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Abstract 
This study investigates the Schrödinger Equation (SE) with the Hulthén–Hellmann potential under 
the influence of a topological defect (κ) to understand how geometric irregularities affect quantum 
systems. The Nikiforov–Uvarov Functional Analysis (NUFA) method was employed within a non-
Euclidean geometric framework using the Riemannian Laplacian operator and a modified metric tensor 
incorporating the defect parameter (κ). Analytical expressions for the energy eigenvalues and 
eigenfunctions were successfully obtained. Numerical and graphical results show that the energy 
eigenvalues increase with both the topological defect (κ) and the screening parameter (δ), while the 
presence of the defect breaks the degeneracy of the energy levels, leading to spectral shifts dependent on 
(κ). In the limiting case (κ → 1), corresponding to flat Minkowski space, the computed eigenvalues 
exhibit excellent agreement with existing theoretical results, confirming the robustness of the NUFA 
approach. The findings provide new insights into the interplay between topology and quantum 
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mechanics, with potential applications in condensed matter physics, defect-engineered nanostructures, 
and quantum field models in curved spacetime. 
 
Keyword: Hulthén–Hellmann Potential, Great Metric Tensor, NUFA method, Riemannian 
Laplacian Operator, Topological Defect,  
 
 
INTRODUCTION 
The Hulthén potential (Hulthén, 1942) represents one of the most fundamental short-range 
potentials in theoretical and applied physics. It has found extensive applications across a wide 
range of fields, including nuclear, atomic, condensed matter, and chemical physics, due to its 
capacity to model screened and short-range interactions effectively (Hassanabadi et al., 2013; 
Taseli & Zafer, 1997; Bayrak & Boztosun, 2007). This potential plays an essential role in 
describing the quantum mechanical interaction between two particles and serves as a valuable 
benchmark for testing analytical and approximate methods in quantum theory (Okon, 
Popoola & Ituen, 2016). 
 
Similarly, the Hellmann potential, a linear superposition of Yukawa and Coulomb potentials 
(Hellmann, 1935), has been extensively applied in determining the bound-state energy spectra 
of atomic, nuclear, and particle systems (Ikhdair & Sever, 2007; Ikot et al., 2015; Onate, Onyeaju 
& Ikot, 2016). It is particularly valuable in condensed matter physics, where it helps to study 
electronic transitions of alkali metal molecules. 
 
In recent years, there has been increasing interest in combining two or more potential models 
within both relativistic and non-relativistic frameworks (Edet & Okoi, 2019). Such hybrid 
potentials extend the applicability of theoretical models and enhance their accuracy in 
representing complex interactions (Onate et al., 2018). In this work, we present a hybrid 
potential model, obtained from the combination of the Hulthén and Hellmann potentials 
(HHP). The potential is of the form (William, Inyang & Thompson, 2020): 
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where r represents the inter-nuclear distance and 1,  2  and 3  are the strengths of Hulthen, 

Coulomb and Yukawa potentials and   is the screening parameter respectively. 
 
Beyond potential models, the influence of topological defects on quantum systems has 
attracted significant attention. Topology plays a central role in various physical systems across 
multiple branches of physics, including gravitational physics, condensed matter physics, and 
cosmology. The presence of a topological defect modifies the geometric properties of the 
underlying spacetime. Such defects are believed to have been formed during phase transitions 
in the early universe through spontaneous symmetry-breaking mechanisms (Ahmed, 2023). 
 
Topological defects are generally classified as cosmic strings, domain walls, and global 
monopoles. In condensed matter systems, they manifest as vortices in superconductors and 
superfluids, domain walls in magnetic materials, solitons in one-dimensional polymers, and 
dislocations or disclinations in solids and liquid crystals (Ahmed, 2023). A linear structural 
defect, such as a disclination or dislocation, is analogous to a cosmic string (Carneiro et al., 



The Effect of Topological Defects On the Energy Spectra of the Hulthen-Hellmann Potential 

N. Ibrahim et al,  DUJOPAS 11 (4c): 99-114, 2025                                                                                       101 

 

2025), while point-like defects such as vacancies or impurities resemble global monopoles 
(Marques & Bezerra, 2002). 
 
The effects of such defects on bound-state energy spectra have been investigated for several 
potential models, including the harmonic oscillator (Furtado & Moraes, 2000; Vitoria & Belich, 
2019), Kratzer potential (Marques & Bezerra, 2002), Hulthén potential (Bakke, 2023), hard-wall 
potential (Vitoria, Moy & Belich, 2022), and Mie-type potential (Vitoria & da Silva, 2023). In 
each case, the presence of the topological defect modifies the bound-state energy, introducing 
a dependency on the monopole or defect parameter. 
 
More recently, Vitoria, Pereira and Martins (2025) analytically investigated a diatomic 
molecule described by the Morse potential under small oscillation conditions in an elastic 
medium containing point defects, while Alves et al. (2023) studied the non-relativistic 
quantum mechanics of an electron influenced by the Hulthén potential in a spacetime with a 
global monopole. Similarly, Nwabuzor et al. (2021) examined the effects of topological defects 
on the energy spectra and thermal properties of LiH, TiC, and I₂ diatomic molecules. These 
studies collectively highlight the profound impact of topological geometry on molecular and 
quantum systems and motivate further exploration of potential models such as the proposed 
Hulthén–Hellmann hybrid potential in defect-influenced environments. 
 
Nevertheless, despite these extensive investigations, none-according to our review-have 
investigated the Hulthén–Hellmann potential in a medium with a global monopole (GM). 
Filling this gap is the main aim of this article. It builds upon the earlier work of (William, 
Inyang & Thompson, 2020), who examined this potential model in flat Minkowski space-time. 
 
Methodology 
Nikiforov-Uvarov Functional Analysis (NUFA) 
In this section, we briefly introduce Nikiforov-Uvarov Functional Analysis (NUFA) method 
(Ikot et. al., 2021). This method is useful to solve second-order differential equation wave 
equations of the hypergeometry-type: 
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where ( )s  and ( )s  are polynomials at most second degree, and ( ) ,s is a first degree 

polynomial. In this study, we adopt the parametric version of the Nikiforov–Uvarov method 
formulated as follows: 
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where i  and ( )1,2,3i i =  are all parameters. It can be observed in Eq. (3) that the 

differential equation has two singularities at 0s →  and 1,s →  thus it take the wave function 

in the form 
 

( ) ( ) ( )1
v

s s s f s = −            (4) 

 
Substituting Eq. (4) into Eq. (3) leads to the following equation 
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Eq. (5) can be reduced to a Gauss hypergeometric equation if and only if the following 
functions vanish 
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Thus, Eq. (5) now becomes 
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Solving Eqs. (6) and (7) completely give 
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Eq. (8) is the hypergeometric equation type of the form 
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where ,a  ,b  c  are given as follows 
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Setting either a  or b  equal to a negative integer ,n−  the hypergeometric function ( )f s  turns 

to a polynomial of degree .n  Hence, the hypergeometric function ( )f s  approaches a finite 

value in the following quantum condition i.e. ,a n= −  where 𝑛 = 0,1,2,3,…𝑛𝑚𝑎𝑥 (Nikiforov & 

Uvarov, 1988; Ikot et al., 2019; Falaye et al., 2015). 
Using the above quantum condition, 
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Squaring both sides of Eq. (16) and rearranging, one obtains the energy eigenvalues for the 
NUFA method as 
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By substituting Eqs. (9) and (10) into Eq. (4), gives the corresponding wave equation for the 
NUFA method as 
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Where  is the normalization constant. The special case 3 0 → . 

 
 
Solution of The Schrödinger Equation with Topological Defect of a Global Monopole 
We begin this section by outlining the concept of a global monopole, which represents a type 
of topological defect, as discussed in Bragança et al. (2020) and Bakke (2023). This defect 
exhibits spherical symmetry and the corresponding line element that describes it in the 
presence of a gravitational scalar potential is expressed as follows: 

        𝑑𝑠2 = −(𝜅2 +
2

𝑐2
𝑓(𝑥0)) 𝑐2𝑑𝑡2 + (𝜅2 +

2

𝑐2
𝑓(𝑟))

−1

𝑑𝑟2 + 𝑟2𝑑𝜃2 + 𝑟2𝑠𝑖𝑛2𝜃𝑑𝜑2              (19) 
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where 0 < 𝜅 = 1 − 8𝜋𝐺𝜂0
2 is the parameter related to the Point-like Global Monopole (PGM) 

which depends on the energy scale 0 .  Furthermore, the metric of Eq. (19) portrays a 

spacetime with scalar curvature 
 

                                                             𝑅 = 𝑅𝜇
𝜇

=
2

𝑟2
(1 − 𝜌2 +

2

𝑐2
𝑓(𝑟))                                                           (20) 

 
 
 
When the gravitational potential 𝑓 = 0, the line element in Eq. (19) reproduces the spherically 
symmetric global-monopole geometry described by Bragança et al. (2020) and Bakke (2023). 
The covariant and contravariant components of the great metric tensor given in Eqs. (20)–(29) 
represent a metric proposed by Howusu (2009) if topological defect parameter 𝜌 = 1. 
Moreover, the Ricci scalar curvature reduces to that obtained by Barriola and Vilenkin (1989), 
Ahmed (2022) when 𝑓 = 0, confirming the consistency of the present formulation with the 
standard global-monopole model. 
 
As discussed by Bakke, (2023), the time-independent Schrödinger equation that describes a 
particle subject to a scalar potential in the presence of a linear topological defect is given in 
the form: 

                                                                     𝐸𝜓

= −
ℏ2

2𝜇
∇𝑅
2𝜓 + 𝑉(𝑟)𝜓                                                                  (21) 

 

where   is the mass of the particle, the 
2

R  is the Riemannian Laplacian operator given as 

(Howusu, 2009): 
 

                                                                        ∇𝑅
2

=
1

√g
∂k[√gg

kj ∂j]                                                                        (22) 

 

where gijis the modified great metric tensor, gij is the inverse of gijand g = det[gij]. 

To make use of Eq. (22), we modified the great metric tensor for all gravitational fields in 
nature (Howusu, 2009) in a PGM as:  
 

                                               g11(𝑟, 𝜃, ∅, 𝑥
0) = {𝜅2 +

2

𝑐2
𝑓(𝑟, 𝜃, ∅, 𝑥0)}

−1

                                     (23) 

 
                                                                            g22(𝑟, 𝜃, ∅, 𝑥

0) = 𝑟2                                                  (24) 
 

                                                          g33(𝑟, 𝜃, ∅, 𝑥
0) = 𝑟2𝑠𝑖𝑛2𝜃                                                         (25) 

 

                                        g00(𝑟, 𝜃, ∅, 𝑥
0) = −{𝜅2 +

2

𝑐2
𝑓(𝑟, 𝜃, ∅, 𝑥0)}                                          (26) 

 
                                                              gμν = 0;      𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒                                                              (27) 
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where 𝜎 is the topological defect and 𝑓 = −
𝐺𝑀

𝑟
 is the gravitational scalar potential which: 

1. is a function of not only the radial co-ordinate, 𝑟, as in the well known Schwarzschild’s 
metric tensor, but but also more generally of the two angles 𝜃 and 𝜙 as well as co-
ordinate 𝑥0 = 𝑐𝑡 and; 

2. is assumed to reduce to the corresponding pure Newton’s gravitational scalar 
potential in the order of 𝑐0. 

 
Substituting Eqs. (23)-(26) into Eq. (22), we have Riemannian Laplacian operator in 
Minkowski coordinates (Omonile, Abalaka & Howusu, 2015) 

      ∇𝑅
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𝜕
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Riemannian Laplacian operator has the following feartures if 𝜎 → 1, according to Howusu, 
(2009) 

It reduces to the well known Euclidean /Beltrami Laplacian operator in the limit of 0.c  
It reduces to the well known D’Alembertian operator in the order of linear terms. 
It contains post Euclid and post D’Alembert (or pure Riemannian correction terms of all 

orders of 2c− ). 
By substituting Eq. (28) into Eq. (21), the time-independent SE for the Hulthen-Hellmann 
potential in a medium with the presence of the PGM is: 
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2

𝑐2
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𝜓(𝑟, 𝜃, 𝜑, 𝑡) 

                                                                                                                                             +𝑉𝜓(𝑟, 𝜃, 𝜑, 𝑡)            (29) 
 
The total wave function in Eq. (29) can be defined as 
 

                                                         𝜓(𝑟, 𝜃, 𝜙, 𝑡) =
ℜ(𝑟)

𝑟
𝑌(𝜃, 𝜙)𝜓(𝑡)                                                     (30) 

 
By decomposing the spherical wave function in Eq. (29) using Eq. (30), one can get radial SE, 
angular SE and Feinberg-Horodecki equation respectively. Substituting Eq. (1) into Eq. (29) 
and by considering radial part and if 𝑓 = 0, then we have; 
 

                
𝑑2ℜ𝑛ℓ(𝑟)

𝑑𝑟2
+

2𝜇

ℏ2𝜅2
[𝐸𝑛ℓ +

𝛾1𝑒
−𝛿𝑟

1 − 𝑒−𝛿𝑟
+
𝛾2
𝑟
−
𝛾3𝑒

−𝛿𝑟

𝑟
−
ℏ2ℓ(ℓ + 1)

2𝜇𝑟2
]ℜ𝑛ℓ(𝑟) = 0            (31) 

 

where   is the mass of the particle, nE  is the energy spectrum,  is the reduced Planck’s 

constant, 
( )

2

1

r

+
 is the centrifugal term, n  and  are the radial and orbital angular 

momentum quantum numbers respectively. 
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When 0,=  Eq. (32) with Hulthen-Hellmann potential can be exactly solved, but for the case 

0,  Eq. (32) cannot be solved exactly with this potential. So Greene-Aldrich approximation 

scheme (Greene & Aldrich, 1976) is introduced to deal with the centrifugal barrier in solving 
the equation analytically. This approximation scheme is a good approximation to the 
centrifugal term which is valid for 1,   and it becomes 

1

1 rr e 


−


−

 and 
( )

2

22

1

1 rr e 



−


−
         (33) 

 
Applying the approximation scheme in Eq. (33) into Eq. (32), we obtain: 
 

                      
𝑑2ℜ𝑛ℓ(𝑟)

𝑑𝑟2
+

[
 
 
 
 
2𝜇𝐸𝑛ℓ
ℏ2𝜅2

+
2𝜇

ℏ2𝜅2
𝛾1𝑒

−𝛿𝑟

1 − 𝑒−𝛿𝑟
+

2𝜇

ℏ2𝜅2
𝛾2𝛿

(1 − 𝑒−𝛿𝑟)

−
2𝜇

ℏ2𝜅2
𝛾3𝛿𝑒

−𝛿𝑟

(1 − 𝑒−𝛿𝑟)
−

ℓ(ℓ + 1)𝛿2

𝜅2(1 − 𝑒−𝛿𝑟)2 ]
 
 
 
 

ℜ𝑛ℓ(𝑟) = 0                        (34) 

 
By using the change of variable from ,r z→  the new coordinate becomes 

 
rz e −=                (35) 

 
Substituting Eq. (35) into Eq. (34), after some simplifications, reduces the differential equation 
to 

𝑑2ℜ𝑛ℓ(𝑟)

𝑑𝑧2
+
(1 − 𝑧)

𝑧(1 − 𝑧)

𝑑ℜ𝑛ℓ(𝑟)

𝑑𝑧
 

+
1

𝑧2(1 − 𝑧)2
[−(𝜀𝑛ℓ + 𝜌1 − 𝜌2)𝑧

2 + (2𝜀𝑛ℓ + 𝜌1 − 𝜌2 − 𝜌3)𝑧 − (𝜀𝑛ℓ − 𝜌2 + 𝜌4)]ℜ𝑛ℓ(𝑟)

= 0                                                                                                              (36) 
 
Where 

−𝜀𝑛ℓ =
2𝜇𝐸𝑛ℓ
ℏ2𝜅2𝛿2

, 𝜌1 =
2𝜇𝛾1
ℏ2𝜅2𝛿2

, 𝜌2 =
2𝜇𝛾2
ℏ2𝜅2𝛿

, 𝜌3 =
2𝜇𝛾3
ℏ2𝜅2𝛿

,

𝜌4 =
ℓ(ℓ + 1)

𝜅2
                                                                                       (37) 

 
By comparing Eq. (36) with the NUFA equations in Eq. (3), we obtain the following 
 

1 2 3 1,a a a= = =  1 1 3,n   = + −  2 1 2 32 ,n    = + − −  3 2 4 ,n   = − +   

 

2 4 ,n   = − +
 1 3nv   = + −

                                     (38) 
 
Substituting Eq. (38) into Eq. (17) energy eigenvalue equation is obtain as 
 

( ) ( ) ( )
2

2 4 2 4 4 4 1 32 0n n nn n          − + + − + + + + − + − =
       (39) 
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Substituting Eq. (37) into Eq. (39), we obtain 
 

𝐸𝑛ℓ

=
ℓ(ℓ + 1)ℏ2𝛿2

2𝜇
− 𝛾2𝛿

−
ℏ2𝜅2𝛿2

2𝜇

[
 
 
 
 2𝜇𝛾1
ℏ2𝜅2𝛿2

+
2𝜇𝛾2
ℏ2𝜅2𝛿

−
2𝜇𝛾3
ℏ2𝜅2𝛿

−
ℓ(ℓ + 1)
𝜅2

− (𝑛 +
1
2 +

√1
4 +

ℓ(ℓ + 1)
𝜅2

)

2

2(𝑛 +
1
2
+ √

1
4
+
ℓ(ℓ + 1)
𝜅2

)

2

]
 
 
 
 
2

(40) 

 
Its corresponding energy eigenfunction equation can be obtain as follows: 
 

( )
( )

( )
( )

( )
2

2 2 2 2 2 2
2

12 2 11 1

2 4
2 11 , , ;

nE

n nR z z z F a b c z

 

     

+
+− − +

+ +
= −

                             (41) 
where 

1 3na v   = + + + −
                                                         (41a) 

1 3nb v   = + − + −
    (41b) 

1 2c = +      (41c) 
 

where n  is the normalization constant. As PGM  𝜅 → 1, Eq. (40) is similar to the energy 

eigenvalue equation for Hulthen-Hellmann potential model obtained in Eq. (28) (William, 
Inyang & Thompson, 2020) given by 
 

𝐸𝑛ℓ

=
ℓ(ℓ + 1)ℏ2𝛼2

2𝜇
− Λ2𝛼

−
𝛼2ℏ2

2𝜇

[
 
 
 
 2𝜇Λ1
ℏ2𝛼2

+
2𝜇Λ2
ℏ2𝛼

−
2𝜇Λ3
ℏ2𝛼

− ℓ(ℓ + 1) − (𝑛 +
1
2 +

√1
4 + ℓ

(ℓ + 1))

2

2(𝑛 +
1
2 +

√1
4 + ℓ

(ℓ + 1))
]
 
 
 
 
2

         (42) 

 
Results  
In this study, we performed numerical computations for the Hulthén–Hellmann potential 
using MapleSoft software. Table 1 presents the energy spectra of the Hulthén–Hellmann 
potential for different quantum states with various values of the topological defect 𝜅 and the 
screening parameter δ. Table 2 presents the comparison of energy eigenvalues of the Hulthén–
Hellmann potential for different quantum states with various values of the screening 
parameter 𝛼 and for the limiting case when the topological defect (𝜅 → 1), (William et al., 
2020). 
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Table 1. Energy spectra ( )nE eV  of the Hulthen-Hellmann potential for different quantum 

states with various values of the topological defect 𝜿 and screening parameter 𝜹 and 
2 1= =  

State 𝜿   
1 = 0.025, 2 = 1, 3 = -1 1 = 0.050, 2 = 2, 3 = -2 1 = 0.075, 2 = 3, 3 = -3 

1s 0.2 
0.4 
0.6 
0.8 
1.0 

0.02 
0.04 
0.06 
0.08 
0.10 

-16.491422260 
-2.6794063900 
-1.0027331150 
-0.5138280550 
-0.3139062500 

-65.99064099 
-10.74185756 
-4.032044456 
-2.068024222 
-1.250625000 

-148.4976723 
-24.18760952 
-9.089230031 
-4.666684502 
-2.820156250 

 
 2s 0.2 

0.4 
0.6 
0.8 
1.0 

0.02 
0.04 
0.06 
0.08 
0.10 

-7.3226054430 
-1.1843650620 
-0.4410547178 
-0.2288191358 
-0.1506250000 

-29.315313790 
-4.7607322500 
-1.7804708700 
-0.9126285431 
-0.5600000000 

-65.97816099 
-10.72967756 
-4.021164457 
-2.060644224 
-1.250625000 

 
2p 0.2 

0.4 
0.6 
0.8 
1.0 

0.02 
0.04 
0.06 
0.08 
0.10 

-0.68790383460 
-0.26286842250 
-0.14368144270 
-0.09657731381 
-0.08316406250 

-2.8117334780 
-1.1089976890 
-0.6192745717 
-0.4018623096 
-0.2939062500 

-6.3715654690 
-2.5394177720 
-1.4314036200 
-0.9292486451 
-0.6628515625 

 
3s 0.2 

0.4 
0.6 
0.8 
1.0 

0.02 
0.04 
0.06 
0.08 
0.10 

-4.1135405630 
-0.6614365978 
-0.2461682787 
-0.1344420139 
-0.1066015625 

-16.478970260 
-2.6676743910 
-0.9941211140 
-0.5136160560 
-0.3314062500 

-37.096353060 
-6.0197373820 
-2.2490425070 
-1.1539061250 
-0.7144140625 

 

3p 0.2 
0.4 
0.6 
0.8 
1.0 

0.02 
0.04 
0.06 
0.08 
0.10 

-0.56193319550 
-0.19152695600 
-0.10010516350 
-0.07380635703 
-0.08202500000 

-2.3013062850 
-0.8119613491 
-0.4244849181 
-0.2711627623 
-0.2124000000 

-5.2182569420 
-1.8631028800 
-0.9811402999 
-0.6151887371 
-0.4440250000 

 

3d 0.2 
0.4 
0.6 
0.8 
1.0 

0.02 
0.04 
0.06 
0.08 
0.10 

-0.23388905980 
-0.08421189443 
-0.04616041238 
-0.04302950200 
-0.06640625000 

-0.9993556715 
-0.3978216901 
-0.2227454659 
-0.1543964037 
-0.1406250000 

-2.2965555090 
-0.9429495962 
-0.5392862762 
-0.3616034428 
-0.2851562500 

 

4s 0.2 
0.4 
0.6 
0.8 
1.0 

0.02 
0.04 
0.06 
0.08 
0.10 

-2.62822500000 
-0.41976406250 
-0.15782993840 
-0.09665712890 
-0.10062500000 

-10.537600000 
-1.6992562500 
-0.6320197531 
-0.3348285156 
-0.3348285156 

-23.728224990 
-3.8400765620 
-1.4306694450 
-0.7401141604 
-0.4806250000 

 

4p 0.2 
0.4 
0.6 
0.8 
1.0 

0.02 
0.04 
0.06 
0.08 
0.10 

-0.46717061970 
-0.14544033960 
-0.07609422475 
-0.06729031028 
-0.09668402779 

-1.9172473340 
-0.6187446075 
-0.3100179673 
-0.2036414736 
-0.1834027778 

-4.3504418020 
-1.4226350590 
-0.7138487126 
-0.4440253734 
-0.3404340278 
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Table 2. If 𝜿 → 𝟏, we have a flat Minkwoski space, which agrees with William et al. (2020). 
State      𝛼  Λ1 = 0.025, Λ2 = 1,  Λ1 = 0.050, Λ2 = 2,  Λ1 = 0.015, Λ2 = 4, 
                                                   Λ3 = −1           Λ3 = −2          Λ3 = −4 

1s  0.025   -2.237656250   -8.975156250   -48.92515625 
0.050   -1.550625000   -6.225625000   -30.17562500 
0.075   -1.350017362   -5.420850695   -24.92640624 
0.10   -1.255625000   -5.040000000   -22.49000000 
0.15   -1.166736110   -4.675069442   -20.18062500 
 

2s  0.025   -0.5506250000   -2.225625000   -12.17562500 
0.050   -0.3806250000   -1.540000000   -7.490000000 
0.075   -0.3334027780   -1.341736111   -4.333402775 
0.10   -0.3139062500   -1.250625000   -5.575625000 
0.15   -0.3034027778   -1.171111110   -5.010000000 
 

2p  0.025   -0.5314062500   -2.187656250   -12.08765625 
0.050   -0.3475000000   -1.475625000   -7.350625000 
0.075   -0.2854340280   -1.250017360   -5.988906248 
0.10   -0.2501562500   -1.130625000   -5.330625000 
0.15   -0.2052777777   -0.9917361105   -4.655625000 
 

3s  0.025   -0.2389062500   -0.9764062500   -5.370850695 
0.050   -0.1667361111   -0.6750694445   -3.291736110 
0.075   -0.1513908180   -0.5925945218   -2.715434026 
0.10   -0.1506250000   -0.5600000000   -2.454444445 
0.15   -0.1685262345   -0.5472299380   -2.225625000 
 

3p  0.025   -0.2300173611   -0.9591840278   -5.331406250 
0.050   -0.1506250000   -0.6450694445   -3.228402778 
0.075   -0.1269463735   -0.5487056328   -2.627100694 
0.10   -0.1167361111   -0.5011111110   -2.340000000 
0.15   -0.1124151234   -0.4550077159   -2.055625000 
 

3d  0.025   -0.2126562500   -0.9251562500   -5.252934028 
0.050   -0.1200694444   -0.5867361110   -3.103402778 
0.075   -0.08180748460   -0.4646778548   -2.454184026 
0.10   -0.05562500000   -0.3900000000   -2.117777778 
0.15   -0.01519290124   -0.2855632714   -1.730625000 

4s  0.025   -0.13062500000   -0.5400000000   -2.990000000 
0.050   -0.09515625000   -0.3756250000   -1.825625000 
0.075   -0.09506944448   -0.3377777778   -1.509999999 
0.10   -0.1066015625   -0.3314062500   -1.375156250 
0.15   -0.1508506944   -0.3584027777   -1.280625000 
 

4p  0.025   -0.1253515625   -0.5300390625   -2.967539062 
0.050   -0.08500000000   -0.3576562500   -1.788906250 
0.075   -0.07885850696   -0.3106293402   -1.457851562 
0.10   -0.08316406250   -0.2939062500   -1.306406250 
0.15   -0.1094444445   -0.2966840277   -1.175156250 

 
Figures 1a and 1b are plots of Energy eigenvalues (𝐸𝑛𝑙) against the principal quantum number 
(𝑛) with varying topological defect parameter (𝜅). Figures 2a and 2b are plots of energy 
eigenvalues  (𝐸𝑛𝑙)against the orbital angular momentum quantum number (𝑙) with varying 
(𝜅). 
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Figure 1(a). Energy eigenvalues (𝐸𝑛𝑙) against the principal quantum number (𝑛) with varying 
topological defect parameter (𝜅) for angular momentum (𝑙 = 0). Figure 1(b). Energy 
eigenvalues (𝐸𝑛𝑙) against the principal quantum number (𝑛) with varying topological defect 
parameter (𝜅) for angular momentum (𝑙 = 1). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 2(a). Energy eigenvalues (𝐸𝑛𝑙) against the angular momentum (𝑙) with varying 
topological defect parameter (𝜅) for principal quantum number (𝑛 = 1). Figure 2(b). Energy 
eigenvalues (𝐸𝑛𝑙) against the angular momentum (𝑙) with varying topological defect 
parameter (𝜅) for principal quantum number (𝑛 = 5). 
 
DISCUSSION 
This study examines the influence of the topological defect parameter (κ) on the energy 
spectra of the Hulthén–Hellmann potential using the Nikiforov–Uvarov Functional Analysis 
(NUFA) method. The computed results presented in Table 1 reveal that, for fixed quantum 
states, the energy eigenvalues increase with both the defect parameter (κ) and the screening 
parameter (δ). This observation is consistent with the findings of Nwabuzor et al. (2021). To 
further assess the reliability of the model, the limiting case as κ → 1, corresponding to flat 
Minkowski space, was investigated. Under this condition, Equation (41) reproduces the well-
established Hulthén–Hellmann eigenvalues reported in the literature, as shown in Table 2, 
confirming both the accuracy and internal consistency of the NUFA method. These results are 
in strong agreement with those reported by William et al. (2020). Moreover, Figures 1(a)–2(b) 

(a) 

(b) 

(a) 
(b) 
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provide a clear graphical interpretation of how the topological defect modifies the energy 
spectrum and degeneracy structure of the system. In Figure 1(a), for 𝑙 = 0, the introduction of 
a topological defect induces a noticeable splitting of energy levels from their Minkowski 
counterparts. The magnitude of this splitting increases as κ decreases, signifying enhanced 
geometric deformation. As the defect parameter 𝜅 → 1, the energy levels gradually merge, 
restoring degeneracy-thus, the system behaves as though it were in a defect-free flat space. In 
contrast, Figure 1(b) reveals that for 𝑙 = 0, the degeneracy restoration does not lead to merging 
but rather to further splitting, an effect analogous to the Zeeman splitting observed under an 
applied magnetic field. In Figure 2(a), for 𝑛 = 1, the energy levels remain largely non-
degenerate for higher values of κ, indicating complete level splitting. Conversely, Figure 2(b) 
shows that as κ decreases, the splitting magnitude intensifies, while degeneracy tends to be 
restored as 𝜅 → 1 for higher principal quantum numbers (𝑛 > 1). This characteristic behavior 
where level splitting amplifies with decreasing topological defect 𝜅 and degeneracy is 
recovered in the flat limit 𝜅 → 1, is consistent with the report by Abu-Shady and Fath-Allah 
(2024) on c𝑐̄ and b𝑏̄ mesons within a similar topological background. Overall, the present 
findings reinforce the significance of incorporating topological defect effects in the analysis of 
quantum systems, as such geometrical modifications can induce measurable shifts and 
splittings in the energy spectra, thereby offering a deeper understanding of field–matter 
interactions in curved spaces. 
 
CONCLUSION 
This study presents a comprehensive analysis of the Hulthén–Hellmann potential in a curved 
geometric background characterized by a topological defect parameter (κ). By employing the 
Nikiforov–Uvarov Functional Analysis (NUFA) method in conjunction with the Riemannian 
Laplacian operator and a modified metric tensor, we successfully derived analytical 
expressions for the energy eigenvalues and examined their dependence on curvature and 
screening effects. The results show that the presence of a topological defect significantly 
modifies the quantum energy structure, leading to level splitting and lifting of degeneracies 
that vanish as κ → 1, corresponding to flat Minkowski space. The consistency of the limiting 
case with previously reported results confirms the validity and robustness of the present 
approach. Physically, the findings highlight the influence of topological defects as effective 
geometric potentials that alter quantum behavior in non-trivial spaces. This model can serve 
as a theoretical foundation for exploring defected crystalline materials, disclination and 
dislocation effects in condensed matter systems, curvature-induced nanostructures, and 
quantum field interactions in curved or topologically deformed spacetimes. 
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