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Abstract 
 
In this study, we investigate a generalized fifth-order nonlinear partial differential equation in the 
framework of Beta fractional derivative. The primary objective is to derive analytical solutions using 
the generalized tanh method, which has been recognized as an efficient and systematic approach for 
handling nonlinear fractional partial differential equation. By incorporating the beta fractional 
derivative, the proposed model extends classical analysis and provides a broader perspective on 
fractional-order dynamics. The analytical solutions obtained are expressed in terms of hyperbolic, 
trigonometric, and rational functions, offering a versatile representation of the system’s behavior. To 
ensure clarity and comprehensiveness, the results are presented through three-dimensional surface 
plots, two-dimensional curves, and contour plot diagrams, which collectively illustrate the dynamical 
characteristics of the solutions under varying parameters. The graphical visualizations highlight the 
influence of the fractional order on the wave structures and solution profiles, emphasizing the flexibility 
and adaptability of the generalized tanh method in capturing diverse solution forms. Furthermore, the 
study demonstrates that the method not only yields exact solutions but also enhances the understanding 
of the qualitative nature of fractional models. The findings confirm that the generalized tanh method 
provides a robust and systematic framework for addressing complex nonlinear fractional partial 
differential equations. This work contributes to the broader field of applied mathematics and 
mathematical physics by offering new insights into the behavior of fractional-order systems. 
 
Keywords: Generalized fifth-order, beta fractional derivative, generalized tanh method, 
soliton solutions. 
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INTRODUCTION 
Nonlinear partial differential equations (PDEs) play a crucial role in the modeling of complex 
phenomena in diverse fields such as fluid dynamics, nonlinear optics, and plasma physics. In 
recent decades, the study of fractional PDEs has gained significant attention due to their 
ability to model memory and hereditary properties more accurately than classical integer-
order models (Podlubny, 1999). Among the family of fractional PDEs, generalized fifth-order 
nonlinear models are particularly important for capturing higher-order dispersive and 
nonlinear effects in various physical systems (Wazwaz, 2020). 
 
The fractional calculus framework offers a broader modeling paradigm, where the inclusion 
of fractional derivatives—especially those defined with nonsingular and nonlocal kernels—
enables the characterization of anomalous diffusion and wave propagation phenomena. One 
such powerful operator is the Beta fractional derivative introduced by Atangana and Baleanu 
(2016) which utilizes the Mittag-Leffler function and the Beta function to define a nonlocal, 
nonsingular kernel. This operator is particularly well-suited for modeling complex systems 
with non-Markovian dynamics and long-range dependence. The incorporation of fractional 
calculus, especially using modern non-local and non-singular fractional derivatives, has 
provided a more generalized and realistic framework for studying such nonlinear systems. 
The Beta fractional derivative, introduced as a generalization of the classical Caputo and 
Riemann–Liouville derivatives, has shown enhanced flexibility and physical relevance in 
describing systems with fading memory and anomalous diffusion (Atangana and Baleanu, 
2016; Jarad et al., 2019). 
 
Finding exact analytical solutions of fractional nonlinear PDEs is an essential endeavor, 
offering critical insights into the underlying physics and stability analysis. However, due to 
the nonlinear and nonlocal nature of these equations, finding exact solutions is often a 
formidable challenge. To this end, various powerful analytical methods have been developed.  
Generalized tanh method stands out for their systematic formulation and capability to yield 
a wide class of solitary and periodic wave solutions (Biswas, 2016; Wang, 2008). Solving 
nonlinear fractional PDEs analytically remains a challenging yet essential task to better 
understand the behavior of physical systems governed by such equations. Several analytical 
methods have been employed in the literature, including the generalized tanh method, sub-
equation techniques, and rational exponential function methods (Bekir, 2008; Li and He, 2018). 
 Wazwaz (2011) introduced a fifth order nonlinear evolution equation as: 
 

 𝑼𝒕𝒕𝒕 − 𝑼𝒕𝒙𝒙𝒙𝒙 − 𝟒(𝑼𝒙𝑼𝒕)𝒙𝒙 − 𝟒(𝑼𝒙𝑼𝒙𝒕 )𝒙 = 𝟎,                                              (1) 
 
and it’s general form as: 
 

𝑼𝒕𝒕𝒕 − 𝑼𝒕𝒙𝒙𝒙𝒙−∝ (𝑼𝒙𝑼𝒕)𝒙𝒙 − 𝜷(𝑼𝒙𝑼𝒙𝒕 )𝒙 = 𝟎.                                              (2) 
 

Where ∝ and 𝜷 are parameters. However, he used the Hereman-Nuseri approach to get 
numerous soliton solutions for each model. 
We are motivated by the work of Asim Zafar et al., (2024) to introduce four extended 
generalized forms of nonlinear partial differential equations by incorporating Beta fractional 
derivative as follows: 
 

      𝑫𝒕
𝟑𝝆

𝑼 + 𝜷𝟏𝑫𝒕
𝝆

𝑼𝒙𝒙𝒙𝒙 + 𝜷𝟐(𝑼𝒙𝑫𝒕
𝝆

𝑼)
𝒙𝒙

+ 𝜷𝟑(𝑼𝒙𝑫𝒕
𝝆

𝑼𝒙)
𝒙

= 𝟎.                                                (3) 

𝑫𝒕
𝟑𝝆

𝑼 + 𝜷𝟏𝑫𝒕
𝝆

𝑼𝒙𝒙𝒙𝒙 + 𝜷𝟐 𝑫𝒕
𝝆

𝑼𝒙𝒙 + 𝜷𝟑(𝑼𝒙𝑫𝒕
𝝆

𝑼𝒙)
𝒙𝒙

+ 𝜷𝟒(𝑼𝒙𝑫𝒕
𝝆

𝑼𝒙)
𝒙

= 𝟎;                         (4) 
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𝐃𝐭
𝟑𝛒

𝐔 + +𝛒𝟏𝐃𝐭
𝛒

𝐔𝐲𝐲𝐲𝐲 +  𝛒𝟐𝐃𝐭
𝛒

𝐔𝐱𝐱 + 𝛒𝟑(𝐔𝐲𝐃𝐭
𝛒

𝐔𝐲)
𝐲

= 𝟎;                                                      (5) 

𝐃𝐭
𝟑𝛒

𝐔 + +𝛒𝟏𝐃𝐭
𝛒

𝐔𝐱𝐱𝐱𝐱 +  𝛒𝟐𝐃𝐭
𝛒

𝐔𝐲𝐲𝐲𝐲 + 𝛒𝟑(𝐔𝐱𝐃𝐭
𝛒

𝐔𝐱)
𝐱

= 𝟎,                                                    (6) 

 
where 𝜷𝟏,   𝜷𝟐,  𝜷𝟑 and 𝜷𝟒 are nonzero parameters and 𝝆 (𝟎 < 𝝆 ≤ 𝟏) is the fractional order. 
Various analytical methods were applied to find the exact solutions for extended generalized 
fifth order nonlinear partial differential equations, such as Rational exponential function 
method (Iliyasu, Sulaiman and Maitama, 2024), (G′/G)-expansion method and sub equation 
method (Senol et al, 2023), (G′/G)-expansion method (Wang, 2008), Exponential function 
method (Zayed and Abdelaziz, 2020) and Rational Sine-Cosine method (Khan and Nawaz, 
2021). These analytical methods have demonstrated effectiveness in producing traveling wave 
solutions, kink solutions, and bright solitons, which help interpret the physical phenomena in 
terms of solitary waves, kink solutions, and breather-type structures. In this paper, we focus 
on obtaining analytical solutions of generalized fifth-order nonlinear fractional equations 
using the Beta fractional derivative. Our approach employs the generalized tanh method via 
the Riccati sub-equation framework. These methods allow the systematic construction of exact 
solutions that capture the intrinsic characteristics of the fractional models under 
consideration. The significance of this study lies not only in enriching the solution space of 
fractional fifth-order equations but also in demonstrating the applicability of modern 
analytical methods in the Beta derivative framework. 
 
Analytical approaches such as the tanh method have been widely used to obtain exact 
solutions for nonlinear PDEs. To improve its applicability, researchers have developed 
generalized tanh methods based on the Riccati equation, which provide a more systematic 
and flexible structure for constructing solutions. Recent studies have demonstrated that 
embedding the Riccati equation within the generalized tanh framework leads to broader 
classes of exact solutions and fractional-order PDEs (Zhang and Li, 2021; Akbar and Ali, 2022; 
Wang, Zhang and Liu, 2024). 
 
In this work, we propose a novel generalized tanh method specifically designed to address 
fifth-order nonlinear partial differential equations with beta fractional derivatives. The 
novelty of this approach lies in its ability to extend the classical tanh framework to more 
complex and higher-order systems while effectively incorporating the features of fractional 
calculus. This generalized method not only broadens the applicability of the tanh approach 
but also provides a systematic and efficient tool for constructing exact and approximate 
solutions to challenging classes of NPDEs. By bridging this gap, the present study contributes 
a new analytical framework that can be further extended to a wider range of nonlinear 
fractional differential equations. 
 
METHODOLOGY 
Generalized Tanh Method (GTM) 
Consider a nonlinear fractional PDE in the form given below: 

𝐹(𝑈, 𝐷𝑡
𝜌

𝑈, 𝐷𝑥
𝜌

𝑈, 𝐷𝑡
2𝜌

𝑈, 𝐷𝑡
3𝜌

𝑈) = 0                  

(7)                                                                  

Where 𝐷𝑡
∗𝜌

 indicates the fractional derivative. 
To reduce the fractional PDE to an ordinary differential equation (ODE), a travelling wave 
transformation is employed: 

𝑈(𝑥, 𝑡) = 𝑈(𝜉),        𝜉 = 𝜂𝑥 +
𝜆

𝜌
(𝑡 +

1

Γ (𝜌)
)                         (8) 
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Applying this transformation to equation (1) by utilizing chain rule for fractional 
derivatives, the nonlinear partial differential equation is converted into a nonlinear ordinary 
differential equation. 
Equation (1) reduced into a nonlinear ordinary differential equation as: 
                                                                G (U, Uʹ, Uʹʹ, . . .)   = 0                                  (9)                                                          
A new variable introduced 𝜙 = 𝜙( ξ) which is a solution to Riccati equation 
                                                               𝜙′(ξ) = k +  𝜙2(ξ)                                         (10)                                          
Generalized tanh method admits the usage of finite expansion: 

                                           𝑈(𝑥, 𝑡) = 𝑈(𝜉) =  ∑ 𝜌𝑖𝜙𝑖(𝜉)

𝑁

𝑖=0

                                                              (11) 

where 𝜌 is a parameter to be determined later and positive integer N is usually obtained by 
balancing the highest order linear term with nonlinear term. Plug the value of N into Equation 
(11). Upon substituting this equation (11) together with equation (11) into (9), we get a system 

of algebraic equations in term of  𝜙𝑖( ξ) where 𝑖 = (0, 2, 4, … ). Settings all coefficients of 𝜙𝑖( ξ) 
to zero, we can get the system of algebraic equations. Then, the obtained equations are solved 
by using the well-known symbolic software, the Mathematica. Such software is capable in 
handling the computation of higher-order derivatives as well as the algebraic manipulation. 
Riccati equation has the following general solutions from equation (10) as follows 
Case 1: For k  < 0, we get 

𝑈11 = √−𝑘 tanh(√−𝑘 ξ),     𝑈12 = √−𝑘 coth(√−𝑘 ξ)       (12)                                                                     
Case 2: For k > 0, there we have 

𝑉11 = √𝑘 tan(√𝑘 ξ),                          𝑉12 = √𝑘 cot(√𝑘 ξ),           (13)                       
Case 1: For k = 0, one gets 
                                                                  𝑈 =  −1/ξ.                                                               
(14)                                                                                                                      
 
Beta Fractional Derivative 
The Beta fractional derivatives belong to the class of fractional derivatives that generalize the 
traditional Riemann-Liouville and Caputo fractional derivatives. These derivatives may not 
be seen as fractional derivative but can be considered to be a natural extension of the 
classical derivative (Atangana and Baleanu, 2016). 

 

𝑫𝒙
𝝆

𝟎
𝑨  (𝒇(𝒙)) = 𝐥𝐢𝐦

𝜺→𝟎 

𝒇 (𝒙 +  𝜺 (𝒙  +  
𝟏

 𝜞(𝝆)
)) −  𝒇(𝒙)

𝜺
                                                       (𝟏𝟓) . 

                                                                                                                                                                                                                                                                                                         

Basic properties of Beta fractional derivative 
 

𝑫𝒙
𝝆

𝟎
𝑨  (𝒂𝒇(𝒙) +  𝒃𝐠(𝒙)) = 𝒂 𝑫𝒙

𝝆
𝟎
𝑨  𝒇(𝒙) + 𝒃 𝑫𝒙

𝝆
𝟎
𝑨   𝒈(𝒙);       

                                                                                                                                                                              

𝑫𝒙
𝝆

𝟎
𝑨 (𝒇(𝒙). 𝒈(𝒙)) =  𝒈(𝒙 ) 𝑫𝒙

𝝆
𝟎
𝑨  𝒇(𝒙) +  𝒇(𝒙) 𝑫𝒙

𝝆
𝟎
𝑨  𝒈(𝒙);                                                      

 

𝑫𝒙
𝝆

𝟎
𝑨  

𝒇(𝒙)

𝒈(𝒙)
=  

𝒈(𝒙 ) 𝑫𝒙
𝝆

𝟎
𝑨  𝒇(𝒙) − 𝒇(𝒙) 𝑫𝒙

𝝆
𝟎
𝑨  𝒈(𝒙)

𝒈(𝒙)
;                                                                     

𝑫𝒙
𝝆

𝟎
𝑨  𝒇(𝒙) =  (𝒙 +

𝟏

 𝜞(𝝆)
)

𝟏−𝝆
  

𝒅𝒇(𝒙)

𝒈(𝒙)
.                                                                                                            (16)                                                                                    

 
 
Application 
In this section, the generalized tanh method (GTM) will be apply to obtained exact solutions 
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of extended generalized fifth order nonlinear partial differential equations. 
 
First fifth order generalized nonlinear partial differential equation 

 
Consider the following fifth-order nonlinear fractional equation given by 

𝐷𝑡
3𝜌

𝑈 + 𝛽1𝐷𝑡
𝜌

𝑈𝑥𝑥𝑥𝑥 + 𝛽2(𝑈𝑥𝐷𝑡
𝜌

𝑈)
𝑥𝑥

+ 𝛽3(𝑈𝑥𝐷𝑡
𝜌

𝑈𝑥)
𝑥

= 0.                           (17) 

We apply the travelling wave transformation 

U(x, t) = U (ξ),         ξ = η x +
λ

𝜌
(t + 

1

(𝜌)
 )

𝜌
                                                                         (18) 

The reduced form of the equation (17) is 

(𝜆3 + 𝛽2 λ η2) Uʹʹʹ + η3λ(2 𝛽2 +  𝛽4)((Uʹʹ)2 +  Uʹ Uʹʹʹ) +  𝛽1 λ η4U(5) = 0.                           (19)                         

By balancing the term Uʹ Uʹʹʹ with U(5), we get N = 1 by the transform formalism, then 

                                                        U(x, t) = U (ξ)  = ∑ 𝜌𝑖𝜙𝑖( ξ)
𝑁

𝑖=0
                                       (20)                  

Substituting the value of N = 1 in equation (11), assume solution is of the form 
                                 U(ξ) = 𝜌0 + 𝜌1𝜙( ξ)                                                                         (21) 

By substituting equation (21) along with equation (10) into equation (19), the algebraic 

equations are obtained in terms of (𝜙ξ)
𝑖
 , where i= (0, 2, 4,) 

Set all coefficient of (𝜙ξ)
𝑖

= 0 giving a system of algebraic equations as follows 

( 𝜙ξ)
0

:           2 k2 λ3𝜌1 + 16 𝑘3 η4  λ 𝜌1 𝛽1 + 4 𝑘3 η3𝜆  𝜌1
2 𝛽2 + 2 𝑘3 η3𝜆  𝜌1

2 𝛽3 = 0;       (22a)   

( 𝜙ξ)
2

:           8 k λ3𝜌1 + 136 𝑘2η4 λ 𝜌1 𝛽1 + 28 𝑘2η3𝜆  𝜌1
2 𝛽2 + 14  𝑘2 η3𝜆  𝜌1

2 𝛽3 = 0;    (22b) 

( 𝜙ξ)
4

:           6  λ3𝜌1 + 240 𝑘 η4  λ 𝜌1 𝛽1 + 44 𝑘 η3𝜆  𝜌1
2 𝛽2 + 22 𝑘 η3𝜆  𝜌1

2 𝛽3 = 0;          (22c) 

( 𝜙ξ)
6

:           120 η4 λ 𝜌1 𝛽1 + 20 η3𝜆  𝜌1
2 𝛽2 + 10 η3𝜆  𝜌1

2 𝛽3 = 0                                       (22d) 

Solving the above solvable system of equations yield the following results 

𝜌1 =  − 
12𝛽1η

2𝛽2+ 𝛽3 
,             λ = ± 2√𝑘 η2√𝛽1 ;          or    λ =   0, k = 0.                           (23) 

The above system results to exact solutions of equation (17). 
Case 1: For k  < 0 

𝑈1(x, t) = 𝜌0  −  
12𝛽1η

2𝛽2+ 𝛽3 
√−𝑘 tanh (√−𝑘   (η x ±

 2√𝑘 η2√𝛽1

ρ
(t +  

1

Gamma (ρ)
 )

ρ
),                      (24) 

𝑈2(x, t) = 𝜌0  − 
12𝛽1η

2𝛽2+ 𝛽3 
√−𝑘 coth (√−𝑘  ( η x ±

 2√𝑘 η2√𝛽1

ρ
(t +  

1

Gamma (ρ)
 )

ρ
) ),                     (25) 

Case 2: For k > 0 

      𝑈3(x, t) = 𝜌0  −  
12𝛽1η

2𝛽2+ 𝛽3 
√𝑘  tan (√𝑘 η x ±

 2√𝑘 η2√𝛽1

ρ
(t +  

1

Gamma (ρ)
 )

ρ
) ,                           (26) 

              𝑈4(x, t) = 𝜌0  −  
12𝛽1η

2𝛽2+ 𝛽3 
√𝑘 cot  (√𝑘   ( η x ±

 2√𝑘 η2√𝛽1

ρ
(t +  

1

Gamma (ρ)
 )

ρ
),             (27) 

 Case 3: For k  = 0, one has  

      𝑈5(x, t) = 𝜌0  − 
12𝛽1η

2𝛽3 + 𝛽3 ( η x±
  − I η √ 𝛽2 

ρ
(t + 

1

Gamma (ρ)
 )

ρ
 
 .                                                   (28) 
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(a)                                                                                                 (b) 
 
 

 
 
                         (c) 

Figure 1: Kink wave profile of exact solution 𝑼𝟏(𝒙,𝒕) of equation (24) in (a) three-dimensional 

surface plot, (b) Contour plot plot k= -1, 0, 1 and (c) two-dimensional profile with different  
𝑘 =  −1. 
 
 
 

                                                                                                                   
(a)                                                                             (b 
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                                                           (c) 
 
Figure 2: Singular soliton of 𝑈2(𝑥, 𝑡) from equation (25), (a) three-dimensional surface plot, 
(b) contour plot for  𝑘 = −1 and (c) two-dimensional profile with different values of𝑘 =
−1,0,1. 
 
Second fifth order generalized nonlinear partial differential equation 
 
Consider a nonlinear fractional partial differential equation given by 
 

    𝑫𝒕
𝟑𝝆

𝑼 + 𝜷𝟏𝑫𝒕
𝝆

𝑼𝒙𝒙𝒙𝒙 + 𝜷𝟐 𝑫𝒕
𝝆

𝑼𝒙𝒙 + 𝜷𝟑(𝑼𝒙𝑫𝒕
𝝆

𝑼𝒙)
𝒙𝒙

+ 𝜷𝟒(𝑼𝒙𝑫𝒕
𝝆

𝑼𝒙)
𝒙

= 𝟎.                         (28) 

                       
 Using wave transformation  

                            U(x, t) = U (ξ),                                  ξ = η x +
λ

ρ
(t +  

1

Gamma (ρ)
 )

ρ
                        

(29) 
 We reduces equation (28) using wave transformation from equation (29) to the following 

(𝜆3 + 𝛽2 λ η2) Uʹʹʹ + η3λ(2 𝛽2 +  𝛽4)((Uʹʹ)2 +  Uʹ Uʹʹʹ) +  𝛽1 λ η4U(5) = 0.                         (30) 
                        

After balancing the term Uʹ Uʹʹʹ with U(5), we found N = 1 as a result from equation (30)  

                                                          U(x, t) = U (ξ)  = ∑ 𝜌𝑖𝜙𝑖( ξ)
𝑁

𝑖=0
                                      (31) 

Substituting the value of N=1, into equation (23), we obtained the following 
                                                        U(ξ) = 𝜌0 +  𝜌1𝜙( ξ)                                                         (32)                             
By Substituting equation (32) along with equation (10) into equation (30), the algebraic 

equations are obtained in terms of (𝜙ξ)
𝑖
 and setting coefficient (𝜙ξ)

𝑖
 to zeros, where i = (0, 2, 

4,), yield the following result 

( 𝜙ξ)
0

:       2 k2 λ3𝜌1 + 16 𝑘3 η4  λ 𝜌1 𝛽1 + 2 𝑘2 η2 λ 𝜌1 𝛽2 + 4 𝑘3 η3𝜆  𝜌1
2 𝛽3 + 2 𝑘3 η3𝜆  𝜌1

2 𝛽4 =

0,           (33)    

 ( 𝜙ξ)
2

:     8 𝑘 λ3𝜌1 + 136 𝑘2 η4  λ 𝜌1 𝛽1 + 8 𝑘 η2 λ 𝜌1 𝛽2 + 28 𝑘2 η3𝜆  𝜌1
2 𝛽3 + 14 𝑘2 η3𝜆  𝜌1

2 𝛽4 =

0,         (34)       

( 𝜙ξ)
4

:        6 λ3𝜌1 + 240 𝑘 η4  λ 𝜌1 𝛽1 + 6 η2 λ 𝜌1 𝛽2 + 44 𝑘 η3𝜆  𝜌1
2 𝛽3 + 22 𝑘 η3𝜆  𝜌1

2 𝛽4 = 0,                   

(35) 

 ( 𝜙ξ)
6

:       120  η4  λ 𝜌1 𝛽1 + 20 𝑘 η3  λ𝜌1
2 𝛽3  + 10 η3 𝜆  𝜌1

2 𝛽4 = 0.                                                               

(36) 
Solving the above system of equations (33)-(36) yields the following results 

                                      𝜌1 =  − 
12𝛽1η

2𝛽3  + 𝛽4 
,             λ =  √4 𝑘 η4 𝛽1 − η2𝛽2  ,                      (37a) 

                             𝜌1 =   − 
12𝛽1η

2𝛽3  +  𝛽4 
,            λ = − √4 𝑘 η4 𝛽1 − η2𝛽2  ,                            (37b) 
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                                       𝜌1 =  − 
12𝛽1η

2𝛽3  +  𝛽4 
,       λ =   I η √ 𝛽2 , k = 0,                         (37c) 

𝜌1 =  − 
12𝛽1η

2𝛽3  +  𝛽4 
,       λ =  − I η √ 𝛽2 , k = 0,                             (37d) 

The above values satisfy the exact solutions of equation (28). 
Case 1: For k  < 0, we have 

𝑈6(x, t) = 𝜌0  −
12𝛽1η

2𝛽3 + 𝛽4 
√−𝑘 tanh[√−𝑘   (η x ±

√4 𝑘 η4 𝛽1−η2𝛽2 

ρ
(t +  

1

Γ (ρ)
 )

ρ
)],              (38)        

𝑈7(x, t) = 𝜌0  − 
12𝛽1η

2𝛽3 + 𝛽4 
√−𝑘 coth[√−𝑘   (η x ±

√4 𝑘 η4 𝛽1−η2𝛽2 

ρ
(t +  

1

Γ (ρ)
 )

ρ
)];             (39)  

  Case 2: For k  > 0, we get 

𝑈8(x, t) = 𝜌0  −
12𝛽1η

2𝛽3 + 𝛽4 
√𝑘 tan (√𝑘   ( η x ±

√4 𝑘 η4 𝛽1−η2𝛽2 

ρ
(t +  

1

Γ (ρ)
 )

ρ
) ) ,          (40)                     

𝑈9(x, t) = 𝜌0  −
12𝛽1η

2𝛽3 + 𝛽4 
√𝑘 cot (√𝑘   ( η x ±

√4 𝑘 η4 𝛽1−η2𝛽2 

ρ
(t + 

1

Γ (ρ)
 )

ρ
)),         (41)                 

Case 3: For k  = 0 

𝑈10(x, t) = 𝜌0  −  
12𝛽1η

2𝛽3 + 𝛽4 ( η x±
  − I η √ 𝛽2 

ρ
(t + 

1

Gamma (ρ)
 )

ρ
 
 .                                                       (42)                    

                              
(a)                                                                               (b) 

                                                 
(b)                                                                                (d) 

Figure 3: Periodic wave soliton of exact solution of  𝑈5(𝑥, 𝑡) from equation (38) three-
dimensional surface plot in (a - b)  𝑘 = 0, −1 and (c) two-dimensional profile with different 𝑘 
and (d) contour plot for k = -1. 
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(a)                                                                                     (b) 
  

                                           
(c)                                                                            (d)   
  
                  

Figure 4: Periodic wave behavior of 𝑈6(𝑥, 𝑡) from equation (39), three-dimensional surface 
plot (a - b) for 𝑘 = 0,1 and (c) two-dimensional profile with different 𝑘 =  −1, 0, 1 and (d) 
Contour plot for k = -1 
 
 
Third fifth order generalized nonlinear partial differential equation 
 
Consider the nonlinear fractional generalized fifth order equation given by 

𝐃𝐭
𝟑𝛒

𝐔 + +𝛒𝟏𝐃𝐭
𝛒

𝐔𝐲𝐲𝐲𝐲 +  𝛒𝟐𝐃𝐭
𝛒

𝐔𝐱𝐱+ 𝛒𝟑(𝐔𝐲𝐃𝐭
𝛒

𝐔𝐲)
𝐲

= 𝟎.                                                           (43) 

 
Using wave transformation  

U(x, y, t) = U (ξ),   ξ = 𝛈𝟏𝐱 +  𝛈𝟐𝐲 +
𝛌

𝛒
(𝐭 + 

𝟏

𝐆𝐚𝐦𝐦𝐚 (𝛒)
 )

𝛒
          

(44) 
 equation (43) reduces to the following 
 

     (𝛌𝟑 + 𝛒𝟐 λ 𝛈𝟏
𝟐) Uʹʹʹ + 𝛒𝟑 𝛈𝟐

𝟑 𝛌 ((𝐔ʹʹ)𝟐 +  𝐔ʹ Uʹʹʹ) + 𝛒𝟏  𝛌 𝛈𝟐
𝟒 𝐔(𝟓) = 0                                  (45) 

 

Balancing higher order with the nonlinear from equation (27),  Uʹ Uʹʹʹ with U(5) and get N = 1  

                                                     U(x, t) = U (ξ)  = ∑ 𝜌𝑖𝜙𝑖( ξ)
𝑁

𝑖=0
                                          (46) 

Substituting the value of N=1, into equation (46), we obtained the following 
                                                        U(ξ) = 𝜌0 +  𝜌1𝜙( ξ)                                                         (47)    
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 By Substituting equation (9) along with equation (29) into equation (27), the algebraic 

equations are obtained in terms of (𝜙ξ)
𝑖
 and setting coefficient (𝜙ξ)

𝑖
 to zeros, where i = (0, 2, 

4,), yield the following result 

 ( 𝜙ξ)
0

:              2 k2 λ3𝜌1 + 2 𝑘2 λ 𝜌1  𝛽2 η1
2   + 2𝑘3𝜆  𝜌1

2 𝛽3η2
3 + 16 𝑘3 λ 𝜌1  𝛽1η2

4  = 0,        (48) 

 

( 𝜙ξ)
2

:            8 k λ3𝜌1 + 8 𝑘 λ 𝜌1  𝛽2 η1
2   + 14 𝑘2 𝜆  𝜌1

2 𝛽3η2
3 + 136 𝑘2λ 𝜌1  𝛽1η2

4  = 0,         (49) 

( 𝜙ξ)
4

:            6 λ3𝜌1 + 6 λ 𝜌1  𝛽2 η1
2   + 22 𝑘  𝜆  𝜌1

2 𝛽3 η2
3 + 240 𝑘 λ 𝜌1  𝛽1η2

4  = 0,                 (50) 

( 𝜙ξ)
6

:            10 𝜆  𝜌1
2 𝛽3 η2

3 + 120 λ 𝜌1  𝛽1 η1
4    = 0.                                                               (51) 

Solving the above solvable system of equations yield the following results 

                                     𝜌1 =  − 
12𝛽1 η2

 𝛽3 
,             λ =  √− 𝛽2 η1

2 + 4 𝑘 𝛽1η2
4  ,                             (52a)  

                        𝜌1 =  − 
12𝛽1 η2

 𝛽3 
,             λ = − √− 𝛽2 η1

2 + 4 𝑘 𝛽1η2
4 ,                                       (52b) 

                                    𝜌1 =  − 
12𝛽1η

𝛽3 
,       λ =   I η √ 𝛽2 η1,     k = 0,                                          (52c) 

                                          𝜌1 =  − 
12𝛽1η

𝛽3 
,       λ =  −I η √ 𝛽2 η1,     k = 0,                                     (52d)                                                    

We get exact solution of equation (43) as follows: 
Case 1: For k  < 0, we have 

𝑈11(x, y, t) = 𝜌0  −  
12𝛽1 η2

 𝛽3 
√−𝑘 tanh (√−𝑘   (η1x +  η2y ±

√4 𝑘 η4 𝛽1−η2𝛽2 

ρ
(t +

1

Gamma (ρ)
 )

ρ
)) ,        

(53) 

𝑈12(x, y, t) = 𝜌0   − 
12𝛽1 η2

 𝛽3 
√−𝑘 coth (√−𝑘   (η1x +  η2y ±

√4 𝑘 η4 𝛽1−η2𝛽2 

ρ
(t +  

1

Gamma (ρ)
 )

ρ
)),   

     (54) 
Case 2: For k  > 0, the solution are 

𝑈13(x, y, t) = 𝜌0  −  
12𝛽1 η2

 𝛽3 
√𝑘 tan(√−𝑘   (η1x +  η2y ±

√4 𝑘 η4 𝛽1−η2𝛽2 

ρ
(t +

 
1

Gamma (ρ)
 )

ρ
) ),    (55)                   

𝑈14(x, y, t) = 𝜌0 −  
12𝛽1 η2

 𝛽3 
 √𝑘 cot(√−𝑘   (η1x + η2y ±

√4 𝑘 η4 𝛽1−η2𝛽2 

ρ
(t +

 
1

Gamma (ρ)
 )

ρ
) ),    (56)   

Case 3: For k  = 0, we have            

𝑈15(x, y, t) = 𝜌0  −  
12𝛽1 η2

𝛽3( η1x+ η2𝐲 ±
 I η √ 𝛽2 η1

ρ
(t + 

1

Gamma (ρ)
 )

ρ
)  

 .                                                               

(57) 

                                            
(a)                                                                       (b) 
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                        (c)                                                                        (d) 
    
 

                                                     
                                 (e)                                                                (f) 
 

                                              
                                                                       
              (g)                                                   (h)                                           (i) 
 
                                                                         
 Figure 5: Periodic wave soliton behavior of 𝑈11(𝑥, 𝑦, 𝑡) of equation (54) in three-dimensional 
surface plot (a - c), two-dimensional profile (d - f) and contour plot from (g - i) with different 
value of  𝑘 = −1, 0, 𝑘 = 1. 
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(a)                                                                                          (b) 

                                         
(b)                                                                                        (d)           

 
Figure 6: Kink wave profile of 𝑈12(𝑥, 𝑦, 𝑡)  of equation (55) in (a - c) three-dimensional 
surface plot for the Real part with different value of  𝑘 and (d) two-dimensional profile for 
𝑘 =  −1, 0, 1. 

                  
 

(a)                                                            (b) 
 
 

                                               
(c )                                                                 (d) 
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                                    (e)                                                                     (f)                                                                            
 
Figure 7: Periodic wave solution of the exact solution  𝑈14(𝑥, 𝑦, 𝑡) in equation (57), (a - f) 
three-dimensional surface plot for the Real part with different 𝑘 = −1, 𝑘 = 1 and (d) contour 
plot for 𝑘 =  −1. 
 
 
Fourth fifth-order partial differential equation 
 
Consider the nonlinear fractional generalized fifth order equation given by 
 

𝐷𝑡
3𝜌

𝑈 + +𝛽1𝐷𝑡
𝜌

𝑈𝑥𝑥𝑥𝑥 +  𝛽2𝐷𝑡
𝜌

𝑈𝑦𝑦𝑦𝑦+ 𝛽3(𝑈𝑥𝐷𝑡
𝜌

𝑈𝑥)
𝑥

= 0.                                              (58) 

 

Using wave transformation U (x, y, t) = U (ξ),   ξ = 𝛈𝟏𝐱 + 𝛈𝟐𝐲 +
𝛌

𝛒
(𝐭 +  

𝟏

𝐆𝐚𝐦𝐦𝐚 (𝛒)
 )

𝛒
 .            (59) 

 
Equation (58) reduces to nonlinear ordinary differential equation as follows 
 

     (𝛌𝟑 + 𝛒𝟐 λ 𝛈𝟏
𝟐) Uʹʹʹ + 𝛒𝟑 𝛈𝟐

𝟑 𝛌 ((𝐔ʹʹ)𝟐 +  𝐔ʹ Uʹʹʹ) + 𝛒𝟏  𝛌 𝛈𝟐
𝟒 𝐔(𝟓) = 0                                  (60) 

 

We balance 𝐔ʹ Uʹʹʹ with 𝐔(𝟓) and get N = 1 as a result from equation (60)  
 

                                                     U(x, y, t) = U (ξ)  = ∑ 𝜌𝑖𝜙𝑖( ξ)
𝑁

𝑖=0
                                      (61) 

Substituting the value of N=1, into equation (32), we obtained the following 
                                                         U(ξ) = 𝜌0 +  𝜌1𝜙( ξ)                                                 (62)                  
By Substituting equation (9) along with equation (33) into equation (31), the algebraic 

equations are obtained in terms of (𝜙ξ)
𝑖
 and set coefficient (𝜙ξ)

𝑖
 to zeros, where i = (0, 2, 4,), 

yield the following equations 

( 𝜙ξ)
0

:           2 k2 λ3𝜌1 + 2 𝑘3 λ 𝜌1
2  𝛽3 η1

3   + 16 𝑘3𝜆 𝜌1 𝛽1η1
4 + 16 𝑘3𝜆 𝜌1 𝛽2η2

4 = 0,           (63) 

( 𝜙ξ)
2

:           8 𝑘 λ3𝜌1 + 14  𝑘2 λ 𝜌1
2  𝛽3 η1

3   + 136 𝑘2𝜆 𝜌1 𝛽1η1
4 + 136 𝑘2𝜆 𝜌1 𝛽2η2

4 = 0,     (64) 

( 𝜙ξ)
4

:           6 λ3𝜌1 + 22 𝑘 λ 𝜌1
2  𝛽3 η1

3 +   240 𝑘 𝜆 𝜌1 𝛽1η1
4 + 240 𝑘 𝜆 𝜌1 𝛽2η2

4 = 0,              (65) 

( 𝜙ξ)
6

:          10 𝜆 𝜌1
2  𝛽3 η1

3 + 120 𝜆 𝜌1 𝛽1η1
4 +  120 𝜆 𝜌1 𝛽2η2

4 = 0.                                        (66) 

Solving the above solvable system of equations yield the following results 

𝜌1 =  − 
12(𝛽1η1

4 +   𝛽2η2
4)

 𝛽3η1
3 

,             λ =  2√𝑘 𝛽1 η1
4 + 𝑘 𝛽2η2

4 ,                   (67a) 

𝜌1 =  − 
12(𝛽1η1

4 +   𝛽2η2
4)

 𝛽3η1
3 

,             λ =  −2√𝑘 𝛽1 η1
4 + 𝑘 𝛽2η2

4 ,                   (67b) 

𝜌1 =  − 
12(𝛽1η1

4 +   𝛽2η2
4)

 𝛽3η1
3 

,             λ = 0, k = 0,                                    (67c) 
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Using equation (33) and equation (34) we get the exact  solutions of equation (58). 
Case 1: For k  < 0 

𝑈16(x, y, t) = 𝜌0  −  
12(𝛽1η1

4+  𝛽2η2
4)

 𝛽3η1
3 

√−𝑘 coth (√−𝑘  ( η1x +  η2y ± 
2√𝑘 𝛽1 η1

4+𝑘 𝛽2η2
4 

ρ
(t +

 Gamma (ρ) )ρ)),      (68) 

𝑈17(x, y, t) = 𝜌0   − 
12(𝛽1η1

4+  𝛽2η2
4)

 𝛽3η1
3 

√−𝑘 tanh (√−𝑘  ( η1x +  η2y ± 
2√𝑘 𝛽1 η1

4+𝑘 𝛽2η2
4 

ρ
(t +

 
1

Gamma (ρ)
 )

ρ
)),         (69)          

Case 2: For k  > 0 

𝑈18(x, y, t) = 𝜌0  −  
12(𝛽1η1

4+  𝛽2η2
4)

 𝛽3η1
3 

 √𝑘 cot (√𝑘   (η1x + η2y ±
2√𝑘 𝛽1 η1

4+𝑘 𝛽2η2
4 

ρ
(t +

 
1

Gamma (ρ)
 )

ρ
)),               (70)              𝑈19(x, y, t) = 𝜌0  −  

12(𝛽1η1
4+  𝛽2η2

4)

 𝛽3η1
3 

√𝑘 tan(√𝑘   (η1x +

 η2y ±
2√𝑘 𝛽1 η1

4+𝑘 𝛽2η2
4 

ρ
(t +  

1

Gamma (ρ)
 )

ρ
)),               (71) 

Case 3: For k  = 0 

𝑈20(x, y, t) = 𝜌0  −  
12(𝛽1η1

4+  𝛽2η2
4)

𝛽3( η1x+ η2𝐲 ±
  𝛽3η1

3 

ρ
(t + 

1

Gamma (ρ)
 )

ρ
)  

 .                                                                         

(72) 
RESULTS AND DISCUSSION 
In this section we analyze the behavior of analytical solution for fractional generalized fifth-
order nonlinear partial differential equation in the sense of beta fractional derivative. 
Graphical representation was obtained with mathematical software package Mathematica. 
The three-dimensional surface plot, two-dimensional profile and contour plot graphical 
highlight the effect of fractional order 𝛒 and parameter in wave propagation. 
 
Figure 1. The solution exhibits a sharp transition between two stable states (a) three-
dimension, (b) two-dimension and (c) contour plot with parameters  𝜌0 = 1, 𝛽1 = 𝛽2 = 𝛽3 =
 η = 1, ρ = 0.9.  
 
Figure 2. Singular soliton with three-dimensional surface plot (a-b) with parameter 𝜌0 =
1, 𝛽1 = 𝛽2 = 𝛽3 =  η = 1, ρ = 0.9.  
 
Figure 3. Illustrate periodic soliton solutions in hyperbolic, trigonometric, and rational forms, 
respectively. (a-b) three-dimensional surfaces show clearly repeating wave structures, while 
the corresponding (b) two-dimensional and (c) contour diagram with parameter𝜌0 = 1, 𝛽1 =
𝛽2 = 𝛽3 =  η = 1, ρ = 0.9, confirm their periodicity across both spatial and temporal domains.  
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Figure 4. Displays stable, repeating solitary waves, which can be associated with nonlinear 
dispersive media such as optical fibers and plasma system from (a -b) three-dimension, (c) 
two-dimension and (c) contour plot. 
 
Figure 5. Three-dimension (a-c), two-dimension (d-f) and (g-i) contour plot with parameter 
𝜌0 = 1, 𝛽1 = 1,  𝛽2 = 0.5, 𝛽3 = 1.8, , η1 = η2 = 1, ρ = 0.9. emphasizes oscillatory wave trains 
with regular periodicity, whereas the rational periodic soliton.  
 
Figure 6. Exhibit singular soliton, (a-c) three-dimension and (d) two-dimension with 
parameter 𝜌0 = 1, 𝛽1 =  𝛽2 =   𝛽3 = 1, η1 = η2 = 1, ρ = 0.9.  
 
Figure 7. Displays periodic effect in (a-f) three-dimension, (d) contour plot with parameter for 
the Real part with different 𝑘 and𝜌0 = 1, 𝛽1 =  𝛽2 =   𝛽3 = 1, η1 = η2 = 1, ρ = 0.9. These 
findings confirm that the fractional-order parameter plays a critical role in controlling wave 
structures, making the generalized tanh method a powerful tool for capturing diverse 
nonlinear behaviors. 
 
 
CONCLUSIONS 
In this study, we successfully derived solitary wave solutions for generalized fractional fifth-
order nonlinear equations using the generalized tanh method combined with the Beta 
fractional derivative. The integration of the Beta derivative framework allowed for a more 
generalized and flexible approach to modeling the dynamic behavior of nonlinear systems 
with memory effects. The generalized tanh method proved to be effective in generating exact 
solutions, highlighting its utility in the analytical treatment of complex fractional models. The 
results underscore the influence of the fractional order on wave propagation and solution 
profiles, suggesting strong potential for further theoretical and applied development 
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