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1. Introduction
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Recently, the development of numerical method for approximating solutions of
initial value problems (IVPs) in ordinary differential equations (ODEs) has
attracted considerable attention and many researchers have shown interest in
constructing efficient methods with good stability properties for the numerical
integration of ODEs. This research focuses on the derivation of new implicit
three step block hybrid method for the solution of first order IVPs in ODEs. The
new method is derived based on multistep collocation using Chebyshev
polynomials as bases functions at some selected points to get a continuous
linear multistep method. The continuous methods are evaluated at some off-grid
points to generate the discrete schemes for step number k=3 which
conveniently constitutes the block method. Basic properties of the developed
method is examined and the method is found to be zero stable, consistent,
convergent and of uniform order 8. The efficiency of the method is tested on
some numerical examples in the literature. On comparison, the method
developed performed favorably when compared with the existing methods. As
such the method is recommended for the solution of general first order initial
value problems in ordinary differential equations.

Keywords: Differential Equation, Initial Value Problems, Linear multistep
method, Chebyshev Polynomial, Block Method.

Although, a very wide variety of numerical
methods have been proposed, the number of
methods with high order and good stability
properties remains relatively small. Solutions to
ordinary differential equations were derived using
analytic or even exact methods. Most of their
solutions are very useful such that it provides
excellent insight into the behavior of some
system. These include those that can be
approximated with linear model and those that
have simple geometry and low dimensionality.
Conversely, many differential equations cannot
be solved analytically, because most real life
problems are non-linear and involve complex
shapes and processes.

Many researchers have developed different
methods for solving first order ordinary
differential equations among which are [1], [2],
[5], multi-step collocation methods of [4], [10] just
to mention but a few. In this research work, we
considered the numerical computational methods
for first ODEs of the form

y'=f(x,y), y(@=yo,xe(ab) 1)

where X; is the initial point Y, is the solution at

the initial point and f is assumed to be
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continuous and satisfy Lipschitz’s condition for
the existence and uniqueness of solution.
Equation (1.1). occurs in several areas of
engineering, sciences and social sciences. Many
physical problems are modeled into first order
problems. Some of these problems have proved
to be either difficult to solve or cannot be solved
analytically, hence the need for numerical
methods for solving such problems. [4] and [5]
posited that there are many methods for solving
first order ordinary differential equations. One of
the popular methods for solving (1.1) is by Linear
Multistep Methods (LMM). This method of
solution had been developed in various forms
such as discrete and continuous linear multistep
methods. Continuous linear multistep methods
have greater advantages over the discrete
methods as they give better error estimation,
provide a simplified form of coefficients for further
evaluation at different points, and provides
solution at all interior points within the interval of
integration than the discrete one [13].

Recently we proposed, An Implicit Two-Step
Hybrid Block Method based on Chebyshev
Polynomial for Solving First Order Initial Value
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Implicit Three-Step Hybrid Block Method for Solving First Order Initial Value Problems...

Problems in Ordinary Differential Equations see
[14], but in this paper effort is being made to
extend the scope for k=3, combining the qualities
of hybrid methods, block methods and
approximate solution using Chebyshev
polynomial as a trial function to derive a new
method.

2. Derivation of the Method

The approach adopted in this section entails
substituting into (1.1) an approximate solution of
the form

p+q-1
yx) = 2ajTj(x) (2
=0
where @ is unknown coefficients and Tj (x) are

polynomial basis functions of degree in a
manner thatl < p <k and g > 0.The integer

k >1 denote the step number of the method.

Tj (X) is the Chebyshev polynomial generated

by the formula:

_ . 1
) ey 207 20)

@m dxJ
For sake of reporting, we present some few
terms of Chebyshev polynomial as

Tj (x) =

To(x) = 1,
Tl(X) = X,

2
T2(x) = 2x -1,

3
T3(x) = 4x - 3Xx,

4 2

T4(x) =8x —8x +1,

5 3
T5(x) =16x — 20x + 5Xx,

Te(X) = 32x6 —48x4 +8x2 -1,

7 5 3

T7(x) =64x" —112x~ + 56X~ —7X,

8 6

Tg(x) =128x" — 256X +160x4 —32x2 +1,

From (2)
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Putting (4) into (1) we obtained
p+g-1
f(X’Y): Zajle(X) (5)
j=0

To derive the method, some off step points are
carefully introduced to guarantee zero stability.

3. Specification of the Method

1
We interpolating (2) at Xpip,p= 0,p= 3
and collocating (5) at
a1 3 5
X ’ 20171117121713
leads to the system of equations AX =U . (6)
Use Maple 18 software to solve (6) gives the
unknown coefficient
ai (i = o,lj,ﬁi [i = 0,1,1,§,2,§,3j which are
2 272’72
then substituted into equation (2) and simplified
to give the continuous hybrid method of the form;

3
Y =ap()yp +ary 1+h AN fej+ AL 1+ B30 3+ﬂ5(x)f ;
5 My ]:0 - M nH+— — N+
2 2 2 2 2 2 2 2
where
2 3 .
o (x)=1— 6912 (% T0)" | 1osoe () 1sso04 (%)
0V 275 1 1375 I 1375 i

106 (5 ) e (54 L 96 (5

1375 ]15 55 h6 1375 ]17
8
) 768 (—xn +x)
1375 hg

on (5 s () s ()

“%x s g B p o ns f
5 6 7
112896 (-xn+x) 1. (-xn+x) 916 (-xn-l-x)
Bs P s p BB
8
+ﬁ (—xnﬂ)
o g
bl b St
b ey 1o 2001 (50, e (5 oseesss ()
W S h ey g o p
5 6 7
Lo () s () s (5]
685 p s P s g
8
i ()
ms
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(r):_w ('Xn+1) 224106 (_)‘n+x) 1039457 ('ln+x)
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1
2

X § X 6 7
weis () e () soses (4T
R R

A8
s ()
sy

2 3 A4
B (1) =0 () essi (4 1) 01653 (5, 19)
T R T 6500

2861 (-Xn +X)6 344188 (-xn +x)7
A 4375 48

5
4m9 (1Y)
s F 2

§ 8
397 (%1
s

o (5,1

o (%) e (1)

b= s s g e p

3
2

5 6 \7
009668 (5, 0) s (4 F) | 0096 (%t
05 p M5 p i

8
s (7t
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b= ot s () s (1)
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Now, evaluating 9)
3 5 11
Xn+v[V*1§ 2, S A 3

at
Xn+u(u =

11

schemes which constitute the block form

PREE I (1 L 10m9 3
Sy b - =2 2Ly,
y,w% 30040 " " 57 ! 181440 "/, % 6720 i +1
19001 471 3559 4381
3000 L3 7 7560 M T ML s T Goaso Mt
EUIE U 07 103
- - =L =
T ST AR YT ,1% 30 "t
2% 307 137
=2 2L j j
RN e fn+2+ 105 st o50 Mt
361 345 W 859
_ h bl _ —_
V3T e ™ fn 4+448 Wt g M T g M
18 1053 143
T M T M st g s
s s | 440 8
- - 2 =
A T AT ITT T M1t s M
976 193 8 5
Tt 3 T s Mty hf,, 5 T 505 Mot
2 * 2
L5, 28025 125
- - . —=
Vs Tt g M g AL 36088 "*3 344 it
1975 125 955
o6 ™3 T s Mo T e s g Mhs
RSP 7180745 3013
SRRy i h
o e M e fH_ 98978 f,H_ Sy
7643933 019127 1476079 1925957
i i B
THIH0 fn+5 w6t "o+ T fH_ 096570 "+

BsW =905 T g e
2

s (%t m (mt)

h3

20625 i 275 P 144375

oo (%)

14375

73 ('xn+X)2_ w11 (%, +3)’ 4 91057 (-,

at

)and its first derivative

), yields seven discrete

e (7, +9) e 280 g
h6

hf5

B0 =S s g 495000
6 7
01 (%19 112 (1Y)

7 (7 +)’

h3

61875 4 M55 43312
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33125
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h6

n+

7

f 1+—hn+l+§hf

280

280 hfn 13

+mf

(2)
Jr’ff)ewriting equation (9) in block form yields
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Accordingly we say that the method has order
p if,
4.  Analysis of the Method Co =C =...=Cp = O,
4.1 Order and error constant of the Method C = 0
. . ) p+1
We associate the Linear operator L with the .
scheme and defined by: Then, C 41 s the error constant and

LIy(x): h]l=>¥_ole;y(xn + jh)—

11)
where ao and '30 are both non-zero
and y(x) is an arbitrary test function that is
continuously differentiable in the
[a’b]. Expanding (5 L jh)
Y'(Xn + jh) in Taylor series about X .
and collecting like terms in h and y gives:

interval
and

h%p)ﬁ']_(ﬁq%*ﬂ-j(’p)}l)(xn) is the principal
local truncation error at the point Xn

In this paper, since
Co=C =Cr,=...=Cg =0
and Cg =Cp,q # O which implies

L[y(x):h]=c,y(x)+chy'(x)+ czhzy"(x)+...+cphpy(p)(x)+...

12)

209749 653 2277

169

p-+

that the schemes are of uniform order 8 and the

error constant are
T

7325 46301497 9

C = I [ I v I [
9 { 14863564800 58060800 183500800 14515200 594542592° 3805072588800 716800

4.2 Consistency

The hybrid block method is said to be consistent
if it has an order more than or equal to one.
Therefore, our method is consistent, since it is of
eight (8). [9].

4.3 Zero Stability
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The hybrid method, with four off grid collocation
points expressed in the form

k
p(z)= detlz AD K ] =0 gives

i=0
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Hence, the method is zero-stable.

4.4 Convergence

Theorem (Henrici, 1962).

Zero stability and consistency are sufficient
conditions for a linear multistep method to be
convergent. Since the method is consistent and
zero-stable, by [8] the hybrid method is
convergent.

4.5 Region of Absolute Stability

To plot the region of absolute stability of the
method, the methods were formulated ([6]) and
stability polynomial for method is computed as

(-LW7—;W6)h7+[ﬂwﬂ—&w(’)hé
14336 14336 71680 71680
191 W — 23 W6j i 1619 W = 569 w6] i
3840 1920 7680 7680
_485 7 235 6),3 (8 753 6).2
+( 768 " mswjh+(64w MMJh

33 743 6 7.6
+( 32w 32w)h+w w

Thus, the stability region of the method is plotted
and shown below
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4.5.2 Numerical Examples

In order to study the efficiency of the developed
method, we present some numerical experiments
with the following four problems.

Problem 4.1

The SIR model is an epidemiological model that
computes the theoretical number of people
infected with a contagious illness in a closed
population over time. The name of this class of
models derived from the fact that they involve
coupled equations relating the number of
susceptible people S(t), number of people

infected 1(t) and the number of people who
have recovered R(t). This is a good and simple

model for many infectious diseases including
measles, mumps and rubella. The SIR model is
described by the three coupled equations

ds

— = 4(1-9)-BIS
™ pu1-s)-p
dl

—=ul - 1S
il N+p
dR

—~—_R
prais +7

where u,yand f are positive parameters.
Defined y to be

y=S+I1+R
Adding these equations gives

y'= ul-y)

Taking #=0.5 and attaching an initial condition
y(0)=0.5 (for a particular closed population), we
obtain

y'(t)=051-y), y(0)=05

Whose analytic solution is
y(t)=1-05¢ %

Source: [11]

Problem 4.2
Highly stiff problem
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‘=1 —F(x))+F'(x with initial
y+dy =20, y(0)=—4, y(0)=2, 0<x<1 , p Y =talvo ~Fi+F ()
y(190=y, , x€[0,0.1], h=0.01
With the exact solution
With the exact solution y(x)=yo +exp(—ex)-1 where

y(x)=5-3"" =10, F(x)=0, x, =0 and y, =1
gougfei [31-3 Source: [11].
roblem 4.

Highly stiff problem of ordinary differential
equation which was solved by [11]

Table 4.1 Comparing the absolute errors in the new methods with error from [11] for problem

4.1

X Error in new method Errorin [11]
0.1 9.6400e-18 1.714000e-14
0.2 9.5000e-18 3.260000e-14
0.3 9.8400e-18 4.653000e-14
0.4 1.7660e-17 5.902000e-14
0.5 1.7070e-17 7.018000e-14
0.6 1.6950e-17 8.011000e-14
0.7 2.3270e-17 8.891000e-14
0.8 2.23800e-17 9.665000e-14
0.9 2.18700e-17 1.034200e-13
1.0 2.69700e-17 1.093100e-13
Table 4.2 Comparing the absolute errors in the new methods with error from [3] for problem
4.2

X Error in our new method Error in [3]
0.1 7.7000(-18) 2.0000(-14)
0.2 7.900(-18) 3.0000(-14)
0.3 8.300(-18) 8.0000(-14)
0.4 1.500(-17) 1.2000(-12)
0.5 1.4700(-17) 1.0000(-12)
0.6 1.4800(-17) 2.6970(-11)
0.7 2.0300(-17) 5.5800(-12)
0.8 1.9900(-17) 6.2140(-10)
0.9 1.9700(-17) 2.7048(-10)
1.0 2.4400(-17) 1.4571(-8)

Table 4.3 Comparing the absolute errors in the new methods with error from [12] for problem

4.3

X Error in our new method Errorin [11]

0.1 8.6877e-15 1.079154e-12
0.2 8.1407e-15 1.952918e-12
0.3 8.0997e-15 2.650610e-12
0.4 1.37648e-14 3.197828e-12
0.5 1.26622e-14 3.616893e-12
0.6 1.20007e-14 3.927240e-12
0.7 1.56266e-14 4.145766e-12
0.8 1.42931e-14 4.287136e-12
0.9 1.33356e-14 4.364056e-12
1.0 1.55987e-14 4.387513e-12

5. Conclusion

The efficiency of the new method has been
demonstrated on some standard numerical
examples. Details of the numerical results are

CaJoST, 2021, 2, 212-218

displayed in Table 4.1, 4.2 and 4.3. The
inclusion of off grid points allowed the adoption
of linear multistep procedure which circumvents
the ‘zero-stability barrier, up graded the order of
accuracy of the methods and to obtain very low
error constants. The order, error constant,
consistency, zero stability and region of absolute
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stability of the methods including its hybrids form
was determined.
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