j sorbed in the amorphous 
polymer phase, kgmol Η 

ratio between liquid-phase 
components concentration at reactor 
output flow and into reactor 

nj, l 
moles of j in the liquid phase, 
kgmol Χ 

volume fraction of monomer in the 
amorphous polymer phase 

Nm number of monomers Ρl liquid-phase density, kgrm3 
Ns number of sites ρp polymer density, kg/m3 

Ork order of reaction r for site k ρR reactor slurry density, kgrm3 

Pn,ik 

growing polymer chain with n 
monomers with end-group i from 
site k, kgmol/m3  Live moment rate Equations 
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