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The research considered the solution of the system of dual integral equations 
involving Fourier transform occurring in mixed boundary value problems for 
Laplace’s equation with mixed Dirichlet-Neumann boundary conditions. The 
dual integral equations involving trigonometric function kernel have been solved 
using Fourier sine transforms.  Graphical solutions with the help of Mathematica 
were used to demonstrate the effectiveness of this method. 
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1. Introduction 

Dual integral equations are often encountered in 
different branches of mathematical physics and 
they generally arise while solving a boundary 
value problem with mixed boundary conditions 
[1] and (Debnath et al, 2016). In reducing the 
corresponding boundary value problem to dual 
integral equations with a trigonometric function 
kernel, (Mandal et al, 1994) and (Chakrabarti et 
al, 1997) studied linear water wave scattering by 
a vertical barrier. The behaviour of one of the 
integrals of these dual integral equations at the 
point where the boundary condition changes 
play a crucial role in determining their solution. 
Some dual integral equations involving 
trigonometric function kernels of the first and 
second kinds have been studied by [5]. Other 
types of investigations for the dual integral 
equations with trigonometric kernels has been 
done by (Ahdiaghdam et al, 2017), and [7]. This 
paper focused on the solution of dual integral 
equations with trigonometric function kernel. 
However, there are limited contributions to this 
area especially in the recent years. The paper 
emphasized on the application of Fourier sine 
transform to obtained the solution of mixed 
boundary value problems. 

2. Methodology 

The method used in this paper is Fourier sine 
transform method to solve Laplace’s equation 

with the given boundary conditions to obtain and 
solve the dual integral equations given by [8]. 

3. Solution of dual integral 

equations 

Consider Laplace’s equation 

   (3.1) 

with the boundary conditions 

                             

        (3.2) 

                            

 (3.3) 

and     

                                 

.               (3.4)                                                                                     

where  

 
Consider the Fourier sine transform  
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Taking Fourier sine transform of both sides of Equation (3.1), gives 

                                            

                                           

                                          , 

Applying the additional condition  gives 

 

The characteristic equation is 

 

which implies 

 

Therefore, the solution has the general form 

                                                                                               (3.7) 

From the boundary condition, we have 

 

 

Now Equation (3.7) becomes 

 

 

Substituting  in Equation (3.6) gives 

 

 

Applying the identity , we get 

 

Which is equivalent to                                                        

 

Taking the inverse Fourier sine transform, we obtain  

 

Now applying the boundary condition 
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gives 

 

By definition of ), we get 

 

or                            

 

Applying the boundary condition   

 

which simplifies to                                    

 

 

Hence, we have the set of dual integral equations (3.10) and (3.11), where  is the unknown 

function. 

To obtain the solution of the above dual integral equations, let assume 

 

Substituting Equation (3.12) into Equation (3.11), we get 

 

 

                                .                                                                                        (3.13) 

Applying (Gradshteyn and Ryzhik, 1980, (3.741.2), p 414)) The integral within the square bracket 

varnishes since  and  Thus Equation (3.12) satisfies Equation (3.11). 

To obtain , substitute Equation (3.12) into Equation (3.10) 

 

                                                                                                                

The integral within the square bracket, denoted by I, in the above equation can be evaluated as 

follows: 

Using  with  
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we obtain 

 

Applying the formula from (Gradshteyn & Ryzhik, 1980, (1965, (4.116.2), p 516)) 

 

 we obtained 

 

 

, 

where .  

Applying the property of logarithms, we get 

 

 

 

 

 

Applying the identity 

, 

which is equivalent to 

, 

 we obtained 

 

 

 

 

and Equation (3.14) becomes 
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Let 

 

Then 

 

 

 

Hence  

 

and 

 

This implies 

 

Equation (3.45) becomes 

 

Equation (3.16) can be written as           

 

According to [10] the solution of the integral equation  
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is given by 

 
where   

 
Equating the right-hand-side of Equations (3.17) and (3.18) we obtain 

 

 
Now, by replacing , and , in Equation (3.18) we have 

 

 
Where 

 
This implies that, 

 
Therefore, 

 
Substituting, 

 
Then we have, 

 

which implies 

 

Now, substituting    we have 

 

 

 

After some cancellations we have 
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On simplifications we obtained 

 

 

 

 

 

Therefore, 

 

Similarly, by replacing Equation (3.19) into Equation (3.12) and then substituting the result into 

Equation (3.19), the completed integral solution of the given boundary value problem is obtained. 

4.       Results and Discussion 

The result of the problem  can be obtain by combining equation (3.19) and Equation (3.9) as  

 

 

To plot the graphs of , we simplify the above equation as follows: 

Let 

 

                                     

 

where  

 

Using the identity that, 
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we have  

 

 

Substituting, we attained 

 

 

                                                                                          

This implies  

 

 Using the relation from (Gradshteyn & Ryzhik, 1980,(4.114.2), p 513) ) 

 

For  apply the above formula with  we get 

 

 

For  apply the above formula with  we get 

 

Therefore, 

 

 

where                                   
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Substituting back, Equation (3.9) becomes 

 

 

we plotted the graph of the solution   

 

 

Figure 1. The graph of the solution  with  

 

 

Figure 2. The graph of the solution  with  

 

 

Figure 3. The graph of the solution  with  

 

5. Conclusion 

In this paper, we have discussed the various 
results generated in 3D graphs using different 
values of h, it is observed in Figure 2 and Figure 
3 that the graph generated when h = 2 and h =3 
gives the same result but not as accurate as 
when h = 1. However, the result obtained in 
Figure 1 shows that the graph generated in 3D 
remains unchanged since k is well defined. 
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