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Abstract

In this research, the initial and boundary value problems of partial differential equation are studied;
two integral transforms, the Natural Transform and Aboodh Transform were used to develop a new
Double integral transform called Double Natural-Aboodh transform. The Double Natural-Aboodh
Transform combined with the Adomian Decomposition method was employed to obtain the series-form
analytical solution of Linear and Nonlinear Partial Differential Equation Problems. The existence and
uniqueness of the double Natural-Aboodh Transform method were investigated. The solution was
found to be convergent. Four example problems were provided to illustrate the efficiency of the developed
method as compared with the existing literatures.
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INTRODUCTION

Scholars in various scientific disciplines, including Biology, Chemistry, fluid mechanics,
Physics, and others, have focused on classical partial differential equation (CPDEs). Integral
transform methods can solve partial differential equation of integer orders, these methods
transform problems into algebraic or ordinary forms, depending on whether single or double
integral transformation are used (Davies, 2002). Also solutions of partial differential equations
(PDEs) have drawn a lot of attention because they can accurately simulate complicated
systems and processes those traditional problems frequently considered to be difficult to
solve.

Jasim et al. (2023) reviewed integral transforms which includes single, double and mixed
double transforms. Mixed double transforms combine two different single integral transforms
to form a double integral transform. Many have developed various double integral transform
for solving partial differential equation of integer order including double ARA transform
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(Rania, 2022), double Natural transform (Kilicman and Omran, 2017), double Laplace and
double Sumudu transforms (Hassan and Kilicman, 2010), two-dimensional Aboodh
transform (Aboodh et al., 2017), double Shehu transform (Suliman and Emine, 2020), double
Rangaig integral transform (Derte et al., 2022), two-dimensional Emad-Falih transform (Turg
and Kuffi, 2022), double Mahgoup transform (Patil, 2020) and many more.

Most approaches mentioned in the literature solved linear PDEs problems. It is therefore
necessary to develop a double integral transform to address nonlinear PDEs problems. In this
research, the Natural transform and Aboodh transform will be combined to form double
Natural-Aboodh transform with Adomian decomposition method which will be
implemented to solve both linear and nonlinear problem.

Preliminaries
Definition 1 ( Rasool et al., 2019) The Natural transform of ®(x) for x > 0, s,u > 0 is
denoted by N[®(x)] is
N[®()] == [ ew d(x)dx (1)
Definition 2 (Range and Gade, 2020) The Aboodh transform of ®(¢t) fort > 0,p >0
is denoted by A [®(t)] is
A®(D)] = % [ et a(t)de )

Definition 3 The double Natural-Aboodh transforms of ®(x, t) for x,t > 0 is denoted
by N, A®(x,t)] is define as
1 o0 poo (3%
NeAcd (0] = £Gs,u,p) = o [ f)7 ™ PP, ydxdt ©3)
Provided that the integral exists and (s, u, p) are transform variable.

Definition 4 The inverse double Natural-Aboodh transform is denoted by
N~ A" :[&(s,u,p)] is define as

- - 1 +ico X +ico
N7xA™ (8w )] = s fo i, € {13 perte(s,u, p)dp} ds (4)
By applying double Natural-Aboodh transform on some functions
m
1. NeA[x™t"] = S:ﬁ;i —; M, n are positive integer
2. N A [x™e™] = ey —
(ax+bt)] — 1
3. NeAde ] (s—au)(ziz—bp)
i(ax+bt)] — _
4 NAde | = teow=mw
. _ (ap®u+bsp)
5. NxAt[Sln (ax + bt)] - (s2+a?u?)(p*+b2p?)
_ __ (sp’—aup?)
6. NxAt[COS (ax + bt)] - (s2+a?u?)(p*+b2p?)
. _ (ap?u+bsp)
7. NyA¢[sinh (ax + bt)] = ot e e (02 bp) (0 —b)
2_
8. N,A([cosh (ax + bt)]| = (sp” —aubp)

~ (s+aw)(s—aw)(p%+bp)(p%-bp)

Existence and Uniqueness of Double Natural-Aboodh Transform
A function of ®(x, t) is said to be exponential order a,f > 0, on 0 < x,t < oo, if there
exist a positive constant, M, X and Y such that,
|D(x,t)| < e(@x+BD), forallx > X, t>Y (5)
Therefore, we write
d(x,t) = 0(e@+F)  asx,t - oo
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Theorem 1: Let @(x, t) be a continous function in every finite interval (0,X), (0,Y) and of
exponential order e @BV then, the double Natural-Aboodh transform of ®(x,t) exist for
all s, u>a,p>p.

Proof: Let ®(x, t) be exponential order e(@**P1) such that,

|D(x, )| < e@*BD forallx > X, t>Y

Then, we have

1§(s,u,p)| =

1 0 00 sx
—f f e~ PO D (x, t)dxdt
upJo Jo

1 0o 00 ox
<— f f eGP | (x, t)|dxdt
upJo Jo
< ﬂf f e~ GotPD (@B gy gy
upJo Jo
M [ee] [ee] s
f f e QDX o=@+B)t gxqt
o Jo
1

Twp
" u@? - ph) (% —a)
M

T @2 —pB)(s — aw)

Properties of Double Natural-Aboodh Transform and its Partial Derivatives
If the double Natural Aboodh transform of function @, (x, t) and ®,(x, t) are
§1(s,u,p) and &, (s, u, p) respectively and the double Natural-Abbodh transform exist,
by definition of the double transform for any positive constant «, § such that

1.

2.

Linearity Property
NxAt[ach (X, t) + ﬂq)Z (X, t)] = 0(51 (S' u, p) + ﬁZZ (S, u, p) (6)
Shifting Property

(ax+pt) - 1 s—aw
N[00, )] = L e, p — ) ?)
Change of Scale Property
N AP (xa, tB)] = 58,5 (8)

ua’ B
If ®(x, t) is a continous function and N, A¢[®(x, t)] = §(s,u, p). Then the following
derivative are

N A (x, 0)] = p §(s,u,p) =~ Ne [0 (x, 0)] (%)
NeA@ee(x, 0] = p? §(s,1,p) = Ne[®(x, 0)] =~ N[ (x, 0)] (9b)
NeAd D, (x, D] = 28 (5,1,p) — 2 A [@(0, )] (%)
NoA @ (0] = S E(s 0, p) = SA[R0,0] - 24,[0,0,0] ()

N A (6, 0] = 5805, 1,p) = S A[@(0, )] = 55 A, [0, )] = 2 4,[,(0,0)]
(%)

2d(x,t)
dxot

NeA [ 5oo2] = 2e(s,wp) + N[0 (x, 0] =24 [9(0,0] - - [®(0,0)] (%)

Convolution Theorem of Double Natural-Aboodh Transform: The convolution of the
function ®(x, t) and g(x, t) is denoted by ® ** g(x, t) and defined by

X t
NeAdd + g(x, )] = f f ®(x — p,t — Dglp, Adpda
0 0

= N, A [P(x — p, t — )] = N, Ac[g(p, A)] (10)
Theorem 2: if ¢ (s,u, p) = NyA[P(x,t)], then for constants p, A we have
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N,AL®G = p,t = DHGx = p,t = D] = e W PVe(s,u,p)
Where H(x, t) is the Heaviside unit function defined by

(1, x>pt>2
HEx—pt=2) _{0, Otherwise
Proof:
N A [P(x — p,t = DH(x — p,t — )] —f f GO (x — p,t — DH(x —
p,t — A)dxdt

1 (00} o] sx
= —f f e_(7+pt)cb(x —p, t — )dxdt
o Jo
Putm=x-p :x—m+pandn—t—/1 >t=n+41
f f S(m+p)+p(n+'1))cb(m n)dmdn

~GrHPD) ! j f +pn)d>(m n)dmdn
=e (u +pl)€(5, u, p)

Theorem 3: (Rania, 2022) Let £(s,u, p) and G(s,u, p) be double Natural-Aboodh
transform of a function ®(x, t) and g(x, t) respectively,

N AP *x g(x, £)] = up&(s,u, p)G(s,u,p) (11)
Proof:

NA[®(x, D)] = f f ~G PO (x, ) dxdt
N A *+ g(x, )] —f [Ce ‘(—ﬂ’” {f [ o —pt —A)g(p,/l)dpd/l} dxdt

By Heaviside unit step function,
= % 1 e GO [ 7 @ (x — p, t = DH(x — p, t — Dg(p, DdpdA}dxdt
= Iy Iy 9o, Ddpda (L [ [y e PO — p,t = DHCx — p, £ — 2)} dxdt

By theorem (2)
f f g(p,A)dpdz{ (P e(s, 0, p)}
~sun [ [ e g napar
= upé(s,u,p)G(s,u,p)
Methodology

Consider second-order nonlinear partial differential equations with initial and boundary
value problems. Let the second-order nonhomogeneous nonlinear partial differential
equation be in the form:

AdDy, (x,t) + BOy(x, t) + CD,(x, t) + DDy (x,t) + EQD,(x,t) + FO(x,t) =

h(x,t) (12)
with initial condition; ®(x, 0) = m4(x), ®:(x,0) = m,(x) (13)
and the boundary condition; ®(0,t) = m3(t), ®,(0,t) = my(t) (14)

where A, B, C, D, E and F are constants and h(x, t) is the source term, ®®,.(x, t) is nonlinear
term. Using the double Natural-Aboodh Transform property of partial derivative on
equation (12), single Natural and Aboodh transforms of equation (13) and (14) respectively.

{£+Bp2+§+Dp+F}€(sup)=H(sup)+(B+§)H(s,u)+
(+5)G@) +2F @) +2 ZK(s,w) — ENA[00,] (15)

u2
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where H(s,u), G(p), F(p) and K(s,u) are Natural and Aboodh transform of

d(x,0),P(0,t), P, (0,t) and P,(x, 0) respectively. Let {(s,u, p) and H(s, u, p) be also double

Natural-Aboodh transform of ®(x,t) and h(x, t) respectively.

Taking inverse double Natural-Aboodh transform on (15) and dividing bothside by the

coefficient of (s, u,p),

Ai+Bp2+ +Dp+F

H(sup)+(B+2)H(sa+ (43 )6 (@) +5F (p)+7K (s0)
d(x,t) = N, A, -

N™xA” t{AS 2 N At(cbcbx)} (16)

—+Bp2+ S Dp+F

Using the Adomlan method, the solution function and the nonlinear term is

treated as follows;

D(x,) = Tyo Pn(x, 1) (17)
DD, (x, 1) = X2y Ap(x, t) (18)
The Adomian polynomial 4,, is given by the following equation

Ap = nldln{N[Zn Olkcbkcbkx(x t)]}l 0 =0,1,2,-- (19)

Using equation (17) and (18), equation (16) becomes;
H(swp)+(B+2)H(su)+(25+5)6 (0) +2F (0) +2K (s,u)
Zn=o Pn(x, 1) = N_xA_t{ rs) o))y }—

As? 5, Cs
7+Bp +7+Dp+F

N7 A" {As d NyA(Xn=o An(x, t))} (20)

—+Bp2+ S Dp+F
Comparing the terms we have the following recurrence relation;
H(sup)+(B+2 )H(s W+ ()G +HF (4K, u)}

Dy(x,t) = N_xA_t{

- _ 24>
u2 +Bp +u+Dp+F

-E

o, (x,t) =N",A" N A(Ap(x, t
L e e KN ))

- -E
D,(x,t) = N",A” t{Asz N. At(A1(x; t))}

—+Bp? + +Dp+F
_ -E
ch+1(x, t) == N XA t{ASZ N At(An(x, t))} (21)
—+Bp2+ Sy Dp+F

The series solution is
D(x,t) = Dy(x, t) + Py(x,t) + Py(x, t) + -+ Py g (%, 8) (22)

The series can be express as ®(x,t) = Yp-o P, (x,t), as the terms of the series
Dy (x,t), P1(x,t), Py (x,t), P3(x,t), -+ are obtained. It is really important to note
that the @ (x, t) is defined by the terms that arises from initial conditions and the
proceeding terms &®;(x,t), P,(x,t) -, can be generated by the results of the

previous terms.

Problem 1

Mona and Ali (2022), consider the following nonhomogeneous heat equation
D, (x,t) = Oy (x,8) — P(x,t) + 1 (23)

Subject to the conditions:

®d(x,0) =1+sinx, ®,(x,0) =—-2sinx (24)

®(0,t) =1, ®,(0,t) = e 2t (25)

Applying double Natural-Aboodh transform on equation (23),

N A D (x, )] = NeA [P (x, ©) — D, £) + 1] (26)

By double Natural-Aboodh transform property,
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P EGs,1P) = N[O 0)] = Z£(5,1,p) — S AP0, 0] — 2 4,[0,(0,0)] -

§(sup) + oz 27)
2
{p - % + 1} é(s,u,p) = %Nx[l + sinx] — %At[l] — %At[e_Zt] + #
(28)
s? 1[1 u s[1 1[ 1 1
p-Friscuwn = f+mE-EE lemltee @
u 1
Swp) =0 T (30)
Taking inverse double Natural-Aboodh transform on equation (30)

- - - - _ (1
N™xA™{(s,u,p)} = N™ A", {m} T N7A™, {”7} (31)
P(x,t) = e sinx +1 (32)
Problem 2
Suliman and Emine, (2020), consider the Korteweg-de Vries partial differential
equation
Dy (6, t) + Dy (x, ) + Pe(x, t) =0 (33)
Subject to the condition
d(x,0) =e7%, ®,(0,t) = —e?t (34)
®(0,t) = e?t, ®,,(0,t) = e?t (35)

Applying double Natural-Aboodh transform on equation (33)
3 2
&G, up) = S5 A[D0,0] = ZA[D,(0,0)] = £ Ac[ @ (0,0] +2¢(s,u,p) —

AP, 0]+ p Es,1,p) — 3 Ne[@(x, 0)] = 0 (36)
3 2
S &(s,up) —1%At[e2t] — 2 Ac[—e] == Ale?] + 2 £(s,u,p) — 2 A [e?] +
p E(S, u'p) _;Nx[ex] =0 (37)
s3 s s2 1 s 1 1( 1 1 1
{F + u + P} f(s' u P) T {p(p—z)} Tz {p('p—z)} + u {p(p—z)} + u {p(p—z)} +
1( 1
; {(s+u)} (38)
After simplification of equation (38), we have
1
§(s,u,p) = G+ @2-2p) (39)
Taking inverse double Natural-Aboodh transform on equation (39)
S o= a- 1
N A6 G wp)} = N oA s omms) (40)
d(x,t) = e *+2t (41)
Problem 3

Mohammad et al, (2022), consider the diffusion equation in one dimension

D, (x, 1) = Dyre (1) — Dy (x, £) + D(x, )P (x, 1) — P2(x, 1) + P(x, 1) (42)

With initial condition

d(x,0) = e* (43)

By applying double Natural-Aboodh transform on equation (42);

PE(S1P) = Ne[@(x, 0)] = NeA[Pp — D + 0D, — D2+ D] (44)

Taking double inverse Natural-Aboodh transform on (44) after simplification,
P, 6) = N7A {5 Nele T} + N 7o A7 S A Dy — D + DD, — D2 4+ 0]} (45)

The nonlinear terms are treated by Adomian method and the unknown term is

eXpreSS as
O(x,8) = N5 O, 1) (46)
O, (x,t) = Z??:O Ay (47)
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®2(x,t) = X0 By (48)
Where the Adomian polynomials are ;
Ag = PPy

Ay = OgPyy + DD

Ay = PPy + PPy + PP

: (49)
By = q’%

B, = 20,®,

B, = 20, ®, + (¥,)?

: (50)

Substituting equations (46), (47) and (48) into equation (45);
© - 4= (1 - 4= 1 © ©
ano D1 (x: t) =N",A7; {F N, [ex]} +N™ A", {; NxAt[ano cl)n,xx - ano q)n,x +

S0 An = Zie=o Bn + Zizo n]} (51)
Where the recurrence relation is obtain as;
Do (x, 1) = e* (52
0 _ _ 1 o) o) (o) oo

Y=o Prir (x,8) = N7, A7 {; NxAt[Zn=0 Dpex — Yn=0 Dy + Yn=0An —Xn=0Bn +
Tio @nl} (53)
Forn=20
P1(6,6) = N7 A {5 NeAd[@oex = Do + Ao — By + D]} (54)

¢
D, (x,t) = exi (55)
Forn=1
D,(x,t) = N",A™, {% NxAt[q)l,xx — Py +A;—By + ‘131]} (56)

tZ
D, (x,t) =e* > (57)
Forn=2
D3(x,t) = N",A™, {% NxAt[CDZ,xx — P+ A —By + ‘Dz]} (58)

t3
Dd;(x, t) =e* P (59)
The series solution is therefore;
D(x,t) = Yoo Pn(x, t) = Op(x, t) + O (x, t) + Py(x, t) + - (60)

t  t? 3

ol t) = e {1+ + -+ Tt} (61)
D(x,t) = e*tt (62)
Problem 4

Mountassir and Djelloul, (2017), consider a system of nonlinear partial
differential equation
DO (x,t) + w(x, )P, (x,t) + P(x,t) =1

we(x,t) — P(x, w,(x,t) —w(x,t) =1 (63)
Initial conditions

®(x,0) =e*

w(x,0)=e* (64)

Applying double Natural-Aboodh transform on equation (63)
PEG,U,P) = Ne[®(x, 0)] = NeAdl1 — w(x, ), (x, ) = D(x, )]
P 9(s,1,p) = 5 Nelw(x,0)] = NyA L + O (x, D)oy (5, ) + w(x, O] (65)

Where (s, u, p) and 9(s, u, p) represent double Natural-Aboodh transform of
®(x,t) and w(x,t) respectively. By taking double inverse Natural-Aboodh
transform on equation (65);
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dlx,t) = N~ A, {iN [e "]}+N‘ A {lN At[l]}—
N~ A, { N AJw(x, )P, (x, t) + D(x, )] }

w(x,t) = N~ A~ {—Nx[ }+N AT { }
N=,A™, { N AP (x, D w,(x, t) + w(x, )] }
(66)

Consider the series of the form

D(x,t) = Xpo Pr(x, t)

0, 6) = Bmgwn (6 D) (67)
The nonlinear terms w(x, t)®, (x,t) and ®(x, t)w,(x,t) are address using
polynomial which are define as

w(x, )Py (x, 1) = Y=o An(x, t)

B(x, g (6, 8) = T By (3, 6) (68)
Where the Adomian polynomial are

Ap = WPy

AL = WP + W1 Pox

Ay = 0Py + W Pp + WDy (69)
By = ®gwo «

Bl - q)o(l)l,x + CDlw

By = ®gwyx + Prwgx + Py« (70)
Substituting equations (68) and (67) into equation (66),

o ~ - (1 _ (1

Tit0 Pt (6 8) = N7 A7 {5 No[eX1} + N7 A7 T N A1} -
—_ —_ 1 [oe] oo

N xA t {; NxAt[Zn=0 An + Zn:O cI)n]}
o _ - (1 _ _ - (1

Tt @ne1 (6 t) = N7 A7 (N[} + N7d™ S VA1) +
- 4- (1 © ©

N~ A" {; Ny A [Xr=0Bn + 2n=0o (*)n]}

(71)

d,,(x,t) and w,(x, t) are obtain as follows, wheren = 0,1,2,3, -

Dy(x,t) =e* +%

wo(x,t) = e™¥ + = (72)
Ti0 Pt (6 8) = =N A (2 NeAdZo0 An + T Pl

Y=o Wns1(x,8) = N7 A7, {% NyAc[Xn=0 Bn + X0 U)n]} (73)
Forn=20

Di(x,t) = —N",A7; {% NyAcl[4o + q’o]}

106,8) = N2 A7 [ NeAdBy + 0ol (74)
wq(x,t) = @—e%tz ;—2, (75)
Forn=1

Dy (x,t) = —N", A7 {% NyA[A; + ‘bﬂ}

02 (x, 1) = N A" [ NABy + 0] (76)
@000 =5+ 25+ S BEE T

wo00t) = 25—+ S - B ST 77
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The series solution is

D(x,t) = Yo P, t) = Py (x, t) + P (x, )+ Py (x, t) + -+

o, t) = Yo wn(x,t) = we(x, t) + w1 (x, t)+wy(x, t) + - (78)
pxfp_t ) x4t

ol t) =e {1 TR }—e

2 3
(.O(X,t):e—x{1+%+%+%+...}:e—x+t (79

RESULT AND DISCUSSION
The Double Natural-Aboodh Transform (DNAT) method was applied to four partial
differential equations, and in each case it produced solutions that matched the known

analytical results and the results in the existing literatures Mona and Ali (2022), Suliman and
Emine (2020), Mohammad et al, (2022) and Mountassir and Djelloul (2017).

These results show that DNAT converts each PDE into a simpler algebraic form and easily
generates convergent series that reduce to the exact solutions. The close agreement with the
analytical solutions confirms that DNAT is accurate, straightforward to apply, and effective
for both linear and nonlinear problems.

Conclusion

In this work, the Double Natural-Aboodh Transform method was employed to solve linear
and nonlinear partial differential equation problems, the fundamental properties, and
existence and uniqueness theorems of the double Natural-Aboodh transform as well as series-
form analytical solutions were presented. The developed method is simple, reliable and
effective.
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