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Abstract 
We have proposed the computation of numerical method second derivative for the direct solution of 
higher order Initial Value Problems (IVPs) on implicit one step block method in this research. The 
method was derived via interpolation and collocation procedure by introduction of off-mesh point at 
both grid and off-grid, using the power series. The analysis of the method was examined, and it was 
found to be consistent, zero-stable and convergent. The new method is tested on some highly stiff 
problems without reduction to the equivalents system of first order ordinary differential equations 
(ODEs). And our method performs better when compared with the existing methods in terms of 
accuracy. We further sketched the solution graph of our method and it is obvious that the new method 
converges toward the exact solution. 
 
Keywords: numerical method, higher order IVPs, implicit one step, interpolation and         
                   collocation, power series. 
 
 
INTRODUCTION 
Mathematics is considered by many people, institutions and employers of labours among 
others, as very important. Mathematics is considered indispensable because it has 
substantial use in all human activities including school subjects such as introductory 
technology, Biology, Chemistry, Physics, Engineering, Agricultural science, management, 
etc. Abe & Omole, (2019). 
 
Ordinary Differential Equations often appear in mathematical modeling of physical 
phenomena such as modeling and formulation of pricing policy for the production of goods, 
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modeling of population growths for two or more countries, modeling of chemical reactions, 
etc. Over the year, many numerical methods for approximating the solutions of initial value 
problems have been developed by various authors. 
In this research, we consider an approximate solution of general second order initial value 
problem (IVP) of the form 

      0000 '',,',,'' yxyyxyyyxfy       (1.1)  

where 0x  is the initial point and f is continuous within the interval of integration and 

satisfied the existence and uniqueness condition. It is of general knowledge that equations of 
the form (1.1) with such conditions imposed are known as initial value problems (IVPs). 
Numerical solution of the equation of the form (1.1) is a very keen area of interest for 
researchers in literature, ranging from first order IVPs, James, Adesanya & Sunday (2013) to 
higher order IVPs, Kubuye & Omar (2015), Adeyeye & Omar (2017), Skwame, et. al., (2019), 
Skwame, et. al., (2019). The focus of this research however is on higher order IVPs 
(specifically, second order IVPs). 
 
Several approaches were also reported in the literature for solving equation (1.1) directly 
without changing it to a system of first order differential equations. Among others are, 
Adeniran & Ogundare (2015), Omole & Ogunware (2018), Olanegan, Ogunware & Alakofa 
(2018), Kuboye, et. al., (2018), Areo & Omojola (2015), Omar & Adeyeye (2016), Adeyeye & 
Omar (2017), Kamo, Abada & Soomiyol (2018), Adeyefa, et. al., (2018), Raymond, Skwame & 
Sunday (2018), Skwame, Sabo & Mathew (2019), Omar & Kubuye (2015), Abdelrahim & 
Omar, (2016). 
 
Block method was first proposed by Milne according to Olabode (2007). This method can be 
seen as a set of linear multistep method simultaneously applied to initial value problems 
and then combined to yield a better approximation. In other words, the set of new values 
derived by each application of the method is known as block, while hybrid methods were 
initially introduced to overcome zero stability barrier occurred in block methods mentioned 
by Dahlquists (1956). That is, at each iteration of the algorithm, the values 

,,,, 21 knnn yyy   are computed simultaneously. 

Basically, there are two types of block methods, namely one-step and multistep block 

methods. In one-step block method, the value of the new block  kiy in 11,    is derived 

from the information at ny . On the other hand, when the values of the previous blocks are 

used to compute the next block, it is called a multistep block, Omar (1999). In this research, a 
one-step block method is studied. 
 
An implicit one-step hybrid block method for the direct solution of second order ordinary 
differential equation was proposed by Abdelraim, et. al., (2019), Moammad & Omar (2017), 
Anake, Awoyemi, Adesanya (2012), Omar & Alkasassbeh (2016), Abdelrahim & Omar 
(2016), Skwame, et. al., (2019). Their work motivated us to propose the computation of 
numerical method second derivative for the direct solution of higher order initial value 
problems on implicit one step block method. In order to achieve the aim and objectives of 
this research, we shall interpolate, collocate and evaluate a power series approximate 
solution at some chosen grid and off-grid points to generate an implicit continuous hybrid 
multistep method. 
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DERIVATION OF THE METHOD 
We consider a power series approximate solution in the form: 

  j
qp
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         (2.1) 

where p and q are number of distinct interpolation and collocation respectively. 

Differentiating ((2.1) twice, yield 
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Substituting (2.2) into (1.1) yield 
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We solve for sa j' in the above and the resulting value of sa j'  are substituted into (2.1) to 

yields a continuous implicit hybrid one step method of the form: 
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Differentiating (2.6) once, yields 
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Combining and solving (2.7) and (2.10) simultaneously, yields the explicit schemes as 
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ANALYSIS OF THE BLOCK METHOD 
In this section, we the analysis of the block method, which includes the order, error constant, 
consistency, zero stability, convergence and region of absolute stability of the method. 
 
Order and error constant 

Let the linear operator defined on the method be   hxy ; , where, 
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Expanding  mm YFandY  in Taylor series and comparing the coefficients of h  gives 
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Definition 3.1: The linear operator L  and the associate block method are said to be of order 
p  if 
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Comparing the coefficient of h , according to Skwame, et. al., (2019) and Sunday (2018), the 
order p  of our method and the error constant are given respectively by 

 Tp 7777777  and 
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Consistency of the Method 
A numerical method is said to be consistent if its order 1p . Our method is thus consistent 

since it is of uniform order 5. Note that consistency controls the magnitude of the local 
truncation error committed at each stage of the computation, Fatunla (1988). 
 
Zero Stability of the Method 

Definition 3.2: the numerical method is said to be zero-stable, if the roots kszs ,,2,1,   

of the first characteristics polynomial  z  defined by     EzAz  0det  satisfies 1sz  

and every root satisfies 1sz  have multiplicity not exceeding the order of the differential 

equation, Sunday (2018). The first characteristic polynomial is given by, 
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Thus, solving for z in  16 zz          (3.4) 

gives 1,0,0,0,0,0,0z . Hence the block method is said to be zero stable. 

 
Convergence of the Block Method 
Theorem 3.1: the necessary and sufficient conditions for linear multistep method to be 
convergent are that it must be consistent and zero-stable. Hence our method formulated is 
consistent Skwame, Sabo & Mathew, (2019). 
 
Region of Absolute Stability of our Method 
Definition 3.3: the region of absolute stability is the region of the complex z  plane, where 

hz   for which the method is absolute stable. To determine the region of absolute stability 

of the block method, the methods that compare neither the computation of roots of a 
polynomial nor solving of simultaneous inequalities was adopted. Thus, the method 
according to Sunday (2018) is called the boundary locus method. Applying this method we 
obtain the stability polynomial as 
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Applying the stability polynomial in (3.5), we obtain the region of absolute stability in figure 
below. 

 
Figure 3.1: Region of Absolute Stability of our method 
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Numerical Implementation of the Method 
In this section, we test the effectiveness and validity of our newly derived method by 
applying it to some real life problem and second order highly stiff initial value problems of 
the form (1.1), on three test problems. Our result are compared with the existing methods of 
Adeniran, Odejide. & Ogundare (2015), Mohammad, & Omar (2017), Abada & Aboiyar 
(2017), Omole & Ogunware; (2018), Adeyefa, et. al., (2018). 
 
Problem 4.1: 
Consider a highly stiff linear second order problem 

    1.0,10',00,0100'100''  hyyyyy  

With exact solutions:   xexy  . 

Source [Adeniran, Odejide. & Ogundare (2015), Mohammad & Omar (2017), Abada & 
Aboiyar (2017)]. 
 
Table 4.1: Showing the comparison of new method with that of Adeniran, Odejide. & 
Ogundare (2015), Mohammad & Omar (2017), Abada & Aboiyar (2017) for solving problem 
4.1 
 
X Exact Result Computed Result 

 
Error in 
our 
Method 

Error in 
Adeniran, 
Odejide. 
& 
Ogundare 
(2015) 

Error in 
Mohamm
ad & 
Omar 
(2017) 

Error in 
Abada & 
Aboiyar 
(2017) 

0.1 0.90483741803595957316 0.90483741803595957599 2.8300e-18 2.9000e-09 1.0547e-14 1.6200e-12 

0.2 0.81873075307798185867 0.81873075307798186591 7.2400e-18 1.8700e-08 1.7764e-14 2.9400e-12 

0.3 0.74081822068171786607 0.74081822068171787675 1.0680e-17 9.9700e-08 2.3426e-14 4.0000e-12 

0.4 0.67032004603563930074 0.67032004603563931417 1.3430e-17 5.2510e-08 2.7978e-14 4.8600e-12 

0.5 0.60653065971263342360 0.60653065971263343917 1.5570e-17 2.7480e-07 3.1308e-14 5.5000e-12 

0.6 0.54881163609402643263 0.54881163609402644980 1.7170e-17 1.4360e-06 3.3973e-14 5.9500e-12 

0.7 0.49658530379140951470 0.49658530379140953298 1.8280e-17 7.4970e-06 3.5638e-14 6.3100e-12 

0.8 0.44932896411722159143 0.44932896411722161044 1.9010e-17 3.9150e-05 3.6748e-14 6.5100e-12 

0.9 0.40656965974059911188 0.40656965974059913134 1.9460e-17 2.0440e-04 3.7304e-14 6.6200e-12 

1.0 0.36787944117144232160 0.36787944117144234127 1.9670e-17 1.0680e-03 3.7415e-14 6.6600e-12 

 
 

 
Figure 4.1: graphical solution of problem 4.1 
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Problem 4.2: 
Consider a slightly stiff linear second order problem 

    1.0,10',00,'''  hyyyy  

With exact solutions:   xexy 1 . 

Source [Omole & Ogunware; (2018), Adeyefa, et., al  (2018), Kayode & Adegboro (2018)]. 
 
Table 4.2: Showing the comparison of new method with that of Adeyefa, et., al  (2018) and 
Areo & Omojola (2015), Kayode & Adegboro (2018) for solving problem 4.2 
X Exact Result Computed Result 

 
Error in 
our 
Method 

Error in 
Omole & 
Ogunware 
(2018) 

Error in 
Adeyefa, 
et., al. 
(2018) 

Error in 
Kayode & 
Adegboro 
(2018) 

0.1 - 0.10517091807565339175 -0.10517091807565339492 3.1700e-18 7.5650e-11 3.2482e-12 - 

0.2 - 0.22140275816016983390 -0.22140275816016983505 1.1500e-18 1.6017e-10 8.5643e-11 3.4602e-09 

0.3 - 0.34985880757600310400 -0.34985880757600310724 3.2400e-18 1.7600e-10 3.4401e-10 5.6760e-09 

0.4 - 0.49182469764127031780 -0.49182469764127032454 6.7400e-18 6.0784e-10 7.4251e-10 7.6413e-09 

0.5 - 0.64872127070012814680 -0.64872127070012815860 1.1800e-17 1.4729e-09 1.3785e-09 1.0497e-08 

0.6 - 0.82211880039050897490 -0.82211880039050899353 1.8630e-17 2.5336e-09 2.2193e-09 1.4495e-08 

0.7 - 1.01375270747047652160 -1.01375270747047654940 2.7800e-17 4.7876e-09 3.3875e-09 1.8782e-08 

0.8 - 1.22554092849246760460 -1.22554092849246764410 3.9500e-17 7.2770e-09 4.8470e-09 2.2799e-08 

0.9 - 1.45960311115694966380 -1.45960311115694971810 5.4300e-17 1.0170e-08 6.7518e-09 2.8258e-08 

1.0 - 1.71828182845904523540 -1.71828182845904530800 7.2600e-17 1.4827e-08 9.0628e-09 3.5547e-08 

 

 
Figure 4.2: graphical solution of problem 4.2 
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CONCLUSION 
We have proposed a direct solution of second order initial value problems on implicit one 
step block method in this research. The method was derived via interpolation and 
collocation procedure by introduction of off-mesh point at both grid and off-grid, using the 
power series. The analysis of the method was examined, and it was found to be consistent, 
zero-stable and convergent. The new method is tested on some real-life problems and a 
highly stiff problems without reduction to the equivalents system of first order ODEs. And it 
is clear that our method performs better when compared with the existing methods in terms 
of error. We further sketched the solution graph of our method and it is obvious that the 
new method converges toward the exact solution. 
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