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 Abstract          
 

Diarrhea remains a significant global public health issue, especially in areas with inadequate sanitation, 

limited access to safe drinking water, and insufficient healthcare resources. It is a primary cause of 

morbidity and mortality, particularly among young children and those with weakened immune 

systems. This research presents an extensive mathematical model to investigate the transmission 

dynamics of diarrhea. The model is formulated using nonlinear differential equations and we applied 
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the Adams-Bashforth method with fractional-order derivatives to capture memory effects and intricate 

transmission behaviors. The total human population is categorized into six distinct compartments: 

susceptible individuals, exposed individuals, asymptomatic infected individuals, symptomatic infected 

individuals, treated individuals, and recovered individuals. Important epidemiological factors, 

including contact rate, progression between stages of the disease, effectiveness of treatment, and 

recovery rate, are taken into account. A sensitivity analysis revealed that diminishing interactions 

between infected and uninfected individuals, ensuring prompt and effective treatment, and reducing 

environmental contamination are vital for controlling the spread of the disease. Furthermore, the study 

explores the effects of public health interventions such as increasing access to clean water, improving 

sanitation, shortening diagnostic delays, and advocating for hygiene education. Numerical simulations 

indicate that a holistic approaches such as integrating treatment, public health efforts, and 

environmental strategies can greatly decrease the transmission of diarrhea and enhance overall health 

outcomes. 

 

Keywords: Diarrhea transmission, Mathematical modeling, Fractional-order derivatives, 
Sensitivity Analysis, Adams-Bashforth  Method 

 
INTRODUCTION   
Diarrhea is a common gastrointestinal disorder characterized by the frequent passage of loose 
or watery stools, often accompanied by abdominal discomfort, dehydration, and urgency 
(World Health Organization, 2023). It is a major global health concern, particularly in 
developing countries, where poor sanitation and limited access to clean drinking water 
exacerbate the spread of diarrheal pathogens (Centers for Disease Control and Prevention, 
2023). According to WHO (2023), diarrheal diseases are the second leading cause of death in 
children under five years old, accounting for approximately 370,000 deaths annually. These 
figures highlight the need for increased public health interventions, improved hygiene 
practices, and access to medical treatment to reduce the burden of diarrheal diseases 
worldwide (Troeger et al., 2018). The causes of diarrhea are multifactorial and can be 
categorized into infectious and non-infectious origins. Infectious diarrhea is primarily caused 
by viruses, bacteria, and parasites, with rotavirus and norovirus being the leading viral 
culprits (CDC, 2023). Rotavirus alone accounted for nearly 40% of all diarrhea-related 
hospitalizations in children before the introduction of widespread vaccination programs (Tate 
et al., 2019). Bacterial pathogens such as Escherichia coli, Salmonella, and Shigella are also 
responsible for a significant portion of diarrheal cases, particularly in regions with inadequate 
food safety regulations (Kirk et al., 2017).  
 
Additionally, protozoal infections, such as Giardia lamblia and Cryptosporidium, contribute to 
chronic diarrhea, especially in immunocompromised individuals (Checkley et al., 2015). On 
the other hand, non-infectious causes of diarrhea include food intolerances, inflammatory 
bowel diseases, and medication side effects (Guarino et al., 2018). The transmission of 
diarrheal pathogens primarily occurs through the fecal-oral route, facilitated by contaminated 
food, water, and poor hygiene practices (WHO, 2023). The risk of diarrheal disease outbreaks 
is particularly high in low-income areas with insufficient sanitation infrastructure (Prüss-
Ustün et al., 2019). For example, recent reports from the United Kingdom indicated a 33.2% 
increase in norovirus cases between November and December 2024, which researchers 
attribute to improved diagnostic capabilities and the emergence of the norovirus strain. 
Inadequate hand hygiene, poor wastewater management, and overcrowded living conditions 
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are significant contributors to the spread of diarrheal diseases, necessitating stronger public 
health interventions (Troeger et al., 2018). 
 
Preventive measures are essential to reducing the incidence and severity of diarrhea. WHO 
(2023) emphasizes the importance of clean water access, sanitation improvements, and hand 
hygiene in preventing diarrheal infections. Vaccination programs, particularly against 
rotavirus, have proven highly effective in reducing hospitalizations and mortality. In Mexico, 
the introduction of the rotavirus vaccine led to a 65% reduction in diarrhea-related deaths 
among children under two years old (PATH, 2023). Additionally, community education 
programs that promote safe food handling and breastfeeding practices have been 
instrumental in reducing the prevalence of diarrheal diseases in developing countries (Fischer 
et al., 2019). Treatment strategies for diarrhea focus on preventing dehydration and restoring 
electrolyte balance. Oral rehydration therapy (ORT), consisting of a mixture of water, glucose, 
and electrolytes, is the cornerstone of diarrheal treatment and has significantly reduced 
mortality rates over the past few decades (WHO, 2023). Zinc supplementation has also been 
shown to decrease the duration and severity of diarrheal episodes, particularly in 
malnourished children (Lazzerini et al., 2016). In cases of severe dehydration, intravenous 
fluids and antibiotic therapy may be necessary, especially for bacterial and parasitic infections 
(Guarino et al., 2018). Ongoing research and global health initiatives remain crucial to further 
reducing the impact of diarrheal diseases and improving health outcomes worldwide 
(Troeger et al., 2018). Some relevant studies include:  Bahloul et al. (2020) developed a 
fractional-order SEIQRDP (Susceptible-Exposed-Infectious-Quarantined-Recovered-Dead-
Insusceptible) model to simulate the spread of COVID-19. The model incorporates fractional-
order derivatives to account for memory effects in the transmission dynamics. Validation 
using real COVID-19 data from China, Italy, and France demonstrated the model's potential 
in accurately predicting pandemic trends and informing control measures. The study 
concluded that fractional-order epidemiological models are instrumental in understanding 
and forecasting COVID-19 spread, thereby aiding in the development of effective intervention 
strategies. Amouch and Karim (2025) investigated the COVID-19 infection system using a 
mathematical model presented with the Caputo fractional derivative. They calculated 
equilibrium points and discussed their stability, establishing the existence and uniqueness of 
a nonnegative solution for the system. Numerical simulations for different order derivatives 
were obtained using the Fractional Natural Decomposition Method (FNDM) to better 
understand the dynamical structures of COVID-19's physical behavior. The fractional model 
outperformed existing integer-order models, providing a more accurate representation of the 
disease dynamics based on real data reported from Morocco. Denu and Kermausuor (2022) 
studied a mathematical model of COVID-19 incorporating lockdown measures by employing 
the Caputo fractional-order derivative. They established the existence and uniqueness of the 
solution to the model and analyzed the local and global stability of both disease-free and 
endemic equilibrium solutions. Using the residual power series method, they obtained a 
fractional power series approximation of the analytic solution. Numerical and graphical 
results were provided to demonstrate the accuracy of the theoretical findings, highlighting 
the effectiveness of lockdown measures in controlling the spread of the disease. Alam and 
Tanimoto (2022) introduced an innovative approach by integrating fractional-order calculus 
with evolutionary game theory to examine disease dynamics, particularly focusing on 
infections with temporary or waning immunity. The researchers incorporated imposed 
control techniques and vaccination strategies within this framework to analyze their impact 
on disease spread. The fractional-order model provided a more comprehensive 
understanding of the strategic interactions between individuals' vaccination decisions and the 
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overall disease dynamics, highlighting the importance of considering memory effects in 
modeling and controlling infectious diseases. 

Materials and Methods  

 

Preliminary 

Fractional calculus extends classical calculus by introducing derivatives and integrals of non-
integer order, allowing for more accurate modeling of complex systems (Atanacković et al., 
2014). A widely used approach within this framework is the Caputo derivative, which 
provides practical advantages due to its compatibility with traditional initial conditions. The 
Caputo derivative can be defined on both the left and right sides, depending on the problem’s 
requirements. The left-sided Caputo derivative is particularly useful for initial value 
problems, while the right-sided version is applied in final value problems and scenarios 
involving backward time evolution. These derivatives are especially effective in capturing 
memory and hereditary effects, making them essential for modeling processes with long-term 
dependencies (Diethelm, 2010). The applications of fractional calculus span multiple 
disciplines, significantly enhancing mathematical modeling in physics, engineering, and 
biomathematics. In physics, fractional derivatives are widely used to describe anomalous 
diffusion and viscoelasticity, where classical integer-order models fail to capture complex 
behaviors (Mainardi, 2010). In engineering, fractional models improve system performance in 
control theory, signal processing, and electrical circuits by providing more accurate 
descriptions of dynamic systems (Machado et al., 2011). Similarly, in biomathematics, 
fractional derivatives help model complex biological phenomena such as tumor growth and 
epidemiology, which require a more flexible and precise mathematical approach (Podlubny, 
1999). Beyond these fields, fractional calculus has also been applied in economics and 
geophysics, where it aids in analyzing systems exhibiting long-term dependencies and 
memory effects. The increasing use of fractional Caputo derivatives underscores their 
significance in both theoretical research and practical applications across various scientific 
and engineering domains. 

Definition 1: Let ( ),f R The Caputo fractional derivative f  for both the right and left 

functions is expressed as: 

 ( )0( ) ( )
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dt
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Similarly, 
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Definition 2: The generalized form of the Mittag-Leffler function, denoted as ( ),E x  for 

x R , is defined as: 
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This can alternatively be expressed as: 

 ( ) ( ) ( ), ,

1
x

E x xE     +
= +


                                                     (3) 

The function ( )1

,t E t 

  −  is Laplace transformed as 

 ( )
1

, t
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−
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
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Proposition 1.1. Let ( )( )f R d R    and , 1 ,R a a  −   Consequently, the 

following requirements are met: 

1. ( ) ( )
0

w

t tD I f t f t  =
 

2.  ( ) ( ) ( )
0 0
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a k k

t t ok

t
I D f t f t f t

k

  −

=
= −

 
Model Formulation  
In this section, a deterministic compartmental model on the transmission dynamics of 

diarrhea is been formulated. The total human population ( )HN t , is subdivided  into six (6) 

epidemiological  classes of susceptible humans S , exposed humans to diarrhea infection  ,E  

asymptomatic  infected humans with diarrhea  AI , symptomatic infected humans with 

diarrhea SI , treatment class of  diarrhea  T , and recovered individuals  R  from this diarrhea 

disease. The constant recruitment rate of individuals  into the susceptible compartment is at 

the rate  H  so that    denotes  the effective contact rate with the probability of infection per 

contact with infected human with diarrhea disease and the progression rate from exposed 

class to symptomatic class is (1 ) − . The rate at which remaining exposed individuals move 

to asymptomatic class  is given as   and 1  
is the symptom gain rate of asymptomatic 

infected individuals. 
2  and 3 are the treatment rates  of SI  and AI  respectively whereas  

1  

and 2  are the waning and recovery rates respectively. The natural death rate of human in 

any compartment is given as H  and the  disease induced death rate of humans due to 

diarrhea  infection is    
Figure 1 presents the flow diagram of the model, reinforcing our hypothesis. The following 
section introduces the mathematical model based on our assumptions and prior explanations.

 

 

1 ( )
dS

R S
dt

  = + − +  

 1  
dE

S A E
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= −  

 2
A

A

dI
E A I

dt
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 1 3(1 )S
A s
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dt
  = − + −  
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 2 3 4S A

dT
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dt
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2 5   
dR

T A R
dt

= −  

The force of infection for the Diarrhea model is defined as: 

( )S AI I

N




+
=  

  

 
Figure1:  schematic flow chart of the model 

 
Fractional Diarrhea Mathematical Model 
This section extends the integer-order Diarrhea model (Equation 5) by applying the Caputo 
fractional derivative, offering greater flexibility and enabling more dynamic system 
behaviour. The resulting fractional model is defined below. 

 
1 ( )w

tD S R S   = + − +  

 
1  w

tD E S A E = −  

 
2

w

t A AD I E A I = −                     (6) 

 
1 3(1 )w

t S A sD I E I A I   = − + −  

 
2 3 4

w

t S AD T I I A T  = + −  
 

 
2 5   w

tD R T A R = −  

Where; ( )1 ,A  = + ( )2 1 3 ,A   = + + ( )3 2 ,A   = + + ( )4 2A  = + and ( )5 1 .A  = +    

(7) 
Assuming suitable initial conditions: 

        (7) 
3  Results  

 
 
 

( ) ( ) ( ) ( ) ( ) ( )0 0 0 0 0 00 , 0 , 0 , 0 , 0 , 0 .A A S SS S E E I I I I T T R R= = = = = =
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Positivity of solution 
We considered the non-negativity of the initial values. 

( )lim . ,Sup N t



  

Supposed ( )0lim . ,Sup N t



 the feasible domain of our model is then given by: 

 
( ) 6, , , , , : ,S A S AS E I I T R R S E I I T R


+

 
=  + + + + +  
   

 
6 ,R +

 
Hence    is positively invariant. 

If , , , , ,S AS E I I T Rare non-negative, Therefore, the solution to model (6) will also be non-

negative for 𝑡> 0 By selecting the first equation from equation (6), we obtain: 

 
1 ( )w

tD S R S   = + − +  

 
1( )w

tD S S R   + + = +  

But 1 0,R +  then  

( ) 0w

tD S S  + +   

( ) 0w

tL D S L S     + +     
( ) ( ) ( ) ( )1 0 0,S S s S S S s   −− + + 

 

( )
( )( )

1

0.
S

S t S
S



  

−


+ +

 
By applying the inverse Laplace transform, we were able to derive: 

( ) ( )( ),1 0S t E S   − +                                                 (8) 

Since the term on the right-hand side of Equation  (8) is positive, we can now deduce that 

0S   for 0t  In the same way, we also have that 0 , 0, 0, 0, 0,S AE I I T R     Since 

these are positive factors, the solution will remain within the real number set 6R+
 for all  0t   

with positive initial conditions. 
 
Boundedness of Fractional Model Solution. 
The total number of people in our model is given by: 

( ) ( ) ( ) ( ) ( ) ( ).S AN t S t E t I t I t R t= + + + +
 

Thus, by using our fractional model (6), we have: 

( ) ( ) ( ) ( ) ( ) ( ).w w w w w w

t t t t S t A tD N t D S t D E t D I t D I t D R t     = + + + +  
( )( )w

tD N t N t =  −
                                                                                   (9)

 

By applying the Laplace transform to (9), we arrived at: 

( )( ) ,w

tL D N t L N t     −    
1( ) (0) ( ) ,
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(s) (0)
S

N N
S S S



  

− 
 +

+ +
 

                                                                                                                                     (10) 
Taking the inverse Laplace transform of equation  (10) gave us: 
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( ) ( ),1 , 1( ) (0)N t E t N E t 

   + − + −
                                            (11) 

At t → , the limit of equation (11) becomes 

( )lim .
t

SupN t
→


=  

This means that, if N



  then ( )N t




  which implies that, ( )N t  is bounded. 

We can therefore conclude that, from an epidemiological perspective, this region   is both 

plausible and well-posed. 
 
Existence and uniqueness of model solution 

Let 𝑇   be a real nonnegative number, given that  0,X T= . The collection of every continuous 

function defined on X  is denoted by 0

eN X with norm as  

 

 ( ) sup , .K K t t X= 
 

Taking into account model (6) with the starting conditions given in (7), which is modeled as 
an initial value problem (IVP) in (12) 

( ) ( )( ), ,0 ,w

tD K t K t P x t T =    
 

( ) 00 .K K=
                                                                                                                        

(12) 

Where ( ) ( ) ( ) ( ) ( ) ( ) ( )( ), , , , ,A SK t S t E t I t I t T t R t=
 

symbolizes the classes, and P  is a 

continuous function with the following definition;  
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Using proposition (1.1), we have that, 
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 ( ) ( )0 1 3 ,A A t AI t I I E I     = + − + +                                                                       (14) 

 ( ) ( )0 1 2(1 ) ,S S t A sI t I I E I I       = + − + − + +   
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Here is how we get the Picard iteration of (14): 
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Now, we changed the initial value problem in equation (12) to get; 

( ) ( )
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1
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t

K t K t P P

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Lemma 1, Vector satisfies the Lipchitz requirement as stated in equation (13) ( )( ),P t K t  on a 

set    60,T R+  with the Lipchitz constant given as; 

( ) ( ) ( ) ( ) ( ) ( )( )* *

1 3 2 2 1max , , , , , .S AI I            = + + + + + + + + +  

Proof  

 ( ) ( )1 1, ,P t S P t S−  

 

1

1

( )

( )

S A

S A

I I
R S S

N

I I
R

N
S


 


 

+ 
 + − + 

 

 + 
−  − + +  

  

 

 ( ) ( )1 1

( )S AI I
S S S S

N




+ 
− − + − 
 

 

 ( ) ( ) ( )*

1 1HS S S S  − + −  

 ( ) ( ) ( )*

1 1 1 1, , .P t S P t S S S  −  + −
 

Likewise, we discovered the following: 
 

( ) ( ) ( )2 2 1 1, , ,P t E P t E E E −  + −  

( ) ( ) ( )3 3 1 1 3 1, , ,A A A AP t I P t I I I  −  + + −  

( ) ( ) ( )4 4 1 2 1, , ,S S S SP t I P t I I I  −  + + −  

( ) ( ) ( )5 5 1 2 1, , ,P t T P t T T T −  + −  

( ) ( ) ( )6 6 1 1 1, , .P t R P t R R R −  + −  
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Where we obtained  

 ( )( ) ( )( )2 1 2, , .P t K t P t K t K K−   −
 

( ) ( ) ( ) ( ) ( ) ( )( )* *

1 3 2 2 1max , , , , , .S AI I            = + + + + + + + + +                

(18) 
Lemma 2: There is a solution to the initially value problems (6), (7) in equation  (18). 

( ) ( )0 .cP t L F
 

We examine the solution of using fixed point theory and Picard-Lindel of ( ) ( )( ) ,P t S H t=

When the Picard operator, represented as S, is defined as; 

( ) ( )0 * 0 6: , , .C CS L F R L F R+ +→  

Therefore, 
( )( ) ( )

( )
( ) ( )( )

1

0

1
0 , d

t

S P t P t K K


   


−
= + −

   

 ( )( ) ( )( )1 2S K t S K t−
 

 ( )
( ) ( )( ) ( )( )

1

1 2
0

1
, ,

t

t P P P K d


     


−
 − −    

 ( )
( ) ( )( ) ( )( )

1

1 2
0

1
, ,

t

t P K P K d


     


−
 − −
   

 
( )

( )
1

1 2
0

t

t K K d


 


−
 − −
 

 

 

( )( ) ( )( )
( )1 2

1
S K t S K t

S


 − 

 +
 

When 
( )

1
1

S





 +
 the answer to equation (6) and (7) is unique since the Picard operator 

produces a contradiction. 
 
The Basic Reproduction Number (R0) and Model Equilibrium Points: 
The model (5) disease-free equilibrium point can be written as follows (Van den Driessche  & 
Watmough, 2002): 

( )* * * * * *

0 , , , , , ,0,0,0,0,0A SS E I I T R


 
= =  

 


 

The  basic reproduction number is obtained using next generation matrix method  

( ), , , ,A SLet u E I I T R=  

So that .
du

F V
dt

= −  

Where; 

 

0 0

0 0 0 0

0 0 0 0

0 0 0 0

F

  
 
 =
 
 
 

, 
( )

1

2

1 3

3 2 4

0 0 0

0 0

1 0

0

A

A
V

A

A



  

 

 
 

−
 =
 − − −
 

− − 
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( )( ) ( )2 3 1 2 3 1

2 1 3 3 2 3

1

0

. 0 0 0 0

0 0 0 0

0 0 0 0

A A A A

A A A A A A

F V

      

−

 − − − +
− 
 
 =
 
 
 
 

 

 
( )( )2 3 1 2

0

2 1 3

A A A
R

A A A

  − − −
= −

(20)

 

Where; ( )1 ,A  = + ( )2 1 3 ,A   = + + ( )3 2 ,A   = + + ( )4 2A  = + and ( )5 1 .A  = +  

Mathematically, the basic reproduction number is computed as ( )1

0R FV −=  where   is 

the dominant eigen value of the system ( )1FV − . Where 
0

HR  is the basic reproduction number 

associated with the individuals in the population. 
 
Endemic Equilibrium Point 
We looked into the potential for an endemic equilibrium point. Where the disease persists in 
the population, there is a positive stable state known as the endemic equilibrium point. The 
variables in the model are not zero at this equilibrium point (Van den Driessche  & Watmough, 
2002. Liu etal 2023). 

 ( )* * * * * *0, 0, 0, 0, 0, and 0A SS E I I T R       

The model equations are solved in terms of the force of infection linked with human 
populations in order to examine the endemic equilibrium point. Based on the fractional 
Tuberculosis model (6), the endemic equilibrium state is symbolized as follows: 
 

 * * * * * *( , , , , , )A SS E I I T R =  
Defined as; 
Model 

( ) ( )( )( )
1 2 3 4 5

2 2 3 3 1 2 2 1 1 2 3 4 5 1 2 3 4 51

A A A A A

A A A A A A A A A A
S

A A         



− − − + + +
=

+
 

( ) ( )( )( )
2 3 4 5

2 2 3 3 1 2 2 1 1 2 3 4 5 1 2 3 4 51

A A A A

A A A A A A A A A A
E

A A



         



− − − + + +
=

+
 

( ) ( )( )( )
3 4 5

2 2 3 3 1 2 2 1 1 2 3 4 5 1 2 3 4 51
A

A A A

A P A A A A A A A A
I

A A



         



− − − + + +
=

+
 

( )( )
( ) ( )( )

2 1 4 5

2 1 2 1 3 4 5 2 1 2 2 1 2 3 3 1 2 1 2 3 4 5

1
S

A A A

A A A A A A A A A A A
I

    

             

 − +

+ − − +
=

+
 

 

( )( )( )
( )( ) ( )( )

1 2 2 2 3 3 5

1 1 2 2 2 2 3 3 1 2 1 2 4 5 1 2 4 5

A A A A

A A A A A A A A A
T

A A

     

         

− + + 

− − + + − + +
=  

 

( )( )( )
( )( ) ( )( )

1 2 2 2 3 3 2

1 1 2 2 2 2 3 3 1 2 1 2 4 5 1 2 4 5

A A A

A A A A A A A A A
R

A A

     

         

− + + 

− − + + − + +
=  
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Substituting into the force of infection for the diarrhea model 

 

( )S AI I

N




+
=  

We obtained  

( ) ( )( ) ( )( )
( )( )

( )

( )

( ) ( )( ) ( )( )

0

1
1 2 3

2 4 2 1 3 4 1 2 3 3 5 2 2 2 3 3 1 2

2 3 4 5

2 4 5 2 2 2

2 4 2 1 3 4 1 2 3 3 5 2

4 5 0

0

1
1 2 3

2 2 3 3 1 2

2

4 5 0

A A A A A A P A

A

PA A A PA A R

A A A A A

A A A

A A A

A A A A A A A

R

A

          



  

  








       



 
− −

  
  
  
   = 
  

+ + + + − − −
 

+ 
 + + +
 

− − + + + + − −

 
+ − 
 



−



+

−
=

+( )( ) 2 3 4 5

4 5 2 2 2

A A A A

A A A



 

 
 

+ 
 +

 
 
 
 

 


 

 

( )0

0

1 0

1

R

R

− 

 
 

Thus, the endemic equilibrium point of the model is stable. 
 
Sensitivity Analysis of the Diarrhea Model 
We carryout sensitivity analysis to determine those parameters that enhance the spread as 
well as those parameters that reduce the prevalence of a disease within a population 

The sensitivity index of 0R  with respect to a parameter p is given by  

 0 0

0

R

p

Rp

R p


 = 


 

Given that; 

 
( )( )2 3 1 2

0

2 1 3

A A A
R

A A A

  − − −
= −

 
The sensitivity analysis for the Diarrhea model is given below as;

 1. For  : 

 

0 1
R

 =
 

2. For : 

( ) ( )( ) ( )( )
( )( )

0
1 3 2 1 1 3

1 3

R



          

    

+ + − + + − − + +
 =

+ + +
 

3. For 1 : 

0

1

2

1 3 2

( )

( )( )

R



   

     

− + +
 =

+ + + +
 

4. For 2 : 

0

2

1 3 2( )( )

R





     
 =

+ + + +
 

5. For 3 : 
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0

3

1 3 2( )( )

R





     

−
 =

+ + + +
 

6. For : 

( )
0 2

1 3 2

( )

( )( )( )

R



    

       

− + +
 =

+ + + + +
 

7. For : 

0

2( )

R





  

−
 =

+ +
 

8. For : 

( )
0 1 3 2

1 3 2

( )

( )( )

R



      

     

− + + − + +
 =

+ + + +
 

1. For  : 

0 1
R

 =  

2. For : 
0 4.2944

R

 = −  

3. For 1 : 

0

1
1.9231

R

 = −  

4. For 2 : 

0

2
0.0014

R

 =  

5. For 3 : 

0

3
0.6154

R

 = −  

6. For : 

0 4.5792
R

 = −  

7. For : 
0 0.5186

R

 = −  

8. For : 
0 0.00001

R

 = −  
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Figure 2: Sensitivity analysis bar chart for the Diarrhea model 

 
The sensitivity analysis identifies critical parameters that impact the transmission of diarrhea. 
Parameters with positive sensitivity indices, such as human-to-human and waterborne 
contact, contribute to increased disease spread. Implementing measures to control these 
factors, including improved sanitation and minimizing exposure, can effectively reduce 
outbreaks (Agbata et al, 2024). On the other hand, parameters with negative sensitivity 
indices, such as treatment rate, indicates that prompt and efficient medical interventions play 
a crucial role in lowering disease prevalence. Strengthening healthcare infrastructure, 
improving access to treatment, and adopting proactive public health strategies such as 
enhanced sanitation and early diagnosis are vital for controlling and preventing diarrhea 
outbreaks. 
 
Implementation of Fractional Adams–Bashforth–Moulton Method  
This study adopts the approach proposed by Baskonus et al. (2015) and Diethelm et al. 
(1999). Using the fractional Adams–Bashforth–Moulton method, we derived an approximate 
solution for the fractional tuberculosis model given in Equation (6), which is now presented 
as follows: 

 ( ) ( )( ), , 0 ,w

tD X t Y t X t t =    

 
( ) ( )

( )

 00 , 1,0, ..., , .
nn

X X n X X = = =
                              (24) 

Where ( )
** * * * * 6, , , , ,A SX S E I I T R R+=   and ( )( ),K t Y t  is a real valued function that is 

continuous. 
Therefore, the following representation of equation (24) can be made using the idea of a 
fractional integral: 

 
( ) ( )

( )
( ) ( )( )

1 1

0
0

0

1
,

!

nX tn

n

t
X t X t x K x X x dx

n





− −

=

= + −


 
                      (25) 

1 2 3 4 5 6 7 8
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 Let the step size ,d N
N


=   with a grid that is uniform on   0, .  Where 

, 0,1,1,... .ct cr c N= =  Therefore, the fractional order model of  Diarrhea model presented in 

(6) can be approximated as :  

( )
( )

( )

1 0 1

1

0

( )
2

, 1 ( ) ,
2

n
n n

k S A

k
x

x Sx Ax x

x x

d S
S t S R I I S

N

Sd
dx k R I I S

N





   


   


+

=

 
= +  + − + + + 

 +  

 
+  + − + + 

 +  


 

 

( )
( )

( )

( )
( )

1 0

0

( )
2

, 1 ( ) ,
2

n
n

k S A

k
x

Sx Ax x

x

d S
E t E I I E

N

Sd
dx k I I E

N





   


   


+

=

 
= + + − + + 

 +  

 
+ + − + 

 +  


 

 

( )
( )

( ) 

( )
( ) 

1 0 1 3

1 3

0

2

, 1 ,
2

n n

Ak A A

k
n

x Ax

x

d
I t I E I

d
dx k E I





   


   


+

=

= + − + + +
 +

+ − + +
 +



 

 

( )
( )

( ) 

( )
( ) 

1 0 1 2

1 2

0

(1 )
2

, 1 (1 ) ,
2

n n n

sk s A s

k

x Ax sx

x

d
I t I E I I

d
dx k E I I





     


     


+

=

= + − + − + + +
 +

+ − + − + +
 +



 

 

( )
( )

( ) 

( )
( ) 

1 0 2 3 2

2 3 2

0

2

, 1 ,
2

n n n

k s s A

k

Sx Ax x

x

d
T t T I I T

d
dx k I I T





   


   


+

=

= + + − + +
 +

+ + − +
 +



 

 

( )
( )

( ) 

( )
( ) 

1 0 2 1

2 1

0

2

, 1 .
2

n n

k s

k

x x

x

d
R t R T R

d
dx k T R





  


  


+

=

= + − + +
 +

+ − +
 +



 

           (26) 
                      Where 

 
( ) ( ) ( ) 11

0

1
1 ( ) ,

k
x

x x Sx Ax xk
x x

S
S t e k R I I S

N
   

+
=

 
= + + − + + 
  

  

 ( ) ( ) ( ) 11
0

1
1 ( ) ,

k
x

x Sx Ax xk
x

S
E t e k I I A E

N
 

+
=

 
= + + − 
  

  

 ( ) ( ) ( )
( ) 1 31

0

1
1 ,

k
n

A x x Axk
x

I t e k E I   
+

=

= + − + +


  

 ( ) ( ) ( )
( ) 1 21

0

1
1 (1 ) ,

k

S x x Ax sxk
x

I t e k E I I     
+

=

= + − + − + +


  
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 ( ) ( ) ( )
( ) 2 3 21

0

1
1 ,

k

x Sx Axk
x

T t e k I I T   
+

=

= + + − +


  

 ( ) ( ) ( )
( ) 2 11

0

1
1 .

k

x x xk
x

R t e k T R  
+

=

= + − +


  

           (27) 
Equations (25) and (26) provided us with; 

 ( )( )1

1, , 0Kdx K k k x
  +

+ = − − + =   

 ( ) ( ) ( )
11 1

2 2 1 , 1k x k k x x k
 


++ +

− + + − − − +        

  1, 1x k= +  
And  

( ) ( )x, 1 1 , 0 .k

d
e k x k x x k


 


+

 = − + −  
   

 
The Fractional Adam-Bashforth Moulton Approach  
The fractional Adam-Bashforth Moulton approach is a powerful numerical method for 
solving differential equations, particularly those of fractional order. One of its key advantages 
is its ability to attain high-order accuracy while requiring only one additional function 
evaluation per step, making it computationally efficient compared to other numerical schemes 
(Diethelm, 2010). As a predictor-corrector method, it combines the explicit Adam-Bashforth 
predictor with the implicit Adam-Moulton corrector, ensuring greater stability and precision 
in numerical solutions (Podlubny, 1999). This characteristic makes it a preferred choice for 
handling complex systems where traditional methods may struggle to maintain accuracy. 
Moreover, the method is widely implemented in standard ordinary differential equation 
(ODE) solvers, offering the significant benefit of automatic error control. This built-in error 
management enhances the robustness of computations, reducing the risk of numerical 
instability and making the approach reliable for real-world applications (Machado et al., 2011). 

Beyond its computational efficiency and stability, the fractional Adam-Bashforth Moulton 
method is highly versatile, playing a crucial role in solving both partial and fractional-order 
differential equations across various scientific and engineering disciplines. In engineering, it 
is employed in control systems, signal processing, and fluid dynamics to model complex 
behaviors that cannot be accurately described using integer-order derivatives (Diethelm, 
2010). In chemistry, this method is instrumental in modeling reaction kinetics and diffusion 
processes that exhibit memory-dependent properties (Podlubny, 1999). Additionally, in 
medicine, fractional-order models are increasingly used to describe biological systems, such 
as the spread of infectious diseases and drug delivery mechanisms, where traditional integer-
order approaches fall short (Machado et al., 2011). The widespread applicability of the Adam-
Bashforth Moulton method highlights its significance as a fundamental tool in modern 
computational mathematics, enabling researchers and engineers to develop more precise and 
predictive models in their respective fields. 

Fractional -Order Diarrhea Model Simulations  
The numerical simulations of the fractional-order diarrhea model provide important insights 
into the disease's dynamics by incorporating the effects of memory and past states, which are 
not captured by traditional integer-order models. The use of the fractional Adams–Bashforth–
Moulton method ensures that the model yields accurate approximations while maintaining 
stability and convergence across different fractional orders.  
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Table 2. Parameters values used for simulations  

Parameter  Value  Source 

  1000.0 Akinola et al, 2021 

  0.000009 Akinola et al, 2021 

  0.500 Akinola et al, 2021 

  0.002 Acheneje et al, 2024  

1  1.00 Assumed  

2  0.700 Akinola et al, 2021 

3  0.100 Adewale et al, 2021 

  0.012 Akinola et al, 2021 

  0.01 Odeh et al, 2024 

2  0.500 Bolarinwa et al, 2024 

1  0.045 Agbata et al, 2023 
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Fig 3: surface plot of the basic reproduction number 

 

Fig 4: Surface plot and Effect of  on ( )S t  
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RESULTS AND DISCUSSION  

The surface plot in Figure 3(a),  showed  that as parameters   and  which represent the 

progression rate from exposed to infected individuals and the contact rate between 
susceptible and infected individuals increase, there is a significant rise in the basic 

reproduction number 
0

DR  for Diarrhea, surpassing one. This emphasizes how overlooking 

these factors could potentially accelerate the spread of Diarrhea within the human population.  

Figure 3(b) presents a surface plot illustrating how variations in the recovery rate 2  and the 

treatment rate for asymptomatic infected individuals 3  influence the basic reproduction 

number
0

DR . The plot shows that as both the recovery rate and treatment rate increase, 
0

DR  

reaches a peak but remains below one. This suggests that improving the recovery and 
treatment rates for affected individuals can significantly reduce the burden of Diarrhea within 
the population. 
 

Similarly, Figure 4(a) demonstrates that changing the parameters 2 and 3 , which represent 

the treatment rates for asymptomatic and symptomatic infected individuals, respectively, 

causes the basic reproduction number 0

DR for Diarrhea to peak below one. This indicates that 

increasing these two parameters can significantly help reduce the prevalence of Diarrhea 
within the population.  
 

Figure 4(b) illustrates how variations in the fractional-order derivative   affect the 

susceptible human population over time. The plot shows that as  increases, the susceptible 

population decreases. This decline is associated with the implementation of treatment 
strategies, which reduce the number of individuals at risk of contracting the disease. Figure 
5(a) shows that the exposed population initially grows but then rapidly decreases as infection 
rates rise. This indicates that, although higher infectiousness leads to a reduction in the overall 
population, individuals continue to move from the susceptible group to the exposed group. 
Figure 5(b) illustrates the dynamics of the infected human population over time, showing an 
initial decrease in the number of infected individuals. This suggests that more people are 
contracting Diarrhea as they transition from the exposed group. However, as these 
individuals move into the asymptomatic infection class, the total number of infected 
individuals begins to decline. However, Figure 6(a) shows that the number of symptomatic 
infected individuals with Diarrhea continues to decrease over time, further indicating 
progress in reducing the disease burden. Figure 6(b) shows an increase in the treatment 
population, reflecting the transition of individuals from the infected class to the treatment 
class. In Figure 7(a), there is a steady increase in the number of recovered individuals, 
highlighting the effectiveness of treatments administered by healthcare personnel. This 
underscores the crucial role of establishing robust Diarrhea treatment facilities by 
governmental authorities to control the spread of the disease within the population. 
Additionally, Figure 7(b) shows a continuous increase in the cumulative new cases of 
Diarrhea, influenced by fluctuations in the Diarrhea infection rate. 
 
CONCLUSION 
This study develops a mathematical model to understand diarrhea transmission dynamics, 
considering factors like contact rates, disease progression, treatment efficacy, and recovery. 
Using nonlinear differential equations and fractional-order derivatives, it captures complex 
transmission patterns and memory effects.  Findings show that higher progression and 
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contact rates increase the basic reproduction number ( 0

DR .), accelerating disease spread. 

However, improving recovery and treatment rates for asymptomatic and symptomatic cases 

helps reduce 0

DR ., controlling the infection. Enhanced treatment for both infected groups 

effectively lowers diarrhea prevalence, while treatment strategies reduce susceptible 
individuals, limiting new infections. The study highlights that initial exposure rises but 
declines with effective intervention. Public health measures like better sanitation, clean water 
access, environmental management, and hygiene education are critical. Strengthening 
healthcare infrastructure and providing timely treatment further curb disease spread and 
mortality. Numerical simulations suggest that integrating treatment, public health policies, 
and environmental strategies is key to reducing diarrhea transmission. A comprehensive 
approach involving prevention, early treatment, and community health initiatives can 
significantly lower morbidity and mortality rates. 
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