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ABSTRACT. An ab initio two-body potential and a function correcting for 3-body effects for Cd(II)-water 
system are constructed. The hydration structure of Cd(II) has been studied by means of molecular dynamics 
simulations. The inclusion of the three-body correction was found to be crucial for the description of the system, 
and results thus obtained are in good agreement with experimental values. Radial distribution functions, 
coordination number distributions, and various angular distributions have been used to discuss details of the 
hydration structure, together with bond lengths and bond angles of the water molecules in the first hydration shell. 
The Cd(II) is found 6-fold coordinated. Water molecules in the first hydration shell are shown to be polarized 
compared to the gas-phase structures. Umbrella-sampling molecular dynamics simulations were performed to 
investigate the water exchange reaction of Cd(II) ion in aqueous solution. The water-exchange rate constant at 298 
K is estimated by the transition state theory to be 4.9 x 108 s-1, assuming a transmission coefficient of unity. 
 
KEY WORDS: Molecular dynamics, Umbrella sampling, Hydration structure, Cd(II), Water exchange, Three-
body corrections 

INTRODUCTION 

Knowledge of the structural and dynamical properties of metal ion-water complexes in aqueous 
solutions is required in many fields of chemistry, biochemistry, and chemical engineering [1-5] 
and has been the subject of a large number of investigations [6-22]. 

Classical computer simulation methods particularly molecular dynamics (MD) have been 
suitable theoretical tools for understanding and predicting the physicochemical properties of 
ions in solutions at the microscopic level [6, 7, 9-22]. The hydration structures of metal ions 
predominantly the first hydration shell has been studied by MD method with varying degrees of 
success depending on the type of metal under study and on ion-solvent interaction potential. It 
has also been used to study water exchange dynamics of the first hydration shell, however, it 
was hampered due to the fact that water exchange processes of many metal ions often occur on 
timescales larger than the nanosecond range typical for ordinary MD simulations. Therefore, 
observing the transition state is quite rare during a simulation leading to unreliable results. 
Nevertheless, a biasing function driving particles along a chosen reaction coordinate may be 
applied in order to increase the probability of finding high-energy states and hence enhancing 
sampling efficiency in a specific region of phase space.  

One powerful approach to adequately sample high energy, i.e. a transition state, is the 
umbrella-sampling technique [23, 24], which has been widely used to calculate reaction profiles 
for chemical processes in solution and recently its application for the study water exchange 
dynamics around metal ions is reported [19-21]. In this technique, a suitable reaction coordinate 
is chosen and a series of independent simulations are performed by spanning the relevant phase 
space of the reaction coordinate. A biasing potential is imposed to restrain the system to the 
desired point on the reaction coordinate, and the potential parameters are forced to change for a 
series of simulations along an assumed reaction coordinate. To obtain the unbiased free energy 
profile several methods are available, however, the most common and successful method is the 
weighted-histogram-analysis method (WHAM) [25-27] which is adopted in this study. By this 
procedure the potential of mean force (PMF) along the chosen reaction coordinate may be 
obtained. 
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Water exchange rate constants of most transition metal ions have been investigated by 
nuclear magnetic resonance (NMR) [7]. There are, however, several cations such as Cd(II) ion, 
for which water-exchange rate constants are inaccessible by direct measurement. The d10 Cd(II) 
ion is diamagnetic, and NMR cannot be applied with success to study its very fast water-
exchange rates. Therefore, theoretical methods are necessary to supplement data from 
experimental studies.  

In this study, 2-body potential for Cd(II)-H2O interaction and its 3-body correction terms 
were evaluated by means of ab inito molecular orbital calculations and corresponding analytical 
functions were constructed. Unbiased MD simulation was carried out for Cd(II) in water using 
the 2-body potential and the 3-body correction function to study hydration structure of the Cd(II) 
ion. Umbrella-sampling MD simulations using same potentials have been applied to determine 
the potential force of mean (PMF) for the water-exchange dynamics of Cd(II) in the first 
hydration shell. 

 

COMPUTATIONAL DETAILS 

 

Construction of ion-water pair potential 
 
Ab initio molecular orbital calculations were carried out at the restricted Hartree-Fock (RHF) 
level using the Gaussian98 program [28].

 
The ECP basis set of Christiansen et al. [29]

 
for Cd(II)

 

and the DZP basis sets of Dunning [30] for water were employed. Previous investigations have 
proven that ECP basis sets for the central ion and the DZP basis set for the solvent constitute a 
satisfactory compromise between accuracy and efficiency [16, 17]. The basis set superposition 
error (BSSE) was shown to be very small for comparable ions [22]. The experimental gas-phase 
geometry of H2O was fixed with the O–H distance of 0.9601 Å and the H–O–H angle of 104.47° 
[31].  

To calculate 2-body interaction energies between Cd(II)
 
and H2O, the position of the Cd(II)

 

ion was varied around the H2O molecule by fixing the O atom at the origin, two H atoms on the 
xz plane, and the C2v axis of H2O on the z axis of the Cartesian coordinate system. The values of 
the Cd–O distance (rCdO), the angle between the O–Cd vector and the z axis (θ), and the angle 
between the x axis and the projection of the O–Cd vector onto the xy plane (φ) were varied over 
the ranges 1.5 Å ≤  rCdO ≤ 12.0 Å, 0° ≤ θ  ≤ 180°, and 0° ≤ φ  ≤ 90°, respectively. The 2-body 
interaction energies (E2bd) were calculated by subtracting the SCF energies (ECd and EW) of 
isolated Cd(II)

 
and H2O from that (ECdW) of [Cd(H2O)]2+, as expressed by equation 1.  

)( WCdCdW2bd EEEE +−=                                                                                                 (1)  

A total of 11700 configurations were generated for SCF-energy calculations of [Cd(H2O)]2+ 
 

to cover the whole configuration space. To represent the E2bd values by an analytical function, 
various functions were tested to fit to the E2bd values by a least-squares optimization using the 
Levenberg-Marquardt algorithm. The best reproducibility was obtained using a function 

composed of four r
-m 

terms for the non-Coulombic interaction in addition to the Coulombic 
interaction, as expressed by equation 2,  
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where Q means the atomic net charge, rCdH is the distance between Cd and H, and A, B, C, and D 

are optimization parameters. The values of -0.6596 and 0.3298 were adopted for QO and QH, 
respectively, from the central-force (CF) model for H2O [32].

 
The value of QCd was assumed to 

be 2. E2bd values near the global energy minimum were emphasized during the least-squares 
procedure by assigning an appropriate weighting factor. E2bd values above 30 kcal mol-1 

were 
excluded in the optimization of the function. The optimized potential parameters are given in 
Table 1. The average absolute residual of the fit was 1.3 kcal mol-1. The global energy minimum 
of the fitted function was found to be -70.4 kcal mol-1 

at rCdO = 2.14 Å and θ  =  φ  = 0°.  
 

Construction of 3-body correction term  
 
The 3-body correction energy (E3bd) was calculated according to equation 3,  

jijiji WWCdWCdWWCdWCdW3bd )()2( EEEEEEE −+−+−=                            (3)  

where 
jiWCdWE is the SCF energy for [Cd(H2O)2]

2+, 
iCdWE  and  

jCdWE  are the 2-body interaction 

energies, calculated using the previously developed analytical function (equation 2), and 
jiWWE  is 

the intermolecular potential between H2O molecules computed using the CF2 model [33]. The 
SCF-energy calculations were performed by varying independently both Cd–O distance (2.0 ≤ 
rCdO ≤ 6.0 Å) and the O–Cd–O angle (60° ≤ ψ ≤ 180°). The dipole moments of both H2O 
molecules were fixed to point toward the Cd(II) ion for all configurations.  

Almost all of the E3bd values were found to be positive for the geometries employed in this 
study. The E3bd value decreases with increasing rCdO and becomes almost 0 kcal mol-1 

when 
either rCdO approaches to 6.0 Å. Furthermore, given a set of two rCdO distances, the E3bd value fell 
off with increasing distance between the two H2O molecules. The E3bd function can be expressed 
by equation 4,  
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where F, G, and H are fitting parameters, rij is the distance between two oxygens of H2O 
molecules, and RCL is the cutoff limit of 6.0 Å for the 3-body correction function. A total of 
6563 configurations were generated for SCF-energy calculations of [Cd(H2O)2]

2+. The analytical 
function of equation 4 was fitted to the E3bd values by a least-squares optimization, and the final 
parameters are given in Table 1. The average absolute residual of the fit was 0.19 kcal mol-1.  
 
Table 1.  Parameters for two-body potential and three-body correction function of Cd(II)-water interactions. 
 

2-body  
 Atom A (kcal/mol)−5 B (kcal/mol)−8 C (kcal/mol)−9 D (kcal/mol)−12 

O  -5037.21 108456.03 -144047.88 46229.16 Cd 
H -1650.12  53426.47  -86093.13 51897.80 

3-body 
F (kcal/mol Å−4) G(Å−1

) H(Å−1
)  

H2O−Cd(II)−H2O 0.4825593 0.1344984  0.5990947  
 

Standard MD simulation  
 
The MD simulation method applied in this study was described in detail in a previous paper [16] 
and will only be briefly reviewed here. The modeled systems consisted one Cd(II) ion plus 499 
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solvent molecules in a cubic box of 15065.6 Å3 subjected to periodic boundary conditions. The 
simulations were performed in the NVT ensemble with a time step of 0.2 fs. The density of the 
simulation box was set to the experimental value of pure water at 298.16 K (0.997 g cm−3). 
Long range interactions were treated by the reaction field method [34]. The CF2 model was used 
for the intermolecular potential between H2O molecules, and the intramolecular potential of H2O 
developed by Bopp et al. was employed to reproduce correctly liquid-phase vibrational 
frequencies [35]. In order to construct the initial configuration, the O atoms of H2O were placed 
in the simulation box according to the face-centered cubic lattice. The H atoms were arranged 
with random configuration of H2O molecules. A total of 400,000 steps (80 ps) were first 
processed using only the 2-body potential, and the system was confirmed to be energetically 
equilibrated. A further 400,000 steps (80 ps) were sampled to evaluate structural properties. The 
simulation was continued for further 400,000 steps (80 ps) of equilibration after the inclusion of 
the 3-body correction. All energies were confirmed to become stable within 5 ps of 
equilibration. A further 1,000,000 steps (0.2 ns) simulation was carried out for statistical 
sampling. 
 

Umbrella-sampling MD simulation  
 
The umbrella-sampling simulation applied in this study is described in detail in [19]. The system 
is composed of one divalent metal ion and 499 water molecules.  

A randomly chosen water from the second hydration shell was made to enter the first 
hydration under the influence of the umbrella potential Vumb (Figure 1): 

2
umb )(

2
)( oobo rr

k
rV −=                                                                   (5) 

where ro is the instantaneous Cd–O distance between Cd(II) and a water molecule in the second 
hydration shell. The parameter k denotes the force constant and rob is the restrained Cd–O 
distance. The distance ro was varied between 4.5 Å and 2.0 Å to cover the full range between 
second and first hydration shells. The force constant k was adjusted according to ro, i.e. k was 
set to high values close to the transition state and to small values at minima in the PMF. The 
unbiased probability distribution <ρ(ro)> was obtained by the WHAM [25-27] method to 
calculate the PMF according to equation 6 

CrTkrW oo +−= )(ln) ( B ρ                                                                  (6) 

where kB is the Boltzmann constant, T the absolute temperature, and C an arbitrary constant. An 
estimate for the reaction rate constant kex may then be determined from the free energy 
difference ∆G

‡ between ground and transition state via the classical Eyring equation (equation 
7) 
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where κ is the transmission coefficient, kB is the Boltzmann constant, h is the Planck constant, R 
is the gas constant, and T is the absolute temperature. 

The simulation protocol was the same as in the standard MD simulation. The starting 
configuration of the system was taken from the last configuration of the standard simulation 
obtained using the corrected 2-body potential. In total, 15 independent MD simulations were 
carried out with 200 ps each reserved for data collection after the system was allowed to reach 
equilibrium within 2 ps.  
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Figure 1. a) Removal of a water molecule from and b) addition to the first hydration shell.  
 
 

RESULTS AND DISCUSSION 

 

Structural properties 

 

Simulations with only Cd(II)–H2O pair potential 
 
Results obtained from simulations with only pair-potential are show in Figures 2-4. The 
simulations with only pair potential resulted a coordination number of 8. The O–Cd(II)–O 
angular distributions show unrealistic orientation as a result of the large number of water 
molecules located in the first hydration shell. It is obvious, therefore, that the pair potential is 
inadequate and at least 3-body corrections are mandatory to correctly describe the hydration 
structure of Cd(II) ion.  
 
Simulations including three-body corrections for Cd(II)–( H2O)2 
 

 
The Cd(II)–O and Cd(II)–H radial distribution functions (RDF), and their running integration 
numbers obtained from the standard MD simulation are displayed in Figure 2. The first    
Cd(II)–O RDF peak which is related to the first hydration shell reaches its maximum at 2.36 Å 
and the second peak related to the second hydration shell reaches its maximum at 4.78 Å, clearly 
separated from the first hydration sphere. Between the first and second shells, it goes to zero 
implying slow inter-shell water exchange processes. However, the fact that the Cd(II)−O RDF 
does not go down to zero once the second hydration shell is formed, suggests that this shell must 
easily interchange water molecules with outer hydration spheres or the bulk.  

Cd(II)−H RDF has two peaks, the first one centered at 3.09 Å. The shift of the Cd(II)−H 
RDF to larger distances with respect to the corresponding Cd(II)−O RDF shows that especially 
in the first shell, the water molecules are well oriented to obey the dominant ion-water 
interactions with the oxygen atoms pointing to the ion. Some characteristic values for Cd(II)−O 
and Cd(II)−H radial distribution functions are listed and compared with results obtained from 
experimental and theoretical investigations in Table 2.  

The coordination number distribution (CND) probability obtained by the standard MD 
simulation is shown in Figure 3. In the first coordination sphere, the coordination number 6 is 
observed in agreement with experimental and other simulations results (Table 2). 



Ahmed M. Mohammed 

 

Bull. Chem. Soc. Ethiop. 2008, 22(3) 

428

 
 
Figure 2. Cd(II)−O and Cd(II)−H radial distribution functions and their running integration 

numbers. 
 

 
 
Figure 3. First and second-shell coordination number distribution of hydrated Cd(II). 

 
The probability of finding O–Cd–O angle (θ) in the first hydration shell, the first shell 

angular distribution function (ADF), obtained from the standard simulation is shown in Figure 4 
as a function of 1– cos θ. Two well-defined peaks can be observed at the peak maxima of 90º 
and 180º. This result point out that the hydration geometry around the Cd(II) ion is on average a 
6-coordinate octahedral supporting the above observation and in agreement with many 
experimental results (Table 2). 
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Figure 4. First-shell angular distribution functions for O−Cd−O (θ) in the first hydration shell of 

the Cd(II) ion as a function of 1−cosθ. 
 

Table 2. Hydration structure parameters of the Cd(II) ion in water determined by standard molecular 
simulation and experimental methods. 

 
Solute Ion water 

ratio or 
molarity 

1Mr  
1nr  1n  

2Mr  
2nr  2n  

Method Ref. 

Cd2+ 1 M 2.29  6    XD [36] 
CdCl2 1.26 M 2.37  4    XD [37] 
CdSO4 2 M 2.32  5.2 4.36  11.9 XD [38] 
Cd(ClO4)2 2.1 M 2.31  6    XD [6] 
Cd(ClO4)2 2.4 M 2.29  6    XD [6] 
Cd(H2PO4)2 1 M 2.30  5.1 4.33   XD [39] 
Cd(NO3)2 4.54 M 2.27  5.7    XD [40] 
Cd2+ 1/499 2.35 3.02 6.0 4.93 5.29 12.2 3-body MD [41] 
Cd2+ 1/499 2.33 2.78 6.0 4.84 5.27 11.7 QM/MM–MD [41] 
Cd(H2O)18

2+  2.34   4.51   RHF/HF/6-31+G* [42] 
Cd(H2O)6

2+ 1/6 2.34 - 6.0 - - - RHF/DZP This 
work 

Cd2+ 1/499 2.36 3.09 6.0    3-body MD This 
work 

1Mr , 
2Mr  and 

1nr , 
2nr  are the distances of the first and second maximum and the first and second 

minimum in Å. 1n  and 2n  are the average coordination numbers of the first and second hydration shell, 

respectively. 
 

The average structure of the water molecules in the first shell is investigated videlicet the 
bond distance and angle distributions and are depicted in Figure 5a and b, respectively. The 
highest probabilities for the bond length and angle distributions are 0.978 Å and 97.58°, 
respectively. The bond length is shifted to larger value and the bond angle to smaller value as 
compared to the reference values of the CF2 water model. Obviously, first shell waters are 
polarized by the presence of the Cd(II) ion. 
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Figure 5. a) Bond length and b) angle distributions of the water molecules in the first shell. 

Potential of mean force (PMF) and water exchange rate constant 

Water exchange between the hydration shell of ions and the bulk is fundamental for the 
reactivity of the ions. In Figure 6, the PMF profile for Cd(II) ion as function of Cd(II)−O 
distance of a water molecule from the second hydration shell is depicted. The PMF has 
characteristic shape with a first minima at 2.36 Å that corresponds to the average Cd(II)−O 
distance for the first hydration shell, in agreement with the value obtained by the standard MD 
simulation (Table 2). The second minimum describes a recovered 6-coordinate octahedral 
hydration first shell, however, at this point a water molecule had left the first shell and replaced 
by the biased water molecule from the second shell. 

The PMF maxima corresponding to the transition state of the water-exchange process is 
located at 3.17 Å. The free energy of activation (∆G

‡), the energy difference between the ground 
state (first PMF minimum) and the transition state (first PMF maximum), is 23.4 kcal mol-1. 
According to the transition-state theory (equation 7), the water exchange rate constant kex for 
Cd(II) ion at 298.16 K is 4.9 x 108 s-1, assuming a transmission coefficient, κ, to be unity. The 
experimental kex value is reported to be almost 3 x 108 s-1 on the basis of the complexation rate 
measured by the ultrasonic absorption technique [43]. The result obtained in this study, 
therefore, considering the uncertainty of k and the simplicity of the potential functions used in 
this study, is quite reasonable. 

 
Figure 6. Potential of mean force (PMF) for water exchange process around Cd(II) ion. 
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The absence of intermediate in the PMF (Figure 6) suggests that the water exchange process 
is taking place via interchange (I) mode of mechanism in agreement with the result obtained in a 
previous study [19]. 

CONCLUSIONS 

 
Ab initio two-body potentials are definitely inadequate to describe the hydration structure of 
Cd(II) ions. The inclusion of 3-body effects reduces the average first shell coordination numbers 
from 8 to 6. This result suggests that any successful simulation of doubly charged transition 
metal such as Cd(II) must include at least three-body effects to give correct structural 
parameters. The first shell coordination numbers and ion-ligand distances thus obtained with the 
standard MD simulation including 3-body effects are in good agreement with experimental data. 
The water exchange rate constant obtained is reasonable given the unknown transmission 
coefficient and the assumptions made in constructing the Cd(II)-water potential functions. 
Further, the results obtained from the umbrella-sampling simulation demonstrate that the simply 
constructed ion-water potential is useful not only for the study of structural parameters but also 
for the study of water-exchange reactions around metal ions.  
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