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ABSTRACT. Classical Monte Carlo simulations were performed to investigate the solvation 
structures of Ti(III) and Cr(III) ions in water with only ion-water pair interaction potential and by 
including three-body correction terms. The hydration structures were evaluated in terms of radial 
distribution functions, coordination numbers and angular distributions. The structural parameters 
obtained by including three-body correction terms are in good agreement with experimental values 
proving that many-body effects play a crucial role in the description of the hydration structure of 
highly charged ions. 
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INTRODUCTION 
 

Classical Monte Carlo (MC) simulation techniques have been used widely for the study of 
solvating structure of metal ions [1-5]. However, the types of metal under study and ion-solvent 
interaction potentials used have affected their degree of success. In some monovalent and 
divalent metal ions with only pairwise additive intermolecular potentials, structural results that 
are in good agreement with those obtained experimentally have been achieved [3, 6-9].  

Nevertheless, in most cases, with divalent and trivalent metals, the inclusion of many body 
interactions has been to be crucial [2, 4, 5, 10]. The failure of pairwise additivity for cation-
water potentials, particularly for divalent and trivalent ions, has been handled in various ways. 
One approach that has been used is the nearest-neighbor ligand correction (NNLC) [11, 12] 
algorithm, which uses in addition to pair potential terms a three-body correction term based on 
ab initio calculation of the molecular interaction energy surface of the metal ion monohydrate 
with another water molecule. However, the most successful and exact approach is to supplement 
the potential energy function to be employed by many-body terms. In many cases, three-body 
potentials calculated by ab initio methods have reproduced properly hydration numbers [2, 4, 5].   

According to experimental investigations, Cr3+ ion is very stable in solution [1], where as 
Ti3+ easily oxidizes and its structure could be verified, therefore, only in the solid state [13, 14]. 
Tahikawa [15] et al. have carried out electron spin resonance (ESR), electron nuclear double 
resonance (ENDOR) and electron spin-echo studies to determine the hydration structure of Ti3+ 
ion in the amorphous solid of a 2-propanol/D2O mixture, that six water molecules coordinate to 
the central metal ion with an average Ti3+-O distance of 2.2 Å. The hexaquo Ti3+ ion persists in 
the solid state structure of TiCl3.6H2O [16] and the cesium alum CsTi(SO4)2.12H2O [17], in 
which the Ti(III)-O distance is quoted as 2.03 Å. The X-ray crystal structure of the pts- 

(C7H7O3S
-) salt [Ti(OH2)6](pts)3.3H2O has also been reported [18]. Here the geometry around 

Ti(III) was found to be essentially octahedral with Ti(III)-O bond lengths ranging from 2.018(5) 
to 2.046(6) Å.  
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The hydration of Cr(III) has been the focus of many experimental [1, 19-29] and theoretical 
[1, 30-34] investigations and the ion was reported to have a kinetically extremely inert first 
coordination shell with six octahedrally coordinated water molecules, using X-ray (XD) [1, 18-
20], neutron diffraction (ND) [1, 23, 24], LAXS [26, 27], and EXAFS methods [1, 26-29]. The 
fact that it possesses a very stable first hydration shell has also given a good opportunity to study 
the second hydration shell [25-34].  

In this work, MC simulations with and without 3-body corrections for one M(III) in 499 
water molecules were carried out. The structural data of the hydrated M(III) ions are discussed 
in terms of M(III)-O and M(III)-H radial distribution functions (RDFs), coordination number 
and angular distributions. 
 
 

DETAILS OF CALCULATIONS 
 
In this study, ion-water (M(III)-H2O, M = Cr, Ti) pair interaction potentials and  three-body 
corrections (H2O-M(III)-H2O) are taken from reference 35, the form of the two and three-body 
potentials together with their parameters are displayed in Table 1. For water-water interactions, 
the CF2 potential [36] was used, as this model is more consistent than the MCY [37] model for 
the type of ion-water pair potentials used [38] and in contrast to rigid models [39] (TIP3P, 
TIP4P and TIP5P) allows an adaptation of HOH angle and OH bond length in the ligand 
molecules upon complexing the metal ion. 
 
Table 1. Two- and three-body potentials and their parameters for M(III)-water (M = Ti and Cr) 

interactions. 
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Ti   O −6998.67 27955.45  −29711.35 11460.98 4,6,9,12 
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H2O-M(III)-H2O A1  A2  A3 

Ti 0.0639941  −0.2179486  0.3053575 
Cr 0.8727987  0.2593399  0.5041385 

Charges on O and H, taken from the CF236 water-water interaction potential, are −0.6598 and 0.3299, 
respectively. M refers to metal ion. i in the 2-body potential function refers to oxygen or hydrogen. Oi and 
CL in the 3-body potential function refer to the oxygens of the water molecules and cut off limit (6 Å), 
respectively. 
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MC simulations with pair potential  
 
The MC simulations were carried out in the canonical ensemble using the Metropolis [40] 
algorithm for a system consisting of one M(III) ion and 499 water molecules in a periodic cube 
at the temperature 298.16 K. A spherical cut off at half of the box length (12.345 Å) was 
introduced. The density of 0.997 g cm-3 was assumed to be the same as that of pure water. After 
generating a starting configuration randomly, the system reached energetic equilibrium after 3 
million configurations. For evaluation of structural data, especially the radial distribution 
functions (RDFs), a further 3 million configurations were sampled.  
 
MC simulations including three-body corrections 
 
Under the same conditions as in the previous section MC simulations including three-body 
correction terms were carried out for one M(III) and 499 water molecules, water-water 
interactions being treated again by the CF2 potential. Within the cut off limit of 6.0 Å, the three 
body correction function was applied, as at large M(III)-water distances these terms could be 
regarded to vanish according to the ab initio results. After randomly generating an initial 
configuration, the systems reached equilibrium after 3 million configurations. To evaluate radial 
distribution functions and other structural data, another 3 million configurations were sampled.  
 
 

RESULTS AND DISCUSSION 
 
Structural data   
 
Pair potential simulations  
 
The results obtained from simulations with only pair potential are far from the realistic values 
(Figures 1-6). The average first hydration shell coordination numbers are overestimated, 9 for 
Ti(III) and 8 for Cr(III) ion. The M(III)-O RDFs show small additional peaks which have been 
shown to be an artifact of simulations with only pair potentials [41, 42]. The angular 
distributions obtained show unusual ligand orientations due to the presence of 9 and 8 water 
molecules in the first hydration shells of Ti(III) and Cr(III) ion, respectively. Therefore, it is 
obvious from these results that simulations based on ab initio pair potentials, as expected, are 
inadequate to determine coordination numbers and thus even a rough structure of hydrated 
trivalent ions, and that at least 3-body correction is mandatory to correctly describe the hydration 
of these ions.  
 
Three-body corrected simulations 
 
Ti(III)-H2O  
 
The Ti(III)-O and Ti(III)-H RDFs including three-body effects  are shown in Figure 7. In the 
Ti(III)-O RDF there are three peaks. The small artificial peak obtained in the pair potential 
simulation has disappeared. The first peak, which corresponds to the first hydration shell in the 
Ti(III)-O RDFs is centered at 2.10 Å and the second peak at 4.68 Å. This implies that the first 
hydration shell is well separated from the second hydration shell. A third peak centered at 5.86 
Å is observed. This splitting of the second shell has also been observed in the case of Fe3+ [35]. 
It seems to be a phenomenon associated with these types of ions. 
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Figure 1. Ti(III)-O and Ti(III)-H radial distribution functions and their running integration 

number simulations with only pair potential.  

 
Figure 2. First and second-shell coordination number distribution of hydrated Ti(III) simulations 

with only pair potential. 
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Figure 3. Distribution of the bond angles H2O-Ti(III)-H2O simulations with only pair potential. 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4. Cr(III)-O and Cr(III)-H radial distribution functions and their running integration 

number simulations with only pair potential. 
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Figure 5. First and second-shell coordination number distribution of hydrated Cr(III) simulations 

with only pair potential. 

 
 
Figure 6. Distribution of the bond angles H2O-Cr(III)-H2O simulations with only pair potential. 
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Figure 7. Ti(III)-O and Ti(III)-H radial distribution functions and their running integration 

number simulations including three-body correction. 
 

The Ti(III)-H RDFs show only two peaks, the first peak centered at 2.80 Å. The shift of the 
Ti(III)-H RDFs to larger distances with respect to the corresponding oxygen RDF indicates that 
especially in the first shell, the water molecules are well oriented to obey the dominant ion-water 
interactions with their oxygen atoms pointing to the ion. Some characteristic values for Ti(III)-O 
and Ti(III)-H radial distribution functions are listed in Table 2. Since the simulation performed 
does not include higher than three-body effects it can not account for the Jahn-Teller effect [43] 
which is expected to occur in [Ti(H2O)6]

3+ but the Ti(III)-O distance appears to be a reasonable 
average of the results obtained in the solid state (2.03 Å) [16-18] and that obtained for the 
aqueous solution on amorphous solid of a 2-propanol/D2O mixture by Tachikawa (2.20 Å) [15].  
 
Table 2. Characteristic values of the radial distribution functions, gαβ �r), for the Ti(III) in water determined 

by molecular simulation methods. 
 

α−β r1
a n1

b r2
a n2

b 

Ti-O 2.10 6.0 4.68 12 
Ti-H 2.80 12.0 5.35 46 

a ri is the distances in Å of the ith maximum. b ni is the average coordination number obtained by integration 
of RDF for the ith coordination shell. 
 

The most significant improvement over pair potential result is the change of the first 
hydration shell coordination to 6 (Figure 8). The mean coordination numbers for the second 
hydration shell are 12 implying that every first shell water molecule interacts with 2 water 
molecules in the second shell. This shows that ligand orientation and binding is almost entirely 
determined by hydrogen bonding.  
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The hydration shell structure of Ti(III) is further illustrated on the basis of O-Ti(III)-O 
angular distribution function (Figure 9). The angular distribution displays only two peaks 
centered at 90° and 175°, corresponding to a slightly distorted octahedral complex.  

 
 
Figure 8. First and second-shell coordination number distribution of hydrated Ti(III) simulations 

including three-body correction. 

 
Figure 9. Distribution of the bond angles H2O-Ti(III)-H2O simulations including three-body 

correction. 
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Cr(III) )-H2O  
 
The resulting RDFs for Cr(III)-O and Cr(III)-H including 3-body correction term are plotted in 
Figure 10. In the Cr(III)-O RDF, the first hydration shell is represented by a sharp peak centered 
at 2.02 Å. The Cr(III)-O RDF further shows the presence of a well-defined second hydration 
shell centered at 4.33 Å, followed by a broad peak between 6-7 Å, which could be ascribed to a 
diffuse third hydration shell and it reflects mainly the strong ordering effect induced on the 
solvent by the Cr(III) ion. The Cr(III)-O RDF becomes zero after the first peak and remain 
almost zero for more than 1 Å suggesting that the first hydration shell is very stable and that 
ligand exchange with the second shell must be rather marginal, in agreement with experimental 
results {k(298) = 2.4 x 10-6)} [44].  

 
Figure10. Cr(III)-O and Cr(III)-H radial distribution functions and their running integration 

number simulations including three-body correction. 
 

The Cr(III)-H RDF confirms the presence of first and second hydration shells and are 
centered at 2.71 Å and 4.84 Å, respectively. The larger distances (0.7 Å) of the Cr(III)-H RDF 
with respect to the corresponding Cr(III)-O RDF peak indicates that especially in the first shell, 
the water molecules are well oriented to point with the dipoles to the ion and that the first shell 
has rather a rigid structure. Some characteristic values obtained from the Cr(III)-O and Cr(III)-H 
RDFs are displayed and compared with experimental and simulation investigations in Table 3. 

The percentage distribution of coordination number of Cr(III)-H2O in the first and second 
shell as obtained from the running interaction numbers are shown in Figure 11. Again the most 
significant achievement in the simulation including 3-�body correction is the change of the first 
hydration number from 8 to 6 (100%). The second hydration number which is supposed to be 
between 13 and 14 [27] according to experimental investigations has also changed from 19 to 
15 (see Table 3). This implies that every first shell water molecule interacts with about 2.5 water 
molecules reflecting that ligand binding and orientation are not entirely determined by hydrogen 
bonding. 
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Table 3. Comparison of hydration structure parameters for Cr(III). 
 

Solution α−β Na/conc. r1
b nI

c r2
b n2

c Method Ref. 
Cr(ClO4)3 Cr-O 1 M 2.03±0.02 6 4.02(2) 13(1) LAXS 25 

CrCl3 Cr-O 1 M 1.994(3) 6 4.05(2) 12 XRD 17 
Cr(NO3) Cr-O 1 M 

0.5 M 
0.05 m 
0.01 m 
0.001 m 

1.999(3) 
1.98 

2.00±0.01 
2.01±0.01 
2.01±0.01 

6 
6 

6.0±0.1 
6.0±0.1 
6.4±0.1 

4.08(1) 
  4.20-4.25 

3.97±0.08 
4.02±0.08 
4.00±0.08 

12 
 

13.4±1.3 
13.4±1.3 
13.6±1.0 

XRD 
XRD 

EXAFS 
EXAFS 
EXAFS 

17 
18 
25 
25 
25 

[Cr(H2O)6]3+ Cr-O 512   4.08 12.3±0.01 MC 31 
[Cr(H2O)6]3+ Cr-O 512   4.06±0.03 14±1 MC 29 

Cr(III) Cr-O 499 2.02 6 4.33 15 MC This 
work 

a Number of H2O molecules in the simulation box. b ri is the distance in Å of the ith maximum of  the RDF.  
c ni is the average hydration number integrated up rmi of the ith shell. 
 

In Figure 12, the O-Cr(III)-O angular distribution calculated up to the first minimum of the 
Cr(III)-O RDF is shown. The angular distribution shows two peaks with maximum values at 90° 
and 172°, suggesting an octahedral geometry.  

 
Figure 11. First and second-shell coordination number distribution of hydrated Cr(III) 

simulations including three-body correction. 
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Figure 12. Distribution of the bond angles H2O-Cr(III)-H2O simulations including three-body 

correction. 
 
 

CONCLUSION 
 
The ab initio two-body potentials are inadequate to describe the hydration structure of Ti(III) 
and Cr(III) ions. The inclusion of 3-body effects reduces the average first shell coordination 
numbers from 9 and 8 (pair potential values) to 6 for both Ti(III) and Cr(III). The results of this 
study, therefore, suggest that any successful simulation of triply charged transition metal cations 
in aqueous solution, must include at least 3-body effect to give correct structural parameters.  

It seems desirable to include in further studies higher n-body effects as needed to account for 
the Jahn-Teller effect which is expected to occur in [Ti(H2O)6]

3+ and has been observed in a 
QM/MM-MC simulation of hydrated Cu(II) [45]. 
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