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Abstract 
Irradiation produces vacancies and interstitials that control swelling, creep, and microstructural 
stability in materials. Conventional models often fail to describe nonlinear feedback and spatial 
instabilities. This study examines the nonlinear evolution of irradiation-induced defects using a two-
field reaction–diffusion model. Vacancy and interstitial concentrations are analyzed through dispersion 
relations and nonlinear simulations. A clear transition from weak to strong instability regimes is 
identified. In the weak regime, recombination dominates, and defect fields remain nearly uniform. In 
the intermediate regime, vacancies begin to cluster while interstitials diffuse away. In the strong regime, 
sharp vacancy peaks develop as precursors to swelling. Dispersion analysis reveals unstable modes at 
finite wavelengths, while 2D phase diagrams map the boundaries between stable and unstable regions. 
Nonlinear integration confirms these predictions, demonstrating wave generation, defect clustering, 
and long-time pattern selection. The parameter sets show that wave speed, wavelength, and growth rate 
increase as the instability strengthens. The novelty of this work lies in combining bifurcation analysis, 
dispersion mapping, and nonlinear simulations. This unified framework explains spatial segregation 
and instability-driven behaviour beyond mean-field or linear stability models. 
 
Keywords: Irradiation-Induced Instabilities, Defect Evolution, Nonlinear Dynamics, 
Reaction–Diffusion Modeling, Pattern Formation. 
 
 
INTRODUCTION  
Materials exposed to energetic particles undergo significant structural changes (Mehrer, 
2007). Irradiation generates large number of atomic-scale defects, such as vacancies and 
interstitials (Akintunde and Selyshchev, 2016; aAkintunde et al., 2025; bAkintunde et al., 2025). 
These defects interact with each other and with existing microstructural features (Was, 2007). 
Their interactions give rise to complex behaviours that cannot be explained by linear models 
(Chowdhury, 2022). Studying nonlinear defect evolution reveals the mechanisms that drive 
material degradation under irradiation (Selyshchev and Bokov, 2017). It also carries important 
practical implications. Radiation damage limits the performance of structural components in 
reactors, fusion devices, and spacecraft (Santoro, 2000; Simos, 2011; Zucchetti and Maizza, 
1996; Wang et al., 2002; Yvon and Carré, 2009). A predictive understanding of defect dynamics 
guides strategies to reduce swelling, promote recovery, or design radiation-resistant alloys. 
Insights from this approach support microstructural engineering and the use of controlled 
irradiation to improve material resilience.  
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Nonlinear behaviour arises because irradiation continuously drives the system far from 
equilibrium (Selyshchev and Bokov, 2017; Selishchev and Sugakov, 1995). Vacancies and 
interstitials diffuse, annihilate, and interact with extended sinks like dislocations and grain 
boundaries (Was, 2007). When production and annihilation of defects are unbalanced, 
instabilities emerge (Callister and Rethwisch, 2022). The result is self-organized features, 
including clusters and periodic arrangements, which strongly influence swelling, creep, and 
hardening (Selishchev and Sugakov, 1995).   
 
Experiments provide direct evidence for self-organized defect structures under irradiation 
(Zhang et al., 2020; Ghoniem et al., 2001; Abromeit, 1989; Hähner and Frank, 1992; Zaiser et al., 
1992; Mattucci et al., 2022). Transmission electron microscopy reveals void lattices in nickel 
and copper after sustained irradiation (Chen et al., 2023; Dubinko et al., 2011). Similar ordered 
structures appear in tungsten and iron under specific conditions (Castin et al., 2021; Ipatova et 
al., 2019; Agarwal et al., 2020). These findings cannot be explained with linear stability alone 
but require nonlinear feedback between defect production, transport, and clustering. 
 
The evolution of defect structures depends on irradiation conditions (Was, 2007). Dose rate, 
temperature, and flux gradients shift the balance between stability and instability. Small 
parameter changes may trigger bifurcations, producing abrupt transitions in microstructural 
behaviour (Abromeit, 1989). For example, increasing temperature can stabilize certain 
patterns, while higher fluxes destabilize them. Such sensitivity highlights the importance of 
models that incorporate nonlinear effects. 
 
From a theoretical standpoint, reaction–diffusion models provide a powerful framework for 
studying these processes (Gao et al., 2019; Was, 2007; Chowdhury, 2022; Callister and 
Rethwisch, 2022). They allow analysis of oscillatory instabilities, traveling waves, and 
localized excitations (Selyshchev and Bokov, 2017). Simulations of these systems reproduce 
many features observed experimentally, helping to connect microscopic mechanisms with 
macroscopic properties.   
 
In this paper, we investigate nonlinear defect evolution in irradiated materials. We develop a 
reaction–diffusion framework that combines analytical and numerical methods. The objective 
is to identify the conditions under which instabilities emerge. We also aim to characterize their 
growth and connect them with the fundamental processes that govern vacancy–interstitial 
dynamics. The approach integrates bifurcation analysis, dispersion mapping, and numerical 
simulations. Together, these tools describe transitions from stability to instability. Unlike 
conventional models that focus mainly on mean-field kinetics or linear stability, this study 
emphasizes spatially resolved nonlinear feedback and pattern formation. 
The simulations qualitatively reflect experimentally observed self-organized structures in 
irradiated materials.  
 
MATERIALS AND METHODS  
 
Theoretical Model 
The evolution of irradiation-induced point defects is described using a coupled reaction–
diffusion system for the concentrations of vacancies, Cv (x, t), and interstitial, Ci(x, t). These 
defects are created in equal numbers by displacement cascades. They diffuse with different 
mobilities and are removed by mutual recombination, absorption at sinks such as dislocations 
or grain boundaries, or clustering into extended defect structures (Callister and Rethwisch, 
2022; Was, 2007). 
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The governing equations (i.e., two-field reaction–diffusion) are written as (Was, 2007):    
 
∂Cv

∂t
= Dv∇2Cv + G − αCvCi − SvCv − Fv(Cv),                                                               (1) 

 
∂Ci

∂t
= Di∇

2Ci + G − αCvCi − SiCi − Fi(Ci).                                                                     (2) 

 
In these equations Dv and Di are the vacancy and interstitial diffusion coefficients, G is the 
defect generation rate expressed in dpa/s, α is the recombination coefficient, and Sv and Si are 
the effective sink strengths for vacancies and interstitials. The functions Fv(Cv) and Fi(Ci) 
represent nonlinear loss by cluster nucleation and growth. In the linear analysis, these 
nonlinear terms are assumed to be small, allowing the focus to remain on recombination and 
sink removal. 
 
To determine the homogeneous steady state, we set the time derivatives to zero: 

 
∂Cv

∂t
=

∂Ci

∂t
= 0, 

 
and neglect spatial variation: 
  
∇2Cv =  ∇2Ci = 0. 
 
This gives the coupled algebraic equations:  

 
0 = 𝐺 − 𝛼𝐶𝑣

∗𝐶𝑖
∗ − 𝑆𝑣𝐶𝑣

∗,                                                                                                           (3) 
 
0 = 𝐺 − 𝛼𝐶𝑣

∗𝐶𝑖
∗ − 𝑆𝑖𝐶𝑖

∗,                                                                                                            (4) 
 
where (𝐶𝑣

∗, 𝐶𝑖
∗) denotes the steady-state concentrations.  

Subtracting Eq. (3) from Eq. (4) eliminates the recombination term, yielding a direct relation 
between the steady-state concentrations: 

 

𝐶𝑖
∗ =

𝑆𝑣

𝑆𝑖
𝐶𝑣

∗ .                                                                                                                                (5) 

 
At steady state, the balance between interstitial and vacancy concentrations is dictated largely 
by the relative efficiencies of their sinks. Physically, if interstitials are absorbed more 
efficiently (Si ≫ Sv), then their steady-state concentration remains lower than that of vacancies.  
Substituting Eq. (5) back into Eq. (3) reduces the problem to a single quadratic equation for 
the vacancy steady state:  
 

𝛼
𝑆𝑣

𝑆𝑖
(𝐶𝑣

∗)2 + 𝑆𝑣𝐶𝑣
∗ − 𝐺 = 0.                                                                                                      (6) 

 
Equation (6) has a single positive root, which is the physically meaningful solution for the 
vacancy concentration. Once 𝐶𝑣

∗ is obtained, the interstitial concentration follows directly 
from Eq. (5). Therefore, the model admits a unique homogeneous steady state, with defect 
concentrations scaling with the defect generation rate.  
 
To study the stability of the homogeneous steady state, we consider how small deviations in 
vacancy and interstitial concentrations evolve in time. Let 
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Cv(x, t) = Cv

∗ + δCv(x, t) and Ci(x, t) = Ci
∗ + δCi(x, t),  

where δCv and δCi  are small perturbations.   
The contributions from local reaction kinetics are summarized in the Jacobian matrix, 
evaluated at the steady state (Cv

∗, Ci
∗): 

 

Jr =  (
−αCi

∗ − Sv − Fv
′ (Cv

∗) −αCv
∗

−αCi
∗ −αCv

∗ − Si − Fi
′(Ci

∗)
).                                                            (7) 

 
 
We test the response of the system by assuming that these perturbations take the form of 
sinusoidal waves: 
 

 δCv, δCi α eσt+ik.x,  
 
with spatial wavenumber k and temporal growth rate σ.  
Substituting these perturbed forms into the governing equations and keeping only terms 
linear in the perturbations gives the linearized system: 
 

𝜕

𝜕𝑡
(δCv

δCi
) =  𝐽𝑟 (δCv

δCi
) + (

𝐷𝑣∇2 0

0 𝐷𝑖∇2) (δCv
δCi

)                                                                         (8) 

 
 

For Fourier modes of the form eσt+ik.x, the Laplacian contributes factors of −k2. The system 
then reduces to a modal matrix eigenvalue problem: 
 

𝜎 (δCv
δCi

) =  (
−αCi

∗ − Sv − Fv
′ (Cv

∗) − Dvk2 −αCv
∗

−αCi
∗ −αCv

∗ − Si − Fi
′(Ci

∗) − Dik
2) (δCv

δCi
)             (9) 

 
Nontrivial solutions of Eq. (9) require: 
  
det(M(k) − σI) = 0,                                                                                                            (10) 
 
where M(k) is the coefficient matrix, I is the identity matrix, and u is the perturbation vector.  
They are expressed as: 
 

M(k) = (
A − Dvk2 B

C D − Dik
2), 

 

 I = (
1 0
0 1

),  

 
and 
 

 u = (δCv
δCi

). 

 
Here A = −αCi

∗ − Sv − Fv
′ (Cv

∗), B = −αCi
∗, C = −αCv

∗, D = −αCv
∗ − Si − Fi

′(Ci
∗), 

 
Explicitly Eq. (10) can be written as: 
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det (
A − Dvk2 − σ B

C D − Dik
2 − σ

) = 0,                                                                          

  
Expanding the 2 × 2 determinant in Eq. (10) gives: 
 
(A − Dvk2 − σ)(D − DIk

2 − σ) − BC = 0. 
 
Multiply out the product and collect terms in powers of σ: 
 
σ2 − [(A + D) − (Dv + Di)k2]σ + [(A − Dvk2)(D − Dik

2) − BC] = 0.  
Identify the middle coefficient as τ(k) and expand the constant term: 
(A − Dvk2)(D − Dik

2) − BC = AD − (DDv + ADi)k2 + DvDik
4 − BC.  

Group the constant pieces to obtain: 
(AD − BC) − (DDv + ADi)k2 + DvDik

4.  
Thus, the determinant condition becomes the dispersion relation of the form: 
σ2 − τ(k)σ + ∆(k) = 0,                                                                                                         (11) 
 
with 
 
 τ(k) = tr(Jr) − (Dv + Di)k2 and ∆(k) = 𝑑𝑒𝑡(Jr) − (𝐷Dv + ADi)k2 + DvDik

4,                                                           
Equation (11) shows that the growth rate of perturbations is controlled by two competing 
factors. The first is the local reaction kinetics, encoded in the trace and determinant of Jr. The 
second is the smoothing effect of diffusion, which suppresses high-wavenumber modes.  
 
The instability criteria follow directly from the dispersion relation. For temporal oscillations 
of the homogeneous state (Hopf instability), one requires that the trace of Jr vanishes while 
the determinant remains positive at k = 0.  
For diffusion-driven spatial patterning (Turing instability), the homogeneous steady state 
must be stable in the absence of diffusion, that is τ(k = 0) < 0 and  det(Jr) > 0, while becoming 
unstable at some finite wavenumber where either τ(k) becomes positive or Δ(k) crosses zero.  
 
The stability conditions obtained from the Jacobian analysis establish the basis for the 
nonlinear simulations presented later, where the neglected clustering terms Fv and Fi become 
active and drive the defect waves, oscillations, and clustering behaviours discussed in the 
Results and Discussion section.   
 
Numerical Methods 
The dispersion relation derived in Eq. (11) was implemented numerically. The simulations 
extended the stability analysis to nonlinear regimes. The nonlinear effect in irradiated 
materials was studied by solving a two-field reaction–diffusion model for vacancies and 
interstitials. The model equations were implemented in a numerical code. The equations were 
discretized on a one-dimensional periodic domain. Fourier spectral methods were used to 
compute spatial derivatives. Time integration was carried out with a semi-implicit 
exponential scheme to ensure stability in stiff regimes. The simulations were initialized at the 
homogeneous steady state. Small random perturbations were added to trigger instabilities.  
 
The numerical procedure was performed in two stages. First, the linear stability of the 
homogeneous solution was examined. The system was linearized about the steady state, and 
the Jacobian matrix was obtained. For each wavenumber k, the eigenvalues of the matrix were 
computed. The real part of the eigenvalue gave the growth rate. A dispersion relation was 
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then constructed by plotting the maximum growth rate against the wavenumber. This 
analysis revealed the most unstable modes and identified the parameter ranges that led to 
instability. Second, the nonlinear system was integrated in time until the pattern saturated.  
 
Snapshots of the vacancy concentrations were taken at selected times. Power spectral density 
analysis was applied to the evolving fields. This allowed extraction of the dominant 
wavenumber k*. From the same data, the maximum growth rate σmax was computed, along 
with the characteristic wave speed V₀. These extracted quantities are reported in the parameter 
set table (Table 1). For instance, parameter set 1 produced a wave speed of 2.310, a dominant 
wavenumber of 0.422, and a growth rate of 0.039. At the other extreme, parameter set 3 
showed a wave speed of 10.000, a wavenumber of 0.626, and a growth rate of 1.319. The table 
illustrates how instability intensified across the parameter sets, with higher values leading to 
faster wave propagation, shorter wavelengths, and increased growth rates. 
 
Parameter sets were chosen to probe distinct dynamical regimes (‘weak’, ‘intermediate’, and 
‘strong’) in a reproducible and experiment-linked manner. First, the governing equations 
were reduced to a set of nondimensional groups (diffusion ratio D = Di/Dv, reaction-to-
diffusion number R = αC₀L2/Dv, and sink asymmetry S = Si/Sv).  
 
Parameter sweeps were performed in this nondimensional space to identify representative 
behaviours. Second, parameter bounds were guided by experimental observables, such as 
dominant cluster spacing from Transmission Electron Microscopy (TEM) and early-time rates 
of defect density increase. Three representative parameter sets were then selected to span the 
range of model responses. Third, a global sensitivity screen was carried out to confirm that 
the chosen parameters controlled the reported outputs (dominant wavenumber k*, maximum 
growth rate σmax, and wave speed V₀). This combined approach ensured that the parameter 
sets were physically motivated, not arbitrary. 
 
Table 1. Summary of the parameter used in the simulations, including the wave 
speed V0, dominant wavenumber k*, and maximum growth rate 𝝈𝒎𝒂𝒙 
Parameter set V0 k* 𝝈𝒎𝒂𝒙 

1 2.310 0.422 0.039 

2 5.900 0.580 0.598 

3 10.000 0.626 1.319 

 
The numerical values in Table 1 are obtained directly from the equations described in the 
Theoretical Model section. Specifically, the steady-state concentrations 𝐶𝑣

∗ and 𝐶𝑖
∗ are obtained 

by solving Eqs. (3) – (6). These concentrations are then used to construct the Jacobian matrix 
Jr in Eq. (7), whose entries provide the parameters A, B, C, and D. Substituting these into the 
dispersion relation, Eq. (11), yields the growth-rate coefficients τ(k) and Δ(k). The values in 
Table 1 correspond to the case k = 0 (homogeneous perturbations), which determines the local 
stability of the steady state. 
 
Every figure produced from the simulation was presented as a five-panel summary. The first 
panel showed the dispersion curve in blue. It indicated whether perturbations grew or 
decayed. The second panel displayed nonlinear Partial Differential Equation (PDE) snapshots 
with vacancy concentration profiles in orange, red, purple, and green. These were taken at 
different times during the simulation. The third panel plotted the amplitude scaling in blue, 
showing how oscillation strength evolved. The fourth panel traced the hysteresis response. 
Forward progression was shown in blue and backward progression in orange, highlighting 
nonlinear memory effects. The fifth panel presented the two-dimensional phase diagram. 
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Stable regions were shaded in blue and unstable regions were shaded in orange. This uniform 
panel structure made it possible to compare weak, intermediate, and strong instability 
regimes in a consistent way.  
 
The colour scheme was chosen to make the physical interpretation clear. In the dispersion and 
amplitude scaling panels, blue indicated the growth rate or amplitude response. In the PDE 
snapshots, orange, red, purple, and green curves tracked vacancy concentration profiles, 
showing how spatial oscillations developed. In hysteresis plots, blue and orange 
distinguished forward and backward traces. In the phase diagrams, blue indicated stable 
domains while orange represented unstable ones. The stability maps were generated by 
scanning parameters such as generation rate and clustering coefficient. The maximum 
eigenvalue λmax was then plotted as a colour field. The phase boundaries appeared naturally 
as the transition from blue to orange in the diagrams.  
 
In summary, the figures were obtained through a two-step process. Analytical dispersion 
analysis provided predictions of growth rates and unstable modes. Direct nonlinear 
integration confirmed these predictions. It revealed wave formation, defect clustering, and 
long-time pattern selection. The extracted parameter sets in the table gave quantitative values 
for wave speed, dominant wavelength, and growth rate. 

 
RESULTS AND DISCUSSION 
The following results arise directly from solving the two-field reaction–diffusion equations 
described in the theoretical model and implemented numerically in the numerical method 
section. Each figure summarizes the system response under the selected parameter sets, 
showing how instabilities evolve from weak to strong regimes.  
 
In Figure 1, the dispersion curve (blue) remained entirely negative across all wavenumbers, 
indicating that no perturbations could grow into unstable modes. The PDE snapshots showed 
nearly flat orange, red, purple, and green lines, meaning that defect concentrations remained 
uniform at all times. The blue amplitude scaling curve stayed at very small value between 2.6 
x 10-5 and 3.0 x 10-5, confirming the absence of oscillatory growth. The hysteresis panel 
displayed overlapping blue and orange traces that collapsed toward the same path, showing 
that forward and backward trajectories coincided. The 2D phase diagram is divided into blue 
and orange zones, with the stable region on the left and the unstable region on the right. 
Although no marker identifies the exact point for this case, the absence of growth in the other 
panels confirms that the chosen parameters correspond to the stable side of the diagram. 
Together, these results confirmed that the weak instability regime was fully stable.  
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Figure 1: Five-panel summary for Parameter Set 1 (weak instability regime) 

 
In-situ Transmission Electron Microscopy (TEM) experiments on metals under low-dose or 
low-flux irradiation report similar behaviour: defect contrast in sequential frames decays 
rather than grows, and Fourier amplitude spectra show no unstable modes. Positron 
annihilation spectroscopy measurements confirm only isolated vacancies without evidence of 
clustering (Li et al., 2012; Maier et al., 2018). 
 
In Figure 2, the blue dispersion curve rose above zero at finite wavenumbers, indicating that 
some modes were unstable. The PDE snapshots showed oscillatory patterns in orange, red, 
purple, and green, with the red curve displaying the strongest oscillations. These oscillations 
represented vacancy clustering and interstitial segregation. The blue amplitude scaling curve 
increased to finite values, showing that perturbations grew rather than decayed. The 
hysteresis plot revealed separation between forward (blue) and backward (orange) traces, 
forming small loops and showing nonlinear memory effects. The 2D phase diagram was fully 
orange, indicating that all tested conditions fall within the unstable domain.  These results 
establish that in the intermediate regime, defect segregation develops as oscillatory waves 
with finite amplitude.  
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Figure 2: Five-panel summary for Parameter Set 2 (intermediate instability regime) 

 
TEM image analysis reveals periodic contrast variations consistent with clustering at finite 
wavelengths, and Fast Fourier Transform (FFT) growth rates extracted from these images 
exhibit finite positive values only within specific wavenumber ranges (Ipatova et al., 2019; 
Ipatova et al., 2017). These experimental observations correspond directly to the numerically 
predicted dominant mode and finite growth rate. 
 
In Figure 3, the blue dispersion curve exhibited a broad unstable band, with growth rates 
much higher than in Figure 2. The PDE snapshots revealed large oscillations, with the orange 
curve reaching sharp peaks while green and purple curves oscillated at smaller but significant 
amplitudes. The blue amplitude scaling curve spiked to high values, confirming the growth 
of large oscillations. The hysteresis diagram showed wide separation between the forward 
(blue) and backward (orange) paths, indicating strong non-reversibility. The 2D phase 
diagram was fully orange, placing the system deep inside the unstable domain. These results 
confirmed that in the strong regime, defects segregated rapidly, oscillations persisted, and 
nonlinear clustering became dominant.  
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Figure 3: Five-panel summary for Parameter Set 3 (strong instability regime)  

 
These findings agree with experimental observations of void swelling, bubble lattices, and 
defect superlattices in irradiated nickel, tungsten, and other systems (Abe et al., 1993; 
Dürrschnabel et al., 2021). FFT analysis of in-situ TEM data in these cases shows rapid 
amplitude growth across multiple modes, while post-irradiation TEM reveals ordered void 
arrays or swelling fronts. These patterns match the nonlinear clustering and oscillatory 
segregation predicted by the model.  
 
Importantly, the simulations also identified theoretical parameters such as the recombination 
coefficient, clustering rate, and wave speed that cannot be directly measured in experiments. 
Instead, they are inferred indirectly from experimental observables. Growth rates, dominant 
wavenumbers, and wave speeds extracted from in-situ TEM sequences serve as measurable 
quantities that bridge experiments and simulations. By fitting these observables to the model 
predictions, the unmeasurable parameters can be constrained, allowing experiments and 
theory to reinforce each other. 
 
Together, this agreement across regimes shows that the numerical simulations explain the 
essential physics of irradiation-driven instabilities. Experimental evidence supports the 
classification of weak, intermediate, and strong behaviours, and the model provides a 
framework for interpreting experimental data in terms of parameters that govern nonlinear 
defect evolution. 
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CONCLUSION 
The study shows how irradiation drives materials from stability to instability through 
nonlinear defect dynamics. In the weak instability regime, recombination dominates, and both 
vacancies and interstitials remain nearly uniform. In the intermediate instability regime, 
vacancy clustering begins while interstitials diffuse away, giving rise to wave-like patterns. In 
the strong instability regime, sharp vacancy peaks form, representing precursors to void 
swelling. 
 
Dispersion analysis confirms the existence of unstable modes at finite wavelengths. Two-
dimensional phase diagrams map the transition between stable and unstable regions. These 
diagrams also show that the unstable range expands as the instability strengthens. Nonlinear 
simulations reproduce these predictions, providing direct evidence of oscillatory wave 
formation and defect segregation. 
 
The parameter sets quantify the shift from weak to strong instability. Higher wave speeds, 
shorter wavelengths, and larger growth rates are obtained as the instability increases. This 
progression is consistent across the simulated cases and matches the predictions from linear 
analysis. 
 
Overall, the combined analytical and numerical results show that irradiation-induced 
instabilities can be explained using a reaction–diffusion framework. The transition from 
uniform fields to nonlinear clustering is clearly established. These findings provide a basis for 
interpreting defect pattern formation and swelling in irradiated materials. 
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