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Abstract

This paper presents a study on reliability characteristics of duplicated four unit series parallel system.
The system consists of four identical units in series-parallel performing the same type of job at the
same time. Initially all the four units function by producing four finished jobs. When one of the units
fails, the remaining three units continue to work and three jobs are performed. When any of
remaining three units fails, the remaining two continue to work and so on. The system is switched off
when only one unit remains for operation and repair is carried out on the three failed units. Failure
and repair times are assumed to be exponentially distributed. Using Kolmogorov's forward equations
method, derivations for availability, busy period and profit function are presented. Also numerical
illustrations for the system are presented. The result obtained shows that availability of the system
increases as the failure rate increases which differs from available results in the literature. The reason
for this is the fact that the system is allowed to work if at least two units are in good working
condition.
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Nomenclature
A; : The failure rate of uniti, i =1,2...,4.

B; : The repair rate of failed units in state j, j=1112...,14.

P.(t) : The state transition probability that the system is in state I, at time t, i =1,2...,14.
AV/(0) : Steady state availability of the system.
MTTEF: Mean time to failure of the system.

INTRODUCTION

Industrial systems have become more advanced to technological revolution. Therefore, for
some systems to be adequately utilized, there is the need for saving operational cost and
maximizing profits, it is imperative to duplicate units of such systems so that more jobs
could be performed using the same time for performing a single job. Ali et al (2012) studied
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the effect of failure rate on some reliability measures of a repairable non identical three unit
warm standby redundant system using Chapman Kolmogorov’'s forward equations
methods. Suleiman et al (2012) studied the effectiveness of a series-parallel system consisting
of five different subsystems arranged in series. System of differential equations was
developed and solved recursively via probabilistic approach. Availability matrices for each
subsystem were also developed to provide various performance values for different
combinations of failure and repair rates of all subsystems. Sureira el at (2012) presented the
cost benefit analysis of a computer system with priority to software replacement over
hardware repair. Using regenerative point technique, various measures of effectiveness such
as availability, profit and mean time to system failure are obtained. Fathabadi and Khodaei
(2012) evaluated the reliability of network flows with stochastic capacity and cost constraint.
Hajeeh (2012) studied the availability of a system with different repair options. The system
undergoes one of several repairs upon failure; imperfect repair, minimal repair or perfect
repair. El-Damcese (2009) analyzed the reliability availability of warm standby system with
time varying failure and repair rates. Gahlot (2018) studied the reliabilty measures of a
system consisting of two subsystems in a series configuration for different types of failure
and two types of repair. Subsystem 1 has four identical units in a parallel configuration
operating under 3-out-of-4: G policy and this is connected to subsystem 2 which has three
identical units arranged in a parallel configuration which works under 2-out-of-3: F, Scheme.
Ibrahim et al (2020) studied the performance of a communication network system consisting
of a transmitter, two relay stations and a receiver arranged in series-parallel. Through the
transition diagram, the partial differential equations are derived, and Laplace transforms are
then taken on these equations to derive system reliability, availability, the mean time to
system failure (MTTF) and cost function. It is assumed that failure rates are constant and
follows exponential distribution, repair rates of partial failure state are assumed to follow
general distribution and complete failure states are repaired through Gumbel-Hougaard
family copula. Abdullahi et al (2020) presented the performance evaluation of an industrial
configured as series-parallel system. The Markovian approach was adopted to model the
system behavior with the assumption that the failure and repair rates of each system follow
exponential distribution. Through the transition diagram, systems of first order differential
equations of the developed model were formulated to obtain the steady-state probability.
These equations were solved recursively. The availability at steady-state was analyzed and
investigated. The effects of failure and repair rates of all the subsystems were presented in
the form of availability matrices. From the availability matrices, it has been observed that as
Failure/Repair rates increases, the availability tends to decrease/increase. Muhammad et al
(2020) studied sensitivity analysis of three configurations arranged in series-parallel.
Configuration I consists of six units in which four are on operation while two are on
standby. Configuration II consists of seven units with three of the units on standby while the
remaining four are on operation. Configuration III comprises of two subsystems C and D
with three units in each subsystem with a unit on standby. Units in each configuration
provide 25MW. Both the failure and repair time are assumed exponentially distributed.
System of first order linear differential difference equations is obtained using the transition
diagram. Explicit expressions of the system availability, The MTTF, busy period due to
partial failure, busy period due to complete failure and profit were derived. Furthermore
results of sensitivity of the system availability, MTTF and profit were determined. The
obtained results were analyzed and compared, configuration I was found to be the optimal
configuration.

The review of literature indicates that most of the reasearches on duplicated identical units
system allow all the units to completely fail before repair or replacement is carried out,
which results into waste of resources and time. The present paper considers duplicated four
unit series- parallel system. The system consists of four identical units in series-parallel
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performing the same type of job at the same time. Initially all the four units function by
producing four finished jobs. When one of the units fails, the remaining three units continue
to work and three jobs are performed. When any of remaining three units fails, the
remaining two continue to work and so on. The system is switched off when only one unit
remains for operation and repair is carried out on the three failed units. The advantage of
doing so is that resources and time wiil be adequately utilized.

Table 1: State Description of the Model

State

Description

o

All the four units are in good condition, the system is working

iy

The first unit failed, the second, third and fourth units are working, the system is working

N

The second unit failed, the first, third and fourth units are working, the system is working

w

The third unit failed, the first, second and fourth units are working, the system is working

N

The fourth unit failed, the first, second and third units are working, the system is working

[

The first and third units failed while the second and fourth are units working, the system is working

(2]

The first and second units failed while the third and fourth units are working, the system is working

The second and third units failed while the first and fourth units are working, the system is working

[ee]

The second and fourth units failed while the first and third units are working, the system is working

©

The third and fourth units failed while the first and second units are working, the system is working

=
o

The first and fourth units failed while the second and third units are working, the system is working

iy
=

The first unit is working while the second, third and fourth units failed, the system failed

=
N

The second unit is working while the first, third and fourth units failed, the system failed

iy
w

The third unit is working while the first, second and third units failed, the system failed

(/)U')(/)(/')(/)U)(/)\’U)U)U)U)U)U)U)(D

=
S

The fourth unit is working while the first, second and third units failed, the system failed
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State Transition Diagram
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Fig 1: Schematic diagram of the system

METHODOLOGY
Let P, (t) be the probability that the system is in state i at time . The initial condition is given

by
P(0) =[R,.(0), R,(0), P, (0), P, (0), R, (0), R, (0), P, (0), R, (0), R, (0), P, (0), P, (0), R, (0), P5(0), P, (0)]

=[40,0,0,0,0,0,0,0,0,0,0,0,0,0].

The following system of differential equation associated with the state transition diagram is
obtained using Markov birth-death process:
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%+Z31‘41| P,(t) = 4,P,(t),

%+g% R =ARO+ARO, 123
%+galyo=@mo%uum
%+24|y0=@gm+@gm,i¢za (1)
%+i4|yn=@gm+@am,

%JFZZ‘/,I P,(t) = 4,P,(t) + 4P, (1),

difzs‘/l. P, (t) = 4,P(t) + 4P, (1),
B RO =AR 0+ RO+ R0

%+@ Po(t) = A,y (t) + AP, (1) + 4 Py (1),

%+ﬁ3 P:I.S(t) =A,F (t) +ﬂlPS(t) +4, Plo(t)'

a+ﬂ4 PlA(t) =j’2P5(t)+j3P6(t)+ﬂ1 P7(t)

The system of differential (equation 1) can be expressed in a matrix form as
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Where,

y0=11+/12+ﬂ’3+/141ylzﬂ”z"'ﬂs"'ﬂwy22/11+/13+ﬂ’41y3:/11+22+2“1
Vo=A+th+tA4, Ys=A4+A4, Ye=A+t4, V;=A+A, Ye=A+tA4, Yo=4+4 and
ylo:ﬂ’z"'ﬂtz'

Mean Time to System Failure

The initial conditions for this problem are P,(0) =1and all other probabilities are zero at
t=0.

Equation (2) can be written as

P (t) = AP(Y),

Where,
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It is difficult to evaluate the transient solutions hence we delete the rows and columns of
absorbing states of matrix A and take the transpose to produce a new matrix, say Q (El said,
2008, Haggag, 2009). The explicit expression for mean time to system failure is given by

MTSF =PO)(-Q)[11111111111] = %, ©)

where,

N = yly2y3y4y5y6y7y8y9y10 + 21y2y3y4y5y6y7y8y9y10 +ﬂ’2y3y4y5yey7y8y9y10 +13y1y2y5y6y7y8y9y10
+(ﬂ‘lﬂ’2 yl +2’.I.2’2 y2)y3y4y5y7 y8y9y10 + (ﬂi%yl +2123y3)y2y4y6y7 y8y9y10 + (ﬂ’ZASyZ +22ﬂ3y3)y1y4y5y6 y8y9 le
(A4 Y + A4 Ya)YaYaYsYe Y7 e Yo T (AdsYo + 444 Ya) Y1 YaYsYe Y7 Yo Yao + (s Ys + A Ya) Y1 Y2 Vs Vs Vs Vs Yios
D =YY, Y2 YsYaYs Yo Vs Ve Yo Vio-

Steady State Availability
For the steady state availability, we use the same initial conditions. The states S;to S,;are
the working states of the system. Thus, the steady states probability is given by

A(0) = By () + B, () + P, () + P, (0) + P, () + P, (0) + P, () + P, () + B, () + P, (20) + B, (0).
In the steady state, the derivatives of state probabilities become zero and therefore equation (
2) becomes
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Using the following normalizing condition
14

Z R () =1. (5)
i=0

We substitute (5) in to the redundant row of (4) to give
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and solve for P, ().
N

Thus, A(®) = —,
us, A(0) D,

6)

where,

N, = BBLBYY, Y Y. YsYe Yo YoYo Yo + BBLBAY,YYYsYe Y Yo Yo Yio + BLBBBAYY.Y.YsYe Yo Yo Yo Vao
+B.8,8.8,4:Y.Y,Y.Ys Vs Y. Yo Yo Yio + BBBBAYY, Yoo Yo Yo Yo Yo Yio + BB BLAAYY,Y Y Yo Vo Vao
+B.B,B.8,42Y, Y Y Ys Yo Yo Yo Vo *BLBBBA Y Y Yo Ys Yo Yo Yo Vio + BBBB ALY, Yo Ys Y, Yo Yo Vo
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+B.B,BBAAYY, Y. Ys Yo Yo Yo Yio T B8, BB A A Y Y, Yo Ys Vs Yo Yo Yoo + BB BB A ALY, Yo Ys Ve Vo Yo Vao
+B.B,B.BAAYY: Y Ys Vs Vi Yo Yo + BBLBAANY, Y Y Y Vs Vo + BBBBAAYY, Y. Ys Vs Yy Yo Yio
+B.8,B,B 44N Y Ys Ve Vo Yo Yo + BBBLBALY,Y,Y.YsYs Y, Yo Yo
Dy = BBBBAY,Y:YaYs Yo YeYeYio + BBBBAYYYeYs Y Yo Yo Vi = BBBA 7YY Y Vs Vs Ve Yo Vio
~BBB Y1V Y4 Ys Y YoYo Yo + BuBBA 2Y2 Y Y4 Ys Yy Yo Yo Yio + BiBBAs 2 Y1Y:Y4Ys Y, Yo Yo Vio
+B8B8, BB AN Y, Y. Ys Vs Vo Vo Yo + BB BBAAY, Y Y. Y s Vo Yo Yo + BB BBAAY Y, Y Ys Ve Yo Yo Yo
+B BB BAAYY Y Ys Yo Yo Vi + BB BB AAY Y, Y Ys Yo Ve Yo Yao + BB BLBAAN LYY Y5 Y6 Y Ve Yo
+BBBBAAYY Y Y6 Y YeYo Yo + BB BB AAN Y Y. Y5 Yo Y Yo Vi + BB BB ALY Y5YYs Y Ve Ve Yo
B8, BB ALY, Y5 Y Vs Y2 Ve Yo Vi = BB B A Yi Yo YsYs Ve Ya Yo Yo = BB b A Y1 Y2 Y5 Ys Ve Ya Ve Yo
+ BB BAAYY, Y Ys Ve Yo Ve Yo = BB BAANY, s Ys Ve Ve Yo Vi = BB 20 A Y, Vs YaYs Ve Y Ve Yo
~BBBAIANY, Y Ys Vs Ve VeV — BB B Ao 22 1Y, Yo Vs Y Yo Yoo + BB B A2 A Y Y Vs Vs Ve Yo Yo Vao
+B.B.B A2 A Y Y3 Ys Yo Ve Vo Yo = BB B AN Y Y Vs Yo Yr Yo Yo — BB B Aa 2, Y YeYs Yo Y Ve Y
~BB B AN Y, Y5 Ys Vs Ve Yo Vo = BB B a2 Y1Yo Ya Ys Ve Yo Yo Vi + BB a2 A Y, Y5 Y YsYs Ve Ve Ys
+B,8.B. A1, Y3 Ys Ve Yo Yo Yo + BB A Y1 Y5 Y Y Vs Y1 Yo Vi + BiBBiA A A Y1 Yo Ya YsYe Ve Ya Yo
~BB B A AN Y, Y Vs Ys Ve Yo Vio = BiBaBila A A Y1 Y5 Y Ys Ve Yo Yo Yo + BiBaBiaAs A0 Y, Y5 Y Ys Vs Y Ye Yo
+5, 38,422 1Y, Y5 Ys Ve Yr Yo Yo = BiBa BiAa A Y1 Y2 Ya Yo Yo Yo Yo Yo = BiBBa B2 A Y1 YsYaYs Vs Vs Ya Vao
8,838, 22 AY1Y2 Y5 Vs Ve Yo Yo Voo + B BB As A Y12 Ya Vs Vs Yo Yo Vo = BiBa Bita A2 ¥ Y3 Ya Ve Y Yo Yo Vao
+B, BB A AN Y2 Yo Ve Y1 Y Yo Yo + BoBaB 22 Y1 Y2 Ve Yo Ys Yo Vo + BoBalBi A 2524 Y1 Y5 Y Ys Ve Yr Yo Vao
+8, 838,222 Y1 Y5 Y Vs Yo Yo Yo Vio + BiBaB At AAY, Y5 YaYe Y Yo Yo Vi + BiBa B Y2 YsYa Vs Y2 Yo Yo Yio
+B,Bo BB A2 Y1 Y5 YaYs Ve Y1 YeYaVio + BiBoBBAsY: Y2 Ya Vs Ve Ve Ye Yo Yio + BiBo BB AsYLY2Y5Ys Ve Yo Yo Yo Vao

+ﬂ1ﬁ2ﬂ3ﬂ4 y1 yz y3 y4 ys ye y7 y8 yg ym + ﬁ1ﬁ2ﬂ3 yO ylyz y3 y4 ys y6 y7 y8 y9 y1o *
Numerical Simulation
In this section, numerical simulation was conducted using the following set of parameter

values4A =0.11 4, =0.26, 4, =0.32, 4, =0.45, g, =0.25, B, =0.40, B, =0.80, and
B, =0.20.

Table 2: Computed values of MTSF corresponding to failure rates

Failure rate  0.01 0.02 0.03 0.04 0.06 0.07 0.08 0.09 0.10

MTSF A, 5531 5347 5178 5.023 4881 4750 4.628 4516  4.412
MTSF 4, 9353 8.683 8121 7.644 7234 6880 6570 6.298  6.057
MTSF 4, 9.658 8978 8408 7925 7510 7152 6.839 6564  6.322
MTSF 4, 9933 9252 8.681 8198 7784 7427 7115 7.843  6.602

Table 3: Computed values of Availability corresponding to failure rates

Failure rate  0.01 0.02 0.03 0.04 0.06 0.07 0.08 0.09 0.10

AV () 4 0103 0104 0106 0108 0109 0110 0.111 0113  0.114
AV () 4, 0.094 0.097 0100 0103 0105 0107 0109 0110 0.111
AV () 4, 0108 0112 0114 0116 0118 0120 0.121 0.121 0.122
AV(©) 4, 0.09 0.09 0103 0106 0109 0112 0114 0116 0.118
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Table 4: Computed values of Availability corresponding to repair rates

Repairrate  0.01 0.02 0.03 0.04 0.06 0.07 0.08 0.09 0.10

AV() g~ 0015 0028 0.039 0.048 0.056 0.063 0.069 0.074  0.079
AV () g, 0035 0054 0.066 0.075 0081 0.086 0.090 0.093  0.095
AV () g 0040 0060 0.071 0.079 0.085 0.089 0.092 0.095  0.097
AV () g 0060 008 0.094 0.099 0103 0105 0107 0108  0.110

RESULTS AND DISCUSSION

Table 2 provides information on how the mean time to system failure changes over time
when failure rates are fixed at different values. When failure rates increase, the mean time to
system failure decreases which indicates the need of taking measures for proper functioning
of the system.

Table 3 presents the availability of the system, as the failure rate increases the availability
increases because the system continues to function despite failure of some units. It can be
seen that the system is not allowed to completely fail, because when only one unit is
available for operation the system is switch off for repair of the failed units to take place.
From Table 4, it can be seen that when the repair rate increases the availability increases.

The result obtained shows that availability of the system increases as the failure rate
increases which differs from available results in the literature. The reason for this is the fact
that the system is allowed to work if at least two units are in good working condition.

CONCLUSION

In this paper, reliability model of a four unit system was developed. Explicit expressions for
steady state availability and mean time to system failure were derived. Numerical solution
was performed using assumed parameter values. The result obtained shows that availability
of the system increases as the failure rate increases which differs from available results in the
literature. The reason for this is the fact that the system is allowed to work if at least two
units are in good working condition.
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