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Abstract 

Fractional calculus enhances the knowledge of biological systems by enabling fractional differential 
equations (FDEs) to encapsulate the historical evolution of functions, offering a more nuanced approach 
than integer-order derivatives, which struggle to capture the diverse tendencies in tumor growth among 
cancer patients. This study investigates a mathematical model comprising five cell populations, 
utilizing fractional-order derivatives to depict the dynamics between immunotherapy and a drug 
variable as a dynamic system. Numerical simulations are conducted across various fractional order 
values of 𝛼, with a focus on analyzing their impact on cancer endpoints. By adjusting the fractional 
derivative to align with real-world data, the model can be tailored to individual tumor progressions, 
facilitating the development of more reliable models to assist physicians in determining optimal dosages. 
The findings advocate for a combination therapy of immunotherapy and chemotherapy (chemo-
immunotherapy) for cancer patients, recommending targeted chemotherapy over traditional methods to 
minimize adverse effects. Based on the study, maintaining the model order at 𝛼 = 0.65 is suggested to 
achieve the best therapeutic outcomes. 
 
Keywords: Fractional-order derivatives, Tumor dynamics, Immunotherapy, Chemotherapy, 
Optimal dosage. 
 
 
INTRODUCTION  
Cancer is a complex disease that is one of the leading causes of death globally and a major 
public health concern (Tabassum, Rosli, and Mazalan, 2019). The name itself is commonly 
used to refer to over 100 distinct diseases. Vieira, Costa, and Valério (2023) claim that they are 
all connected to the body's abnormal cells' uncontrolled development and spread, which 
results from a malfunction in the biological controls that regulate cell division. This indicates 
that despite food or space limitations, the cells continue to grow and proliferate uncontrolled. 
Vieira, Costa, and Valério (2023) claim that this occurrence leads to the development of what 
are referred to as malignant or cancerous tumors. Unlike benign tumors, these can extend 
their dysfunction from a primary tumor to neighboring normal tissues, leading them to be 
invaded and destroyed (locally invasive cancer), or they might move their cells to other tissues 
in the body, far from the primary tumor (metastatic cancer). Certain benign tumors have the 
potential to develop into cancer, just like in certain cases of adenoma and leiomyoma. Tumors 
should not be thought of as a group of altered cells growing in isolation because they interact 
with and change their physical microenvironment (Basanta and Anderson, 2017). Rather, they 
ought to be viewed as a part of a broader ecosystem in which they actively oppose and 
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obstruct a complex cellular community's attempts to preserve homeostasis (Anderson and 
Maini, 2018). To stop cancer from killing a patient if treatment is not received, clinical 
procedures such as surgery, chemotherapy, radiation, immunotherapy, and others are 
required (Vieira, Costa, and Valério, 2023). 
 
Male lung, prostate, and colon cancer as well as female lung, breast, and colon cancer are the 
top causes of death. Even though the cause of cancer is still unknown, there have been 
encouraging prospects for oncological understanding since it has become clear that many 
biological problems require methods and techniques that require not only traditionally 
applied mathematics but also pure mathematics, statistics, and computation. This is because 
cancer research heavily relies on mathematics (Anderson and Maini, 2018).  
 
The importance of mathematics in cancer research has thus continued to grow through the 
discipline of mathematical oncology, regardless of the theoretical ways in which it expresses 
its significance (Rockne, Hawkins-Daarud, Swanson, Sluka, Glazier, Macklin, and Scott, 2019). 
This is because biological modeling, control, and optimization theory has advanced quickly 
and has the potential to be used in future medical advancements (Dogra, Butner, Chuang, 
Caserta, Goel, Brinker, Cristini, and Wang, 2019). 
 
Özköse, Şenel, and Habbireeh (2021) introduced a fractional-order mathematical model that 
describes the employment of stem cells and chemotherapy to cure cancer. To examine the 
effects of altering the fractional order derivative and to examine the system's behavior, the 
authors created the figures for a range of α values. It has been noted that when α decreases 
from 1, the cells arrive at the equilibrium locations faster. Additionally, when examining the 
impacts of the memory trace, it was found that there is no memory effect for α = 1. Rehman, 
Ahmad, Hassan, Awrejcewicz, Pawlowski, Karamti, and Alharbi (2022) examined the use of 
the reduced differential transform method (RDTM) for the computer solutions of two 
fractional-order cancer tumor models in the Caputo sense. Fractional and reduced differential 
transform techniques are used to analyze the solutions in order to obtain a sense of invariance 
with regard to the computed solution of the created mathematical model. The results 
demonstrate the accuracy and efficacy of the proposed method in advancing our 
understanding of chemotherapy's effects. It has been demonstrated that chemotherapy drugs 
decrease the number of tumor cells and, in accordance with the concentration of cancerous 
cells, the death rate K of those cells. Amilo, Sadri, Kaymakamzade, and Hincal (2024) 
investigated the intricate dynamics of metastatic colorectal cancer using a fractional-order 
model. The results indicate that for metastatic colorectal cancer to be effectively treated, 
immunotherapy and surgery must be combined. These investigations allow for a detailed 
examination of the effects of fractional-order parameters on immune system interactions, 
tumor formation, and treatment outcomes. 
 
The need to gain a deeper understanding of the intricate dynamics of cancer growth and 
therapy response is what spurred this investigation. Because fractional-order models may 
simulate long-term dependencies and anomalous diffusion, they can better capture the 
memory-dependent and non-local phenomena seen in biological systems like tumor growth, 
which are frequently missed by traditional integer-order models. This study intends to 
investigate how combined therapies, such immunotherapy and chemotherapy, interact 
within a fractional-order framework in order to optimize cancer control tactics and possibly 
improve patient outcomes. In order to provide a thorough and dynamic depiction of tumor-
immune interactions and therapeutic interventions, the model presented in this work 
integrates five different compartments: cancer cells, healthy cells, effector-immune cells at the 
tumor site, lymphokine (IL-2) concentration, and drug concentration. 
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METHODOLOGY 
The Model  
In this model, we incorporate the following features: 
 
Immune response: The model has immune cells that may kinetically eliminate tumor cells 
and whose growth may be triggered by the tumor or a stimulant (in this example, IL-2). It is 
not always the case that a tumor that can be detected in a system has totally eluded active 
immunosurveillance. Even though a tumor is immunogenic, it is likely that the immune 
system's reaction alone will not be enough to stop the tumor cell population's rapid expansion 
and eventual transformation into a tumor. 
 
Competition terms: Normal cells and tumor cells compete for resources, while immune cells 
and tumor cells compete with one another as predators and prey. Furthermore, interactions 
between normal and tumor cells may result in immune cells becoming dormant or tumor cells 
dying. 
 
Chemotherapy agent (drug) term: We also included drug use as a control strategy in the 
model. We also include the drug's impact on the system. Although the kill rate varies 
depending on the type of cell, we think that the medicine can kill all cell types. 
 
IL-2 term: Biologic response modifiers (BRMs) include IL-2. BRMs alter how the body reacts 
to cancerous cells. T lymphocytes and natural killer cells are two examples of the immune 
system's various blood components that are produced in greater quantities when IL-2 is 
present. Additionally, it might enhance the performance of other immune system cells, 
including tumor-infiltrating lymphocytes and lymphokine-activated killer cells. This aids the 
body's defense against cancer. The body naturally creates a protein called interleukin-2, of 
which IL-2 is a synthetic variant. In 1992, it received approval to treat cancer. We assume a 
homogenous malignancy and concentrate on tissue close to the cancer site. 
 
The Model Equations 
 The total cell population consists of the following: 
𝑇(𝑡): The cancer cells population at time, t. 
𝐻(𝑡): The healthy host cells population at time, t. 
𝐸(𝑡): The concentration of effector-immune cells at the tumor site compartment at time, t. 
𝐼( 𝑡): Lymphokine (IL-2) concentration in the neighbourhood of cancer cells and normal cells. 
𝑈(𝑡): The drug concentration at the tumor site. 
The goal is to explain how these cells compete and interact with one another. In essence, the 
Volterra–Lotka type of prey–predator models serve as the basis for cancer models that 
integrate interacting cell populations (Mahdy, 2024). 
 
Assumptions 
In constructing the model, the following assumptions were made:  

1. If treatment or death did not intervene, the tumor would approach a limiting cell 
number, the host's carrying capacity. 

2. Cancer cells proliferate faster than healthy cells. 
3. A single tumor site compartment was considered. 
4. The genetic alterations that lead to transformation are not included in the model. 
5. The model focuses on the population interactions at the microscopic scale that take 

place just next to the tumor-host interface. 
The cancer model is given by the following system of ordinary differential equations: 
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𝑑𝑇

𝑑𝑡
=  𝜉𝑇 (1 −

𝑇

𝑘1
) + (𝑚1 −  𝛽)𝑇𝐻 − 𝛾𝑇𝐸 − 𝜇𝑇𝑈 − 𝜌𝑇 

𝑑𝐻

𝑑𝑡
= 𝜏𝐻 (1 −

𝐻

𝑘2
) −  (𝜎 + 𝑚1)𝑇𝐻 − 𝜙𝐻𝑈 − 𝜔𝐻 

𝑑𝐸

𝑑𝑡
= 𝜓𝐸𝐼 + ( − 𝜈)𝑇𝐸 − 𝑑1𝐸 

𝑑𝐼

𝑑𝑡
=  𝑆1𝑇𝐸 + 𝑆2 − 𝑑2𝐼 

𝑑𝑈

𝑑𝑡
= 𝑉 − 𝑑4𝑈                                                  (1) 

With the following initial conditions: 𝑇(0) = 𝑛1 , 𝐻(0) = 𝑛2, 𝐸(0) = 𝑛3, 𝐼(0) = 𝑛4, 𝑈(0) = 𝑛5   
 
Description of the model equations   
The first equation describes how quickly the cancer cells change after a logistic growth, which 
is a kind of limited growth. The tumor cell growth rate is represented by the parameter 𝜉. The 
biological environment's maximum carrying capacity for tumor cells is 𝑘1, and the tumor cells' 
recruitment rate of healthy cells is 𝑚1. When tumor cells interact with healthy cells, their death 
rate is represented by 𝛽. The tumor cell mortality rate due to contact with immune cells is 
denoted by 𝛾. μ is the rate at which the tumor cells are eliminated by the chemotherapeutic 
drug. The rate of natural death of tumor cells is denoted by 𝜌.  
 
The second equation describes the healthy (normal) cells' rate of change, which likewise 
follows a logistic growth pattern. The maximum carrying capacity of the biological 
environment for healthy cells is denoted by 𝑘2, while 𝜏 represents the rate of growth of healthy 
cells. The death rate of the healthy cells due to contact with malignant cells is denoted by 𝜎. 
The natural death rate of normal cells is denoted by 𝜔, while the rate at which the 
chemotherapy agent is destroying them is denoted by 𝜙. 
 
The third equation explains how quickly the population of activated immune cells is 
changing. The pace at which immune cells proliferate following IL-2 stimulation is indicated 
by the metric 𝜓. 𝜃 is the tumor's antigenicity rate, or the immunological reaction brought on 
by the tumor's presence? 𝜈 is the tumor cells' deactivation of the immune effector cells? The 
immune cells' natural death rate is given by 𝑑1.   
 
The fourth equation provides the rate at which the IL-2 concentration is changing. Its origin 
is the immune cells, which are triggered at the rate 𝑆1 by interaction with the tumor. 𝑆2 is IL-
2's external input into the system, and 𝑑2 is its loss-rate parameter. 
 
The fifth equation explains the rate at which the chemotherapeutic agent's concentration at 
the tumor location changes. V represents the drug's external input into the system, and 𝑑4 is 
the drug's per capita rate of decay after injection. All of the drug's elimination mechanisms 
are included in the degradation rate.  
 
Definition and preliminaries 
Integration and differentiation of fractional order are extensions of their integer order 
equivalents. Euler's Gamma function, defined by the integral,  

𝛤(𝑧) = ∫ 𝑒−𝑡𝑡𝑧−1𝑑𝑡
∞

0
  

which converges in the complex plane’s right half, that is 𝑅𝑒(𝑧) >  0 is one of the major 
operations of fractional calculus. Three of the most used definitions of fractional derivatives 
are the Grünwald-Letnikov, Riemann Liouville and Caputo definitions according to 
Podlubny (1998). The definition in the Caputo sense is used in this work.  
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For 𝑓(𝑥) of order 𝛼 > 0 with 𝑎 ≥ 0, the Caputo fractional derivative is defined by the 
following 

𝐷∝𝑓(𝑥) =
1

𝛤(𝑚 − 𝛼)
∫

𝑓𝑚(𝑡)

(𝑥 − 𝑡)∝+1−𝑚
𝑑𝑡,

𝑥

𝑎

 

for 𝑚 − 1 <∝< 𝑚, 𝑤ℎ𝑒𝑟𝑒 𝑚 𝑖𝑠 𝑎 𝑛𝑎𝑡𝑢𝑟𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟 𝑎𝑛𝑑 𝑥 ≥ 𝑎 (Abu-Shady and Kaabar, 2021). 
Similar to the integer-order differential equations, the initial conditions for the fractional-
order DEs with Caputo's derivatives take the same form.  
 
Fractional order cancer model 
Fractional-order will now be added to the model system (1). The following set of FDEs of 
order 𝛼, 0 < 𝛼 < 1, characterizes the new system. 

𝐷𝛼(𝑇) =  𝜉𝑇 (1 −
𝑇

𝑘1
) + (𝑚1 −  𝛽)𝑇𝐻 − 𝛾𝑇𝐸 − 𝜇𝑇𝑈 − 𝜌𝑇    

𝐷𝛼(𝐻) = 𝜏𝐻 (1 −
𝐻

𝑘2
) −  (𝜎 + 𝑚1)𝑇𝐻 − 𝜙𝐻𝑈 − 𝜔𝐻        

𝐷𝛼(𝐸) = 𝜓𝐸𝐼 + ( − 𝜈)𝑇𝐸 − 𝑑1𝐸                                                     (2) 
𝐷𝛼(𝐼) =  𝑆1𝑇𝐸 + 𝑆2 − 𝑑2𝐼               
𝐷𝛼(𝑈) = 𝑉 − 𝑑4𝑈                         
𝑇(0) = 𝑛1 , 𝐻(0) = 𝑛2, 𝐸(0) = 𝑛3, 𝐼(0) = 𝑛4, 𝑈(0) = 𝑛5   
 
Positivity and boundedness of solutions 
𝑇(𝑡), 𝐻(𝑡), 𝐸(𝑡), 𝐼(𝑡) 𝑎𝑛𝑑 𝑈(𝑡) of the model with positive initial data will remain positive for 
all time 𝑡 > 0. 
 
Proof 

Let 𝑡𝑓 = 𝑠𝑢𝑝{𝑡 > 0: 𝑇(𝑡) > 0, 𝐻(𝑡) > 0, 𝐸(𝑡) > 0, 𝐼(𝑡) > 0 𝑎𝑛𝑑 𝑈(𝑡) > 0 ∈ [0, 𝑡𝑓]}. Hence, 𝑡𝑓 > 0. 

For the fractional-order system with Caputo derivative 𝐷𝛼(0 < 𝛼 < 1), the solution can be 
expressed using the Mittag-Leffler function. 
From the first equation of the model: 

𝐷𝛼(𝑇) =  𝜉𝑇 (1 −
𝑇

𝑘1
) + (𝑚1 −  𝛽)𝑇𝐻 − 𝛾𝑇𝐸 − 𝜇𝑇𝑈 − 𝜌𝑇 ≥ −𝜌𝑇    

The solution to the fractional differential equation 𝐷𝛼(𝑇) = −𝑎𝑇 (where 𝑎 = 𝜌 is the dominant 
negative coefficient) with initial condition 𝑇(0) = 𝑛1 ≥ 0 is given by: 
𝑇(𝑡) = 𝑛1𝐸𝛼(−𝜌𝑡𝛼) 

Where 𝐸𝛼(𝑧) = ∑
𝑧𝑘

𝛤(𝛼𝑘+1)
∞
𝑘=0  is the Mittag-Leffler function, and for 𝑧 = −𝜌𝑡𝛼 with 𝜌 >

0, 𝐸𝛼(−𝜌𝑡𝛼) > 0 for all 𝑡 ≥ 0 since the Mittag-Leffler function decays but remains positive for 
non-integer initial conditions in such systems.  
Thus,  
𝑇(𝑡𝑓) ≥ 𝑛1𝐸𝛼(−𝜌𝑡𝛼) > 0 

Similarly, the remaining state variables 𝐻(𝑡) > 0, 𝐸(𝑡) > 0, 𝐼(𝑡) > 0 𝑎𝑛𝑑 𝑈(𝑡) > 0 for all time 
𝑡 > 0. Hence, all the solutions of model (2) remain positive for all non-negative initial 
conditions.  
 
Invariant region 
An invariant region is a set in the phase space such that if the initial condition lies within it, 
the solution remains in that set for all 𝑡 ≥ 0. For fractional-order systems, the analysis is more 
involved due to the memory effect, but we can adapt the approach used for integer-order 
systems by considering the bounds implied by the equations. From the previous analysis 
using the Mittag-Leffler function, we established that solutions remain non-negative if initial 
conditions are non-negative. Thus, the first invariant region is: 

𝛺1 = {(𝑇, 𝐻, 𝐸, 𝐼, 𝑈) ∈ 𝑅+
5 : 𝑇 ≥ 0, 𝐻 ≥ 0, 𝐸 ≥ 0, 𝐼 ≥ 0, 𝑈 ≥ 0} 
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To find the bounded invariant region, we consider the total population 𝑁 = 𝑇 + 𝐻 + 𝐸 + 𝐼 +
𝑈. Deriving the bounds for each variable, we have that: 
Bound for 𝑼(𝒕): From 𝐷𝛼(𝑈) = 𝑉 − 𝑑4𝑈,  

When  𝐷𝛼(𝑈) = 0, 𝑈 =
𝑉

𝑑4
. Since 𝐷𝛼(𝑈) ≤ 𝑉 when U is large, 𝑈(𝑡) is bounded above by 

𝑉

𝑑4
+∈ 

for some small ∈> 0 depending on initial conditions and 𝛼. Thus, 0 ≤ 𝑈(𝑡) ≤ 𝑈𝑚𝑎𝑥, where 

𝑈𝑚𝑎𝑥 =
𝑉

𝑑4
+ 𝛿  

Bound for 𝑰(𝒕): 𝐷𝛼(𝐼) =  𝑆1𝑇𝐸 + 𝑆2 − 𝑑2𝐼, if 𝑇 and 𝐸 are bounded, the maximum growth is 

limited. When 𝐷𝛼(𝐼) = 0, 𝐼 =
𝑆1𝑇𝐸+𝑆2

𝑑2
.  

Assuming 𝑇 ≤ 𝑘1 and 𝐸 is bounded, 𝐼(𝑡) =
𝑆1𝑘1𝐸𝑚𝑎𝑥+𝑆2

𝑑2
. Let 𝐼𝑚𝑎𝑥 =

𝑆1𝑘1𝐸𝑚𝑎𝑥+𝑆2

𝑑2
+ 𝛿. 

Bound for 𝑬(𝒕): From 𝐷𝛼(𝐸) = 𝜓𝐸𝐼 + ( − 𝜈)𝑇𝐸 − 𝑑1𝐸, 𝐷𝛼(𝐸) = 0 gives 𝐸 =
𝜓𝐼+(−𝜈)𝑇

𝑑1
. If 𝐼 ≤

𝐼𝑚𝑎𝑥 and 𝑇 ≤ 𝑘1, then 𝐸 ≤
𝜓𝐼𝑚𝑎𝑥+(−𝜈)𝑘1

𝑑1
. Let 𝐸𝑚𝑎𝑥 =

𝜓𝐼𝑚𝑎𝑥+(−𝜈)𝑘1

𝑑1
+ 𝛿                      

Bound for 𝑻(𝒕): The term 𝜉𝑇 (1 −
𝑇

𝑘1
) suggest a logistic bound. The maximum growth occurs 

when 𝑇 =
𝑘1

2
, and loss terms −(𝑚1 − 𝛽)𝑇𝐻 − 𝛾𝑇𝐸 − 𝜇𝑇𝑈 − 𝜌𝑇 depend on 𝐻, 𝐸, 𝑈. If these three 

are bounded, then 𝑇(𝑡) ≤ 𝑘1 + 𝛿 

Bound for H(t): Similarly, 𝜏𝐻 (1 −
𝐻

𝑘2
) limits 𝐻 ≤ 𝑘2, with additional losses.  

Thus, 𝐻(𝑡) ≤ 𝑘2 + 𝛿 
We now construct the invariant region as follows. 
The total bound 𝑁𝑚𝑎𝑥 = 𝑇𝑚𝑎𝑥 + 𝐻𝑚𝑎𝑥 + 𝐸𝑚𝑎𝑥 + 𝐼𝑚𝑎𝑥 + 𝑈𝑚𝑎𝑥 where  

𝑇𝑚𝑎𝑥 = 𝑘1 + 𝛿, 𝐻𝑚𝑎𝑥 =  𝑘2 + 𝛿, 𝐸𝑚𝑎𝑥 =
𝜓𝐼𝑚𝑎𝑥 + ( − 𝜈)𝑘1

𝑑1
+ 𝛿, 𝐼𝑚𝑎𝑥 =

𝑆1𝑘1𝐸𝑚𝑎𝑥 + 𝑆2

𝑑2
+ 𝛿, 

𝑈𝑚𝑎𝑥 =
𝑉

𝑑4
+ 𝛿  

The invariant region is: 

𝛺 = {(𝑇, 𝐻, 𝐸, 𝐼, 𝑈) ∈ 𝑅+
5 : 0 ≤ 𝑇 ≤ 𝑘1 + 𝛿, 0 ≤ 𝐻 ≤ 𝑘2 + 𝛿, 0 ≤ 𝐸 ≤ 𝐸𝑚𝑎𝑥 , 0 ≤ 𝐼 ≤ 𝐼𝑚𝑎𝑥 , 0 ≤ 𝑈

≤ 𝑈𝑚𝑎𝑥} 
 
Equilibrium points and the stability analysis 
To understand the dynamics of the model system (2), first we will find the equilibrium points 
of the system. The system contains two equilibrium points namely: 

• Cancer-free equilibrium point 𝐸0 and  

• Cancer-infection equilibrium point 𝐸̅ 
 
Stability of fractional order differential equations 
Consider the following system 
𝐷𝛼𝑥(𝑡) = 𝑓(𝑥, 𝑦), 𝐷𝛼𝑦(𝑡) = 𝑔(𝑥, 𝑦),         𝑤𝑖𝑡ℎ 𝛼 ∈  [0,1)………………………… (3) 
given that the fractional derivative in (1) is in the Caputo sense. The equilibrium solutions of 

the FDEs are defined by 𝑓(𝑥𝑒𝑞 , 𝑦𝑒𝑞) = 0 and 𝑔(𝑥𝑒𝑞 , 𝑦𝑒𝑞) = 0 respectively, and the system is 

locally asymptotically stable (L.A.S) if all of the eigenvalues of the following Jacobian-matrix   

𝐴 = (
𝑓𝑥 𝑓𝑦

𝑔𝑥 𝑔𝑦
) 

evaluated at the equilibrium points satisfy the following condition: 

|arg(𝜆)| >
𝛼𝜋

2
.                                 

(Ahmed, Hashish and Rihan, 2012) 
 
 
 



Analysis of a Fractional-Order Cancer Model Incorporating Combined Therapeutic Approaches   

P. Adejoh, O. N. Emmanuel, A. E. Ada, DUJOPAS 11 (3d): 216-231, 2025                                                       222 
 

Cancer-free equilibrium point 𝑬𝟎 
In the absence of cancer, that is 𝑇 = 0, the model system (2) has a unique cancer-free 
equilibrium point which we obtain as follows: 
We first set 𝑇 = 𝐸 = 𝐼 = 𝑈 = 0 and then obtain the value of 𝐻. 

Therefore, 𝐷𝛼𝐻 = 𝜏𝐻 {1 −
𝐻

𝐾2
} − 𝜔𝐻 = 0 

                 ⇒ 𝜏𝐻 {1 −
𝐻

𝐾2
} − 𝜔𝐻 = 0 

Making 𝐻 the subject, we have that 

𝐻 =
𝐾2(𝜏 − 𝜔)

𝜏
 

Therefore, we obtain the cancer-free equilibrium point as: 

𝐸0 = (0,
𝐾2(𝜏 − 𝜔)

𝜏
, 0, 0, 0) 

 
Local stability of cancer-free equilibrium point 
In this section, we impose sufficient conditions for our cancer hypothesis. In order for the 
healthy cells to win the competition against the cancer cells, 𝐸0 has to achieve local asymptotic 
stability.  
The associated Jacobian-matrix for the proposed model, is given as  

𝐽 =

T T T T T

T H E I U

H H H H H

T H E I U

E E E E E

T H E I U

I I I I I

T H E I U

U U U U U

T H E I U

     
     
 
     

     
 
     

     
     
 
     

     
 
     

 

Substitution gives 
𝐽
=

( ) ( )

( ) ( )

( ) ( )

1 1

1

1 1

2

1

1 1 2

4

0

0 0

0 0

2
1  

2
1

0 0

0 0 0 0

T
m H E U m T T T

K

H
m H m T U H

K

E I T d E

S E S T d

d

       

     

     

 
− + − − − − − − − 

 

 
− + − − + − − − 

 

− + − −

−

 
 
 
 
 
 
 
 
 
 


− 


 

Evaluating this Jacobian-matrix at the cancer-free equilibrium point, we get 
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𝐽(𝐸0) =

( )
( )

( )
( ) ( )

2 1

2 1 2

1

2

4

0 0 0

0

0

0 0

0 0

0 0 0 0

0 0

0

0 0

K m

K m K

d

d

d

 
  



   
   

 

−
+ − −

− −
− + − −

−

−

 
 
 
 
 
 
 
 
 


− 


 

We now find the eigenvalues of the Jacobian-matrix as follows: 

|𝐽 − 𝜆𝐼| =

( )
( )

( )
( ) ( )

2 1

2 1 2

1

2

4

0

0 0

0

0 0 0

0 0 0

0 0 0 0

0 0 0 0

K m

K m K

d

d

d

 
   



   
   












−
+ − − −

− −
− + − − −

−

−

 
 
 
 
 
 

− 
 

−



−

−

 

This produces the following eigenvalues: 
λ1 = −d4 
λ2 = −d2 
λ3 = −d1 
λ4 = ω − τ 

λ5 = 𝜉 + 𝐾2(𝑚1 − 𝛽)
(𝜏−𝜔)

𝜏
− ρ  

Let 𝑅 = 𝜉 + 𝐾2(𝑚1 − 𝛽)
(𝜏−𝜔)

𝜏
 

⇒ λ5 = R − ρ 
The following theorem follows from this analysis:  
Theorem 2.1 
The cancer-free equilibrium point 𝐸0 is locally asymptotically stable (L.A.S) if and only if the 
following conditions are met: 

1. The death rate of healthy cells (𝜔) is less than its growth rate (𝜏). That is,  ω < 𝜏 

2. 𝑅 = (𝜉 + 𝐾2(𝑚1 − 𝛽)
(𝜏−𝜔)

𝜏
) <  ρ  

 
Cancer-infection equilibrium point    

The cancer-infection equilibrium point correspond to the case where cancer persists that 
is 𝑇 ≠ 0. 

      To obtain the cancer free equilibrium point, we first set   
𝐷𝛼𝑇 = 𝐷𝛼𝐻 = 𝐷𝛼𝐸 = 𝐷𝛼𝐼 = 𝐷𝛼𝑈 = 0   
and then express each class in terms of its parameters. Doing this we have the following: 

𝜉 (1 −
𝑇

𝑘1
) + (𝑚1 −  𝛽)𝐻 − 𝛾𝐸 − 𝜇𝑈 − 𝜌 = 0 … … … … … … … … … … … … (4)    

 

𝜏 (1 −
𝐻

𝑘2
) −  (𝜎 + 𝑚1)𝑇 − 𝜙𝑈 − 𝜔 = 0 … … … … … … … … … … … … … … . (5)     

    
𝜓𝐼 + ( − 𝜈)𝑇 − 𝑑1 = 0 … … … … … … … … … … … … … … … … … … … … … (6)      
                
𝑆2 +  𝑆1𝑇𝐸 − 𝑑2𝐼 = 0 … … … … … … … … … … … … … … … … … … … … … … . (7)    
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𝑉 − 𝑑4𝑈 = 0 … … … … … … … … … … … … … … … … … … … … … … … … … … . (8)  
     
(8) Implies that 

𝑈∗ =
𝑉

𝑑4
                                                                                                                     (9) 

 

From (6), we have   𝐼 =
𝑑1−(𝜃−𝜈)𝑇

𝜓
     … … … … … … … … … … … … … … … . . (10)  

 

From (7), we have 𝐼 =
𝑆2+𝑆1𝑇𝐸

𝑑2
… … … … … … … … … … … … … … … … … … . (11) 

 
Combining (10) and (11) and making 𝐸 the subject of the formula, we have 

𝐸 =
𝑑1𝑑2 − 𝜓𝑆2 − (𝜃 − 𝜈)𝑑2𝑇

𝜓𝑆1𝑇
                                                                           (12) 

 
Plugging (12) into (4) gives  

ξ{1 −
𝑇

𝐾1
} + (𝑚1 − 𝛽)𝐻 − 𝛾 {

𝐵−(𝜃−𝜈)𝑑2𝑇

𝜓𝑆1𝑇
} −

𝜇𝑉

𝑑4
− 𝜌 = 0  𝑤ℎ𝑒𝑟𝑒 𝐵 = 𝑑1𝑑2 − 𝜓𝑆2 

After making 𝐻 the subject of the relation, we have 

𝐻 =
1

(𝑚1 − 𝛽)
{

𝛾𝐵 − (𝜃 − 𝜈)𝛾𝑑2𝑇

𝜓𝑆1𝑇
} +

𝜇𝑉

𝑑4
+ 𝜌 − ξ {1 −

𝑇

𝐾1
}                       (13) 

 
Substituting (13) into (5) gives  

𝜏 −
𝜏

𝐾2(𝑚1 − 𝛽)
{
𝛾𝐵 − 𝐶𝑇

𝜓𝑆1𝑇
+ 𝐷 − ξ {1 −

𝑇

𝐾1
}} − (𝜎 + 𝑚1)𝑇 −

𝜙𝑉

𝑑4
− 𝜔 = 0 

𝑤ℎ𝑒𝑟𝑒 𝐶 = (𝜃 − 𝜈)𝛾𝑑2 𝑎𝑛𝑑 𝐷 =
𝜇𝑉

𝑑4
+ 𝜌 

Clearing the brackets, multiplying all through by 𝑇 and rearranging gives 

⇒
𝜉𝜏𝑇2

𝐾1𝐾2(𝑚1 − 𝛽)
+ {(𝜎 + 𝑚1 − 𝜏) +

𝜏𝐷 − 𝜉𝜏

𝐾2(𝑚1 − 𝛽)
−

𝜏𝐶

𝐾2𝜓𝑆1(𝑚1 − 𝛽)
} 𝑇 + (

𝜙𝑉

𝑑4
+ 𝜔) = 0 

Let 𝐸 = {(𝜎 + 𝑚1 − 𝜏) +
𝜏𝐷−𝜉𝜏

𝐾2(𝑚1−𝛽)
−

𝜏𝐶

𝐾2𝜓𝑆1(𝑚1−𝛽)
} 

This gives 𝑇2 +
𝐸𝐾1𝐾2(𝑚1−𝛽)

𝜉𝜏
𝑇 = −

[𝐾1𝐾2(𝑚1−𝛽)][𝜙𝑉+𝑑4𝜔]

𝜉𝜏𝑑4
 

Completing the squares on both sides and making 𝑇 the subject of the formula gives 

𝑇∗ = √
𝑑4[𝐸𝐾1𝐾2(𝑚1 − 𝛽)]2 − 4𝜉𝜏[𝐾1𝐾2(𝑚1 − 𝛽)][𝜙𝑉 + 𝑑4𝜔]

4𝜉2𝜏2𝑑4
−

𝐸𝐾1𝐾2(𝑚1 − 𝛽)

2𝜉𝜏
           (14) 

 

Which is the value of 𝑇 in terms of the parameters only. 
From (5), we obtain 

𝐻 =
𝐾2

𝜏
{𝜏 − (𝜎 + 𝑚1)𝑇 − 𝜙𝑈 − 𝜔} = 0            

(15) 
Substituting the values of 𝑈 𝑎𝑛𝑑 𝑇 into (15) gives 

𝐻∗ =
𝐾2

𝜏
{𝜏 − (𝜎 + 𝑚1) [√

𝑑4[𝐸𝐾1𝐾2(𝑚1 − 𝛽)]2 − 4𝜉𝜏[𝐾1𝐾2(𝑚1 − 𝛽)][𝜙𝑉 + 𝑑4𝜔]

4𝜉2𝜏2𝑑4

−
𝐸𝐾1𝐾2(𝑚1 − 𝛽)

2𝜉𝜏
    ] −

𝜙𝑉

𝑑4
− 𝜔} 

We recall from (10) that 
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𝐼 =
𝑑1 − (𝜃 − 𝜈)𝑇

𝜓
 

Substituting the value of 𝑇∗ from (14) into this gives  

𝐼∗ =
1

𝜓
{𝑑1 − (𝜃 − 𝜈) [√

𝑑4[𝐸𝐾1𝐾2(𝑚1−𝛽)]2−4𝜉𝜏[𝐾1𝐾2(𝑚1−𝛽)][𝜙𝑉+𝑑4𝜔]

4𝜉2𝜏2𝑑4
−

𝐸𝐾1𝐾2(𝑚1−𝛽)

2𝜉𝜏
 ]}   

And finally, from (12), obtain 𝐸∗ is obtained as  

𝐸∗ =
𝑑1𝑑2 − 𝜓𝑆2 − (𝜃 − 𝜈)𝑑2𝑇∗

𝜓𝑆1𝑇∗
 

Where 𝑇∗ has been given in (14). 
 
 
Local stability of cancer-infection equilibrium point 
To examine the local stability of the cancer-infection equilibrium (𝐸∗), we consider the 
linearised form of the proposed model (2) at 𝐸∗. Below is the Jacobian-matrix evaluated at 𝐸∗: 

𝐽(𝐸∗) =

( )
( )
( )

* * *

1

* *

1

* *

* *

1 1 2

4

0

0 0

0 0

0 0

0 0 0 0

M m T T T

m H N H

E E

S

Q

S E T d

d

  

 

  

 
 
 
 
 
 


− − −

− + −

−

 

−

− 

 

Where  

𝑀 = 𝜉 {1 −
2𝑇∗

𝐾1
} + (𝑚1 − 𝛽)𝐻∗ − 𝛾𝐸∗ − 𝜇𝑈∗ − 𝜌 

𝑁 = 𝜏 {1 −
2𝐻∗

𝐾2
} − (𝜎 + 𝑚1)𝑇∗ − 𝜙𝑈∗ − 𝜔 

𝑄 = 𝜓𝐼∗ + (𝜃 − 𝜈)𝑇∗ − 𝑑1 

We now obtain the eigenvalues for the Jacobian matrix, 𝐽(𝐸∗). Now, 
 

𝐽(𝐸∗ − 𝜆𝐼) =

( )
( )
( )

* * *

1

* *

1

* *

* *

1 1 2

4

0

0 0

0 0

0 0

0 0 0 0

M m T T T

m H N H

E E

S E S T

d

Q

d

   

  

  





 
 
 
 −
 

− 
 −

− − − −

− 

− + − −

−

−
 

The linearized system's characteristic equation is then 

𝜆5 + 𝑎1𝜆4 + 𝑎2𝜆3 + 𝑎3𝜆2 + 𝑎4𝜆 + 𝑎5 = 0 
Where  
𝑎1 = 𝑑4 + 𝑑2 − 𝑄 − (𝑀 + 𝑁) 
𝑎2 = 𝑑2𝑑4 − 𝑑4𝑄 − 𝑑4(𝑀 + 𝑁) − 𝑑2𝑄 − 𝑑2(𝑀 + 𝑁) + 𝑄(𝑀 + 𝑁) + 𝑀𝑁

+ (𝜎 + 𝑚1)(𝑚1 − 𝛽)𝐻∗𝑇∗ + 𝛾𝑇∗(𝜃 − 𝜈)𝐸∗𝜆3 + 𝜓𝐸∗𝑆1𝑇∗
 

𝑎3 = 𝑑4𝑄(𝑀 + 𝑁) − 𝑑4𝑑2𝑄 − 𝑑2𝑑4(𝑀 + 𝑁) + 𝑑4𝑀𝑁 + 𝑑4(𝜎 + 𝑚1)(𝑚1 − 𝛽)𝐻∗𝑇∗

+ 𝑑4𝛾𝑇∗(𝜃 − 𝜈)𝐸∗ + 𝑑4𝜓𝐸∗𝑆1𝑇∗ + 𝑑2𝑄(𝑀 + 𝑁) + 𝑀𝑁𝑑2

+ 𝑑2(𝜎 + 𝑚1)(𝑚1 − 𝛽)𝐻∗𝑇∗ + 𝑑2𝛾𝑇∗𝐸∗(𝜃 − 𝜈) − 𝑄𝑀𝑁
− 𝑄(𝜎 + 𝑚1)(𝑚1 − 𝛽)𝐻∗𝑇∗ − 𝛾𝑇∗𝑁(𝜃 − 𝜈)𝐸∗ − 𝑆1𝑇(𝑀 + 𝑁)𝐶𝐸∗ − 𝛾𝑇∗𝑆1(𝐸∗)2𝜓 
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𝑎4 = 𝑑2𝑑4(𝑀 + 𝑁) + 𝑑2𝑑4𝑀𝑁 + 𝑑2𝑑4(𝜎 + 𝑚1)(𝑚1 − 𝛽)𝐻∗𝑇∗ + 𝑑2𝑑4𝛾𝑇∗𝐸∗(𝜃 − 𝜈)𝑑4𝑄𝑀𝑁
− 𝑑4𝑄(𝜎 + 𝑚1)(𝑚1 − 𝛽)𝐻∗𝑇∗ − 𝑑4𝛾𝑇∗𝑁(𝜃 − 𝜈)𝐸∗ − 𝑑4𝑆1𝑇∗(𝑀 + 𝑁)𝜓𝐸∗

− 𝑑4𝛾𝑇∗𝑆1(𝐸∗)2𝜓 − 𝑑4𝑄𝑀𝑁 − 𝑑2𝑄(𝜎 + 𝑚1)(𝑚1 − 𝛽)𝐻∗𝑇∗ − 𝑑2𝛾𝑇∗𝑁(𝜃 − 𝜈)𝐸∗

+ 𝑆1𝑇∗𝑀𝑁𝜓𝐸∗ − 𝑆1𝑇∗𝜓𝐸∗(𝜎 + 𝑚1)(𝑚1 − 𝛽) + 𝛾𝑇∗𝑆1𝜓(𝐸∗)2𝑁 

𝑎5 = 𝑑4𝑆1𝑇∗𝑀𝑁𝜓𝐸∗ − 𝑑2𝑑4𝑄𝑀𝑁 − 𝑑2𝑑4𝑄(𝜎 + 𝑚1)(𝑚1 − 𝛽)𝐻∗𝑇∗ − 𝑑2𝑑4𝛾𝑇∗𝑁(𝜃 − 𝜈)𝐸∗

+ 𝑑4𝑆1𝑇∗𝑀𝑁𝜓𝐸∗ − 𝑑4𝑆1𝑇𝜓𝐸∗(𝜎 + 𝑚1)(𝑚1 − 𝛽) + 𝑑4𝛾𝑇∗𝑆1𝜓(𝐸∗)∗𝑁 

The cancer-infection equilibrium point is L.A.S if all the eigenvalues 𝜆 of the Jacobian matrix 

𝐽(𝐸 ∗) satisfy |arg (𝜆)| >
𝛼𝜋

2
 where 𝛼 is the fractional order. 

 
RESULTS AND DISCUSSION 

 
Figure 1: Simulation of the model without any treatment at α = 0.65 

 
𝑇 = 1, 𝐻 = 2, 𝐸 = 0.5, 𝜉 = 3.2, 𝐾1 = 0.51, 𝑚1 = 0.3, 𝛽 = 0.7, 𝛾 = 1.95, 𝜌 = 2.45, 𝜏 = 1,

𝜎 = 0.5, 𝜔 = 1.85, 𝜃 = 0.6, 𝜈 = 0.27, 𝑑1 = 0.61  
In Figure 1, the result for the cancer model without immunotherapy and chemotherapy shows 
the population dynamics of cancer cells, healthy cells, and activated immune cells over 50 
days. Initially, cancer cells start at a low population and gradually increase uninterruptedly, 
indicating uncontrolled growth in the absence of treatment. This aligns with a study by 
Oduola, Li, Duan, Qian and Dougherty (2018), which demonstrates that cancer cells can grow 
exponentially from a small initial population when immune suppression is absent, with 
growth rates accelerating over time due to insufficient immune control, a pattern evident in 
the steady rise of cancer cells beyond day 20. Healthy cells begin at a higher level but decline 
steadily, reflecting the impact of cancer progression on normal tissue. This decline mirrors 
findings by Pourhasanzade and Sabzpoushan (2021), where tumor-induced angiogenesis 
reduces oxygen availability, causing a 30-40% drop in healthy cell viability over 50 days, 
consistent with the observed downward trend starting from an initial peak. Activated 
immune cells start high but drop sharply to near zero within the first 5 days and remain low, 
suggesting an ineffective immune response without therapeutic intervention. This is 
consistent with research by Garcia, Bonhoeffer and Fu (2020), indicating that immune effector 
cells decline by up to 90% within a week due to tumor-induced immunosuppression, closely 
matching the rapid initial drop seen in the model. This highlights the need for treatment 
strategies to control cancer growth and support healthy cell populations. 
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Figure 2: Model Simulation with Immunotherapy only at α = 0.65 

 
𝑇 = 1, 𝐻 = 2, 𝐸 = 0.5, 𝐼 = 0.011, 𝜉 = 1, 𝐾1 = 0.51, 𝑚1 = 0.3, 𝛽 = 0.7, 𝛾 = 1.95,

𝜌 = 2.45, 𝜏 = 1.5, 𝜎 = 0.5, 𝜔 = 1.6, 𝜓 = 0.1, 5, 𝜃 = 0.6, 𝜈 = 0.27,
𝑑1 = 0.61, 𝑆1 = 0.27, 𝑆2 = 0.37, 𝑑2 = 2.   

 
In Figure 2, the result for the cancer model with immunotherapy only shows the dynamics of 
cancer cells, healthy cells, activated immune cells, and IL-2 concentration over 50 days. Cancer 
cells start high but decline steadily to near zero, indicating that immunotherapy effectively 
reduces tumor cells. This aligns with findings by Smith, Harrington, Staehr, Masakayan, 
Jones, Long and Brentjens (2019), who demonstrated that CAR T-cell therapy targeting 
GPRC5D in multiple myeloma reduced tumor burden by up to 50% within 30 days, a trend 
consistent with the observed decline in cancer cell population.  
 
Healthy cells also decrease initially but stabilize at a low level, suggesting some competition 
with the immune response. Activated immune cells rise sharply at the start, peaking early, 
and then decline gradually, reflecting an initial boost from immunotherapy followed by a 
natural reduction. The IL-2 concentration remains low and stable, suggesting a limited role or 
insufficient stimulation of the immune response, which may explain the incomplete recovery 
of healthy cells and the eventual decline of immune activity. This is consistent with Oduola et 
al. (2018), who found that low IL-2 levels (below therapeutic thresholds) fail to sustain 
immune activation, potentially necessitating additional interventions. This underscores the 
potential need for additional treatments like chemotherapy to enhance outcomes. 
 

 
Figure 3: Model Simulation with Immunotherapy and Chemotherapy S2 = 1.45 
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𝑇 = 10, 𝐻 = 20, 𝐸 = 2, 𝐼 = 1, 𝑈 = 8, 𝜉 = 1, 𝐾1 = 0.51, 𝑚1 = 0.3, 𝛽 = 0.7, 𝛾 = 1.95,

𝜇 = 1.8, 𝜌 = 2.45, 𝜏 = 1.5, 𝜎 = 0.5, 𝜙 = 0.3, 𝜔 = 1.6, 𝜓 = 0.1, 5, 𝜃 = 0.6, 𝜈
= 0.27, 𝑑1 = 0.61, 𝑆1 = 0.27, 𝑆2 = 1.45, 𝑑2 = 2, 𝑉 = 10, 𝑑4 = 2    

 
In figure 3, result for the cancer model with both immunotherapy and chemotherapy over 50 
days shows a significant reduction in cancer cells, which drop sharply from an initial high to 
near zero within the first 10 days, indicating effective tumor control with combined treatment. 
This agrees with findings by Sordo-Bahamonde, Lorenzo-Herrero, Gonzalez-Rodriguez, 
Martínez-Pérez, Rodrigo, García-Pedrero and Gonzalez (2023) that several chemo-
immunotherapy combinations have recently been clinically approved owing to their 
improvement in patient survival. Healthy cells decline initially but stabilize around 2, 
suggesting a recovery and maintenance of normal tissue with reduced damage compared to 
earlier models. Activated immune cells rise steadily to around 2 and remain stable, reflecting 
a sustained immune response boosted by immunotherapy, which is in line with Mi, Smith, 
Yang, Roche, Serody and Wang, (2018) discovery that immunotherapy regimens enhance T-
cell activation which is effective in treating metastatic disease. The IL-2 concentration starts 
low, peaks early, and then stabilizes, supporting immune activation. The drug concentration 
remains high and constant, indicating consistent chemotherapy delivery, which likely 
contributes to the rapid cancer cell decline. This shows the synergistic effect of combined 
therapies in achieving better cancer control and immune support.  
 

 
Figure 4: Model Simulation with Immunotherapy and Chemotherapy at α = 0.85 

 
𝑇 = 10, 𝐻 = 20, 𝐸 = 2, 𝐼 = 1, 𝑈 = 8, 𝜉 = 1, 𝐾1 = 0.51, 𝑚1 = 0.3, 𝛽 = 0.7, 𝛾 = 1.95,

𝜇 = 1.8, 𝜌 = 2.45, 𝜏 = 1.5, 𝜎 = 0.5, 𝜙 = 0.3, 𝜔 = 1.6, 𝜓 = 0.1, 5, 𝜃 = 0.6, 𝜈
= 0.27, 𝑑1 = 0.61, 𝑆1 = 0.27, 𝑆2 = 1.45, 𝑑2 = 2, 𝑉 = 10, 𝑑4 = 2    

 
In Figure 4, result for the cancer model with immunotherapy and chemotherapy, 
incorporating a fractional order with alpha = 0.85, shows the dynamics of cancer cells, healthy 
cells, activated immune cells, IL-2 concentration, and drug concentration. Cancer cells decline 
rapidly from an initial high to near zero within the first 10 days, indicating a highly effective 
combined treatment enhanced by the fractional-order modeling, which likely captures 
memory effects or non-local interactions. Healthy cells (dashed line) drop initially before 
stabilizing, suggesting a better preservation of normal tissue compared to previous models, 
possibly due to the adjusted fractional parameter. Activated immune cells rise to a peak early 
and then decline gradually, reflecting a sustained but diminishing immune response 
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supported by immunotherapy and IL-2, which remains low and stable. The drug 
concentration stays high and constant, driving the rapid cancer cell reduction. This suggests 
that the fractional-order approach with alpha = 0.85 enhances the model's ability to simulate 
realistic treatment outcomes, showing the potential of combined therapies in a memory-
dependent context. 

 
Figure 5: Model Simulation with Immunotherapy and Chemotherapy at α = 1 

 
𝑇 = 10, 𝐻 = 20, 𝐸 = 2, 𝐼 = 1, 𝑈 = 8, 𝜉 = 1, 𝐾1 = 0.51, 𝑚1 = 0.3, 𝛽 = 0.7, 𝛾 = 1.95,

𝜇 = 1.8, 𝜌 = 2.45, 𝜏 = 1.5, 𝜎 = 0.5, 𝜙 = 0.3, 𝜔 = 1.6, 𝜓 = 0.1, 5, 𝜃 = 0.6, 𝜈
= 0.27, 𝑑1 = 0.61, 𝑆1 = 0.27, 𝑆2 = 1.45, 𝑑2 = 2, 𝑉 = 10, 𝑑4 = 2    

The simulation result for the cancer model with immunotherapy and chemotherapy, using a 
fractional order with 𝛼 = 1 (indicating the classical integer-order model), shows the dynamics 
of cancer cells, healthy cells, activated immune cells, IL-2 concentration, and drug 
concentration over 50 days. Cancer cells decline sharply from an initial high to near zero 
within the first 10 days, reflecting effective tumor reduction with combined treatment under 
a classical modeling approach. Healthy cells drop initially but stabilize close to zero, 
suggesting limited recovery, possibly due to the integer-order model's inability to capture 
memory effects. Activated immune cells rise briefly and then decline to near zero, indicating 
a transient immune response that fades without sustained support. The IL-2 concentration 
and drug concentration remain low and stable, suggesting adequate but not optimal delivery 
of therapeutic agents. This highlights that while the combined therapy is effective against 
cancer cells, the integer-order model may underestimate the recovery of healthy and immune 
cells compared to fractional-order models.  
 
CONCLUSION 
In this work, a mathematical model consisting of five cell populations with fractional order 
derivatives as a dynamic system for presenting the dynamics between immunotherapy and 
drug variable has been studied. The impacts of different fractional order α values on the 
cancer endpoint were examined by numerical simulations. Because fractional differential 
equations can capture the function's previous evolution, fractional calculus may help us better 
comprehend biological systems. Doctors can pick the best dosage with the aid of mathematical 
models. It is challenging to capture the various tendencies that cancer patients exhibit during 
tumor progression using integer order derivatives. Depending on how various tumors evolve, 
the fractional derivative can be adjusted to better reflect the actual data. By selecting the 
appropriate fractional index based on actual data, a more dependable model may be 
produced, assisting clinicians in making therapy recommendations for each patient. Having 
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conducted this study, we therefore recommend that cancer patients undergoing 
immunotherapy treatment should be placed on a combination therapy of immunotherapy and 
chemotherapy (Chemo-immunotherapy) and to minimize the effect of the chosen 
chemotherapy agent, targeted chemotherapy should be employed rather than the traditional 
chemotherapy and using the proposed treatment plan, the order of the model should be 
maintained at α = 0.65 in order to obtain the best result.    
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