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Abstract

This paper presents some left restriction semigroups LRS in partial transformation ©Jx-11,12.13.14.15} »
computed the left congruences R-classes and enumerates all the kernels K (503{11,12,13,14,15}) for each
element of LRS in 3y.
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Introduction
A compatible equivalence relation on a semigroup S is referred to as a Congruence. An equivalence R on a
semigroup S is a congruence if and only if
(a,b) € R and (c,d) € R imply that (ac, bd) € R (Gonzalez, 2001).

Restriction semigroups are a generalization of inverse Semigroups. Restriction semigroups are semigroups with
an additional unary operation * (Left ) and * ( Right). A semigroup S is left restriction with respectto E <
E(S)if"

I. E is a subsemilattice of S

ii. Every element a € S is Ry -related to an element of E (denoted by a*)

iii. Ry is a left congruence

iv. The left ample condition holds Va € Sand e € E,

ae = (ae)*a

Equivalently,

A semigroup S is a right restriction with respectto E = E (S) if
i. E is a subsemilattice of S
ii. Every element a € S is L -related to an element of E (denoted by a*)
iii. L is a right congruence
iv. The right ample condition holds Va € Sand e € E,
ea = a(ea)* (Gould, 2011)

Left restriction semigroups have appeared at the convergence of several flow of research, they model unary
semigroups of partial mappings on a set where the unary operation takes a map to the identity map on its domain
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(Jones, 2012). Partial transformation semigroup 3y is a weakly left E-ample semigroup otherwise known as
Left restriction semigroup.The identities that define a Left restriction semigroup S are
ata=a, atb* =b*a*,(a*b)* = a*b*,ab* = (ab)*a

We put
E={a*t:a€es}
E is a semilattice known as the semilattice of projections of S (Zenab, 2014). Let Ty be a Left restriction
semigroup with distinguished semilattice,
E={ly:Y € X}

and with

+ _
a = 1doma

S is Left restriction if and only if it embeds in some gTy in a way that preserves * where
at = aa™? (Hollings, 2009)
Consider the semidirect product of a semilattice X and monoid S, then X = S is a Left restriction semigroup with
(x,s)T=(x1) V(x,s) €X*S
X = S is a left restriction semigroup with distinguished semilattice
E={(e1):e€X}
It can easily be seen that each element of E is an idempotent and
(e, 1) (f, 1) = (e (1., 1)
= (ef, 1)
= (fe, 1)
=(f (L.e) 1)
=(f, DD
Since X is a semilattice , hence, E is a semilattice of X = S.
We claim that

(e, DRg (e, 1)

(e,1)(e,s) =(e(1.e),s) = (e5s)
And for (f, 1)(e,s) = (e,s) = (f (1.e),s) = (e,s)
= (fe,s) = (e,5)
= fe=e¢e
= (f,D(e, D) = (fe,1) = (e, 1)
~ (e,s)Rg (e, 1)
For (e,s) € X *S, Ry is a left congruence first, we note that for (e, s)(f,t) € X * S,
(e,5)Rg (f,0) & (e,9)" = (f,)F
o) =((1

Se=f

For (e,s) € X xS. We have

For (e, s), (f,t), (g,u) € X = S, we have
()R (f,t)y=e=f
= gu.e) =g w.f)
= g(u.e),us) Rg g (u.f),ut)
N = (g w(es) Re (gW(1)
So, Ry is a left congruence .
Equivalently,
aRe =aS=bS YabeES

Hollings (2009) opined that the most natural way to represent restriction semigroup was through partial
transformation. Examples of Left restriction semigroups have already been generated and computed from partial
transformation Ty for orders X = {2,3,4,5,6,7,8,9,10} and the algebraic properties , Left congruence R —
classes inherent and Ey semilatices of idempotent presented (Abubakar, et al., 2020).
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Kernels is an important property in algebra that defines quotient objects which also measures injectivity.
Consider a function

f:G—->H
the kernel of f is a set of elements of G which map into the identity elemente € G. That is, kernel
f={a€eG:f(a)=c¢}
Kerf={ g €G: f(g) = ey} (Abubakar, et al., 2021)

In a semigroup S, the kernel are the set of elements mapped to the same elements. In this paper, Raf-baduT as
designed in (Abubakar et al.,2021) was used to generate elements of partial transformation
$3(11,12,13,14,15) -After the examples were obtained, the algebraic properties of left congruences , Rs —classes

and from their semilattices of idempotents, the kernels were obtained.

Main Result
Computing the congruence class — R -classes and the kernels
For 93x-11

Table 1A : 9T (1234567891011 (13 67 8 X 9 X 10 X X)
+ ABCDFGHI J KLMNOE
A BCDDEGHI J KLMNINOE
B CDDDEGHI J KLMNOE
C DDDDEGHI J KLMNO E
D DDDDEGHI J KLMNOE
F EEEEEETETETETETEETETEE
G EEEETEETETETETETETETETEE
H EEETETETETETETETETEETETEE
| HEETETEETETETETETEEETEE
J EEEEEETETETETETETETETEE
K | HEEEETETETETETEETETEE
L EEEEEETETETETETETEETEE
M J EEETETETETETETETEETETEE
N KI HEEETETETETETEETETEE
O LEEETEETETETETETETETETEE
E EEEEEETETETETETEETETEE
A:(1234567891011)B:1234 5 6 7809 1011)
136 78X9X10x Xx/ 16 X9 XX 10X X X X/
C:(lz34567891011)D:1234567891011)
1XX 10X XX XXX X/ 1XXXXXXXXXX/)
F:(lz34567891011)02(123456789 1011)
X 10 X XXXXXXXX /)’ 11 XX XXXXXX XX/
H(1234567891011)12(1234567891011
WX XXXXXXX X X' \9XXXXXX XX X X/
]:(123456 7891011)K:(1234567891011
8 XXX XXXXXX X/ 7XXXXXXXXX X/
L:(lz34567891011)M:(1234567891011)
6XX XXX XXXXX/) 5XXXXXXX XXX/
N:(12345 67 8 91011 0:(1234567891011)
4 X XXXXXXXXX/) 3 XXX XXXXXX X/
E:(12345 6 7 891011)
X XXXXXXXXXX/
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Left congruence R — classes
Ry=R;=R;=R =R, =R¢=R,=Ry=Ry=R,={A,B,C,D},
Rz ={A,B,C,D,F,G,H,1,],K,L,N,0,E}

Kernels

K, = {C,D},;{F,G,H,J,LE} s : Kz = {B,C,D} ,;{F,G,H,],K,L,M,0,E}

K. ={A,B,C,D},;{F,G H,]J,K,L,M,0,E}; K, = {A,B,C,D}, ;{F,G,H,J,K,L,M,N,0,E} ,

:K; = {A,B,C,D};;{F,G,H,J,K,L,M,N,0,E} ;; K, = {AB,C,D},;{F,G,H,],K,L,M,N,0,E} ,
K, = {A,B,C,D},;{F,G,H,],K,L,M,N,0,E} ;; K, = {A,B,C,D} ,;{F,G,H,],K,L,M,N,0,E}
K. = {A,B,C,D} «;{F,G,H,],K,L,M,N,0,E} z; K, = {A,B,C,D} ,;{F,G,H,],K,L,M,N,0,E} ;
‘K, = {A,B,C,D} y ;{F,G,H,],K,L,M,N,0,E} ; :Ky = {A,B,C,D} v ;{F,G,H,],K,L,M,N,0,E} ;
K, = {A,B,C,D} ,;{F,G,H,],K,L,M,N,0,E} ;:;K; = K. = {A,B,C,D,F,G,H,J,K,L,M,N,0,E}
Table 1B: 0T1234567891011;° (1X67829410XX )
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=(123456789101112)M=(1234567891011)

9 X X X XX X XX XX/’ X XX XXX XXX X
N=(1234567 891011)E=(123456789101112)
7 X XXX XX XXX X/ XXX XXX XXX XX

Left congruences R -classes

R\G/ = {A,B,C,D}, R\I/( = {AIBICIDJGJH}!E = {A;B;C;D;G;H}ij\’/l = {A,B,C,D,G,H},E- =
{A,B,C,D,F,G,H,1],K L MN,E}

Kernels

K, = {G H}¢;{LL],K,L,M,E} ;s Kz = {D,G,H} ¢ ;{I,],K,L,M,N,E} ;

K. = {C,D,G,H};;{l,],K,L,M,N,E} ;; K, = {B,C,D,G,H};;{l,],K,L,M,N,E} ;

K. = {A.B,C,D,G,H} ;;{F,1,],K,L,M,N,E} .;K; = {A,B,C,D,G,H} ; ;{F,I,],K,L,M,N,E}
K, = {C,D,F,G,H,I,J,K,L,M,N,E}:;K, ={B,C,D,F,G,H,1,],K,L,LM,N,E} - ;

K, = {A,B,C,D,F,G,H,1,],K,LLM,N,E} ;K = {A,B,C,D,G,H}  ;{F,1,],K,L,LM,N,E} -

K, = {A,B,C,D,G,H} , ;{F,I,],K,L,M,N,E} :;K,, = {A,B,C,D} ,,;{F,I,],K,L,M,N,E} ;

Ky = {A,B,C,F,G} , ;{D,H,1,],K,L,M,N,E} ;; K; = {A,B,C,D,F,G,H,I,],K,L,M,N,E}
Table1C: pT234567891011) (12X 7 11 X3 4 X X X)

+ A B CDFGMHI JKLMNDO

A B CDDI FGMHI JKLMNDO

B C DDDFGMHI JKLMNDO

C DDDDFGMHI JKLMNDO

D DDDDFGMHI JKLMNDO

F FFFFFFFFFFFFTFETF

G FFFFFFFFFFFFTFFTF
HFFFFFFFFFFFFTFETF

| FFFFFFFFFFFFETF

J] NKOFFFFFFFFFTEFTF

K OF FFFFFFFFFFTFFTF

L FFFFFFFFFFFFTFTF

M GFFFFFFTFFEFFFTFFTF

N KOFFTFFFFFEFFFTFF

OF FFFFFFFFFFFTFFTF

A=(1234567891011)B=(1234567891011)
12X 711X 34X X X/ 12X3XXX7XXXx/

C:G 22 X3X4X5)?)7(839X10X1§()’D=(11 22X3X4X5)?)Z’8X9X10X1X)'

F=(1234567891011)6_(1234567891011)
X2 X XXX XX Xxxx " \112XXXXXXXX

H=(1234567891011)1=(1234567891011)
102X XXXXXXX/ 92 XXX XXXXXX/)
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]:(1 2 3 456 7891011)K (1 2 3 456 7891011)

82X XXX XXX X XV 72X XX XXX XX X/

L=1234567891011) =(1234567891011)
6 2 X X X XXX XXX/ 52X XX XXX XXX
N=1234567891011)0=(1234567891011)

4 2 X XX XXX XXX/ 32X XXX XXX XX

Left congruences R — classes

Rp=R; =Ry =R, =R, =R¢=R,=Ry=Ry=Ry={A,B,C,D},

Rr ={A,B,C,D,F,G,H,1,],K,L,M,N, 0}

Kernels

K,={C,D},;{F,G H,I};; Kz = {B,C,D} ,;{F,G,H,I,K,L,M, 0}

K. = {A,B,C,D},;{F,G,H,I,],K,L,M,N,0} s; K, = {A,B,C,D} , ;{F,G,H,1,],K,L,M,N, 0} ¢;
K. = {A,B,C,D,F,G,H,1,],K,L,N,0} » ;K; = {A,B,C,D}; ;{F,G,H,I,],K,L,N,0} ¢

K; ={A,B,C,D},;{F,G,H,I,],K,L,M,N,O}p;K]={A,B,C,D}];{F,G,H,I,],K,L,M,N,O}F;

K, ={A,B,C,D}, ;{F,G,H,I,],K,L,M,N,0} K, ={A,B,C,D} , ;{F,G,H,1,],K,L,M,N, 0} z;
Ky ={A,B,C,D} \;{F,G,H,1,],K,L,M,N,0} -;K,={A,B,C,D} , ;{F,G,H,1,],K,L,M,N,0} ¢

For ©3x-12)

+ A B C D

A B C E E

B C E E E

C E E E E

D E E E E

A:(l 2 3 456 789101112,B=(1 2 3 456 789101112)'
23X 912X5X6X4X 3 XX 6X X12XX X9

C=(1 2 3 45 6 78910 1112),D=(1 2 3 456 789101112)
XXX XXX XXX X 6X 12X X X XXX XXX XX

Left congruences R — classes

R={ }

Kernel
KA == {C,D}E ;KB - {B,C,D}E ;KC - {A,B,C,D}E ;KD - {A,B,C,D}E
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+ A B C D F
A B C E E D
B C E E E E
C E E E E E
D E E E E E
F E E E E E
A=(123 4 5 6 789101112)B=(123456789101112
2710 912 X 8 X 6 X 4 X/ 78 X 6 XX XXXX 9X/
C=(123456789101112)D=123456789101112)
8 XX XX X X X X 6 X/ 12 X X X XXX XXX X X/
F=(123456789101112)
X12 X X X XXX X X X X

Left congruences R — classes

R={ 1}

Kernel
KA = {C,D,E}E;KB = {B,C,D,F}E;KC = KD = {A,B,C,D,F}E;sz {B,C,D,F}E

Table 2C : T (123456789101112) * (2510912 X 1 X 6 X 4 3)

NDWmmmme Mo

O\x (o)} &}
\]U'l
<

Left congruences R — classes

R={ }

Kernel

KB = {F!G}EyKC = {D,F,G}E ; KD = KF = {C'D'F'G}E:KG = {AﬂB’C’D’F'G}E
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For 503{)(=13}

+ A B C D F G H | J K L

A B C D F E H | J K E G

B C D F E E | J K E E H

C D F E E E J K E E E |

D F E E E E K E E E E J

F E E E E E E E E E E K

G E E E E E E E E E E E

H E E E E E E E E E E E

I E E E E E E E E E E E

J E E E E E E E E E E E

K E E E E E E E E E E E

L E E E E E E E E E E E

_(1 2 3 456 789101112 13 _(1 2 3 456 789101112 13

a=( )B=( )
34X510X9X 6111 XX/ \X5X101X 6 X X3 XXX

C=(12345678910111213)D_(12345678910111213)
X100 X 13 X XXX XXXX'" \X1X3XXXXXXXXX/

F=(1 2 3 45678910111213)6—(1 2 3 456 78910111213)
X3XXXXXXXXXXX)/ M3XXXXXXXXXXXX

H:(lz345678910111213)1_(12345678910111213)
XXX XXXXXX13XXX'" XXXX13XXXXXXXX/

]:(12345678910111213)K:(12345678910111213)
XXXlBXXXXXXXiX’é("3 4)5(é37X8)9(1)6)1(1)§2X13XXXXX'

L:(XX13XXXXXXXXXX)

Left congruences R — classes

R={ }

Kernel

K,= {D,F,GH,IJ,K,L};;Ky; = {D,F,G,H,1,],K, L} ;K- = {C,D,F,G,H,I,],K,L} ;

K, = {B,C,D,F,G,H,1,],K,L} ; K. = {A,B,C,D,F,G,H,I,],K, L} K, = {F,G,H,I,],K,L} ;

Ky, = {D,F,G,H,I1,],K,L}; ;K, = {C,D,F,G,H,1,],K,L} &
K, = {B,C,D,F,G,H,1,],K,L} ; ;Kx = {A,B,C,D,F,G,H,1,],K,L}; ;K, = {G,H,1,],K,L} ¢
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+ A B C D F G H | J K L M N

A B C D D G H D D F M N D

B C D D D H D D D D G N D D

CcC D D D D D D D D D H D D D

D D D D D D D D D D D D D D

F D D D D D D D D D D D D D

G D D D D D D D D D D D D D

H D D D D D D D D D D D D D

I D D D D D D D D D D D D D

J D D D D D D D D D D D D D

K D D D D D D D D D D D D D

L F D D D D D D D D D D D D

M G D D D D D D D D D D D D

N H D D D O D D D D D D D D
A=(12 3 456 78910111213),B=(1 2 3 456 78910111213)'
Cz(f %2%3%4%% 7 8 oMo 11 12 {(3),0 =()1‘ 2% %%% 789%0 1 12 {‘3)'
F=(1X 23 4 35g7X8X9)1(0X11X12X1§)’G=(f( 234567 89101112 13)
H= (113 %( )3( %L )g X6X7 )gi X9 )1(0X11X12X13 ),I _ Xl XZ X344X5X6 )g §9X1(1)31f(1)2( 1)g )'
-l 2%5%%5 67891011 12 {%)f;: ( 23 4567891011 )iszX)'X
L (){ 2 %5%"s% 789011 12 1)(3)’M:)((1X213344X5X6 78910 11 12 {‘3)

12X X 4 X XXX XXX {( %( 3 4 §6X7X8% )1(0){1X12X1§( 12 X X X
N_(X XX 412 X X X X X X X X)

Left congruences R — classes
R, ={A,B,C,D,F,G,H,1,],K,L,M,N}}
Kernel

K,={C,D,F,GH,I]K},;Ks = {B,C,D,F,G,H,IJ,K,L,M N},

;K. = {4,B,C,D,F,G,H,1,],K,L,M,N} ,;K, = {A,B,C,D,F,G,H,1,],K,L,M,N}
K. = {C,D,F,G,H,1,],K,L,M,N} ,;K; = {B,C,D,F,G,H,I,],K,L,M,N}

Ky, = {A,B,C,D,F,G,H,1,],K,L,M,N} , K, = {B,C,D,F,G,H,1,],K,L,M,N} |,

K, = {A,B,C,D,F,G,H,1,],K,L,M,N} ;Kx = {D,G,H,I,],K,L,M,N}

K, = {C,D,F,G,H,IJ,K,L,M,N} ,;Ky, = {B,C,D,F,G,H,1,],K,L, M,N}

Ky = {B,C,D,F,G,H,1,],K,L,M,N}
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+ A B C D F G

A B C D F G F

B C D F G F G

C D F G F G F

D F G F G F G

F G F G F G F

G F G F G F G

A:(12345678910111213 )B=(1 2345678910111213)
3X157X81211 XX XX/ 1X3 78X12XXXXXXX/

C:(12345678910111213)’D=(123456789101112 13)'
3X1812XXXXXXXXX 1 X 312 X X XX XXXXX

F:(l2345678910111213)'G=(123456789 10 111213)
3X1XXXXXXXXXX 1 X 3 XXXXX X X X X X

Left congruences R — classes

Kernel
K,=1{D,G}r ;Kz={C,F}r;{DG}; Kz =1{C,F}r; {D,G}¢; Ko = {B,D,G}r ; {C,F}¢;

KD = {A’C)F}F 1 {BIDIG}G!KF = {A,C,F}G ! {BJDJG}F;KG = {AICIF}F l {BJDJG}G

For ©3x-14

+ A B C DF G H I ]

A B C D F F D I F F

B C D F FF F F F F

CcC b F F FF F F F F

D F F F FF F F F F

F F F F FF F F F F

G F F F FF F F F F

HF F F FF F F F F

| F F F F F F F F F

J] F F F F F F F F F

A=(123456789 10 11121314),B=12345678 1011121314)
4X3514X 9811 7 X1 X X5 5X 314 X X 11 8X 9 X 4 XX

C:(lz34567891011121314),D:(1234567891011121314)
14X 3 X X X X8 X11 X5 X X X X3 XXX X8XX X 14X X

F:(1234567891011121314 ).G=(1234567891011121314)
X X3 XXX X8X X X X X X 14 X 3 XX X X8 X X X X XX X

H:(12345 6 7 8 9 10 11 12 1314)11:(1234567891011121314)
13X 3 XXX X 8 X X X 14 X X X X 3X XXX 8 XX X 13X X
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]:(1 2 3 456 7891011 12 13 14)
X14 3 X X X X 8X X X X XX

Left Congruences R — classes

R={1}
Kernel

K,={D,F,G,H,1,]J} ;Kg={C,DF,GHI]J}r;K.= {B,C,D,F,G,H,IJ}¢

K, = {A,B,C,D,F,G,H,1,]} r;Kr = {A,B,C,D,F,G,H,1,]} ¢

K; = {B,C,D,F,G,H,1,J} -;Ky = {B,C,D,F,G,H,1,]} ;K; = {A,B,C,D,F,G,H,1,]} ¢
K, = {A,B,C,D,F,G,H,1,]}

:::::::::

+ A B C D F
A B C DD D
B C D DD D
C DD DD D
D D D DD D
F D D DD D
A:(IZ34567891011121314)32(1234567891011121314)
42X12 X7 XX10 X 35XX)/ 122 X5 XXX XXXXXXXX
C:(12345678 91011121314)D:(1234567891011121314)
52X XXXXXXXXXXXX/) X2XXXXXXXXXXX X
F:(1234567891011121314)
142X X X XXX XXX XXX

Left Congruences R — classes

o}

={}

Kernel
K,={C,D,F}, ;Kz={B,C,D,F} ;K- =K, =K. = {A,B,C,D,F},
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Left Congruences R — classes

R; ={(B.,D,G }

KA = {FJG}G !KB = {DJG}G JKC = {C,F,H}G, {DJG}H’KD = {B,D,G}G, {C,F,H}H
;KF: {A!C)F}G; {B)D)G}H;KG: {A,C,F,H}H; {B;D;G}G
K, = {A,C,F};; {B,D,G} ,

For @3{)(:15}

rrrrrrrrr

+ A

MTOO®m>»
TTTOoOw
S T T T TgOO

M T T T T

7 8 91011 12 13 14 15)

6 X 9 13 2 7 11 X 4
B 67891011121314-15)

5
X6 X X911 X X 2 X 3
2 1 1415)

3
XX X 1

“LTTMToO®

X
:(1 2 3 4
X X 51
62(12 3 456 7 8910111
X X X5 X 6 XX9 2X
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D=(1 2 3 45 6 7 8 910 11 12 13 14 15)

XX XXX 6 X X9 X XX XX 5
7 8 9 10 1112131415)

F=(23456
XX X X X6XX 9 X X X X X X

Left Congruences R — classes

R={}

Kernel
KA= {D,F}F 1KB = {C,D,F}F;KC= {B,C,D,F}F;KD =KF= {A,B,C,D,F}F

Table 5B : $T(1234567891011,12,1314,15}: 51X3X810X613X7XX4 }

+ A B C
A B C E
B C E E
C E E E

A=(12345 6 7 8 9 10 1112131415)

51X3 X 810 X 6 13 X 7 X X 4 /

B=(1234567 8 9 10 12131415)

X5X X X X 13 X 8 X X 10 X X 3

C=(123456789101112131415)

X X X XX XX X X X X 13 X X X

Left Congruences R — classes

=}

={}

Kernel
KB: {B,C}E ,KC: {A,B,C}E

rrrrrrrrr

MOO®W> 4
UOOUo0UO0®>
DOUOUOUOwW
UOUOUOUUO
UUUUUOU
UoUoUOUOT

6

4=(s 5 0 x

3 4 89101112131415)
2 X 6 11 X 12 X X 13 X 15/

B=(1 2 3456789101112 13 14 15)

8 2 X911 X X XX X X X 13 X 15
=(1234-56789 10 1112131415)

112X XXX X XX X X X 13 X15

®
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D=(1 2 3 45 67 8 910 11 12131415)

X2 X XX X XXX XX X 13 X 15
F=(1 23 4567 8 9 10 1112 13 14 15)
14 2 X XXX XX XX X X 13 X 15

Left Congruences R — classes

R=4{}

Kernel

KA = {C,D,F}D 1KB = {B,C,D,F}D;KC = KD = KF = {A,B,C,D,F}D

Summary and Conclusion

This work examined the Left congruences the R — classes and the corresponding kernels of
$3(x=11,12.13.14.15} -In all, fifteen Partial transformations were computed using Raf-BaduT, for For £3J;q in
1A, eleven (11) R — classes were generated , incidentally the R — classes were generated by the same
elements {A, B, C, D} while Rj was for all the elements, 1B had five (5) R — classes, 1C had eleven (11)
R — classes. For 3, in 2A, 2B and 2C all had empty R — classes.For 9333, in 3A hadempty R —
class , 3B had only one (1) R — class, 3C had two (2) R — classes.For 3143 IN 4A and 4B had empty
R — class and 4C had two (2) R — classes.For 35, in 5A, 5B and 5C all had R — class.The kernels were
all distinct and followed a sequence of one- more element addition for subsequent kernels.
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