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Abstract 
This work proposes a method of solving system of both integer and fractional order differential 
equations. The method is developed through an elegant combination of an integral transform: Shehu 
transform and homotopy analysis method (STHAM). Caputo definition is adopted while interpreting 
the non-integer derivative, while homotopy derivatives are employed to overcome the non-linearities 
encountered. Implementation of the proposed method on selected problems from the literature reveals 
its reliability, as the result obtained through it compared favorably with those in the literature. The 
results are equally presented in 3D graphs.  
 
Keywords: Homotopy Derivative, Fractional Order, Transforms, Deformation Equation, 
Control Parameter. 
 
INTRODUCTION  
There has been a paradigm shift in the modeling of physical phenomena in the last few 
decades, from the integer order derivative that was hitherto emphasized in the classical 
calculus to the use of non-integer order differential and integral equations. The latter has been 
observed to represent real world situations perfectly than the former (Poulubny, 1999; 
Weilbier, 2005; Atkinson, et al., 2009; Constantin, et al., 2019).  
 
Modeling of real-life situations often leads to nonlinear ordinary, partial, integral and integro-
differential equations, thus the need for the development of methods that can handle such all-
important category of problems, knowing that the well-established analytical methods of 
solution automatically break down in such situations (Ganji, et al., 2007; Ghazan, 2011). That 
led to semi-analytical solutions which are obtained through such methods as homotopy 
analysis method (HAM), Adomian decomposition method (ADM), Variational iteration 
method (VIM), just to mention just a few (Ganji, et al., 2007, Jafari; & Daftardar, 2006, Jafari & 
Momani, 2007; Jafari & Seifi, 2009; Handibag & Wayal, 2021). 
 
Aside the quest for solving nonlinear problems through developing novel semi-analytical 
methods, the need for reduction in computational volumes motivated the development of 
hybrid methods that utilize integral transforms such as Laplace transform and others that are 
better than it, especially those that are applicable to variable coefficient problems (Liu & Li, 
2008; Kumar, et al., 2015; Mohammed, 2016; Maitama & Zhao, 2019a; Maitama S. Zhao, 2019b). 
Since, in most cases, the formulated problems are in the form of system of equations, the 
methods are equally modified to handle such situations (Rawashdeh & Obeidat, 2015; 
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Mohammed & Salim, 2017; Zheng & Zhang, 2017; Singh & Srisvastava, 2018; Yisa & Adelabu, 
2022; Yisa & Baruwa, 2022).   
 
The present research proposes a method that leverages the advantages embedded in the use 
of Shehu transform when it is integrated with HAM which is a semi-analytical method. The 
new method looks promising as it reduces the computational volume without compromising 
accuracy. 
 
METHODOLOGY  
 
Riemann-Liouville Integrals 
The integral operator, 𝐽𝛼 is given as  

                    𝐽α𝑓(𝑥) =
1

𝛤(𝛼)
∫ (𝑥 − 𝜁)𝛼−1𝑓(𝜁)𝑑𝜁,

𝑥

0
𝛼 > 0                                                            (1)  

𝑎 < 𝑥 < 𝑏, where Gamma function of α is          

           Γ(α)  =  ∫ 𝑒−𝑥𝑥α−1d𝑥, 𝑥 > 0.                                                                                        (2)
∞

0
 

And the result in (1) can also be written as  

𝐽𝛼𝑥𝛽  =  
𝛤(𝛽 + 1)

𝛤(𝛽 + 𝛼 + 1)
𝑥𝛽+𝛼                                                                                           (3) 

 
Caputo Derivatives  
The Caputo derivative operator 𝐷α of order α is defined as follows 

𝐷𝛼 𝑓(𝑥)  =  
1

𝛤(𝜆−𝛼)
 ∫ (𝑥 − 𝜁)𝜆−𝛼−1𝑓(𝜆)(𝜁)𝑑𝜁,                                                                          (4)

𝑥

0
           

where 𝜆 − 1 < 𝛼 < 𝜆, 𝜆 ∈ 𝑁, 𝛼 > 0, 𝑥 > 0.   

𝐷𝛼𝑥𝛽 =  
𝛤(𝛽 + 1)

𝛤(𝛽 − 𝛼 + 1)
 𝑥𝛽−𝛼                                                                                      (5) 

 
A Brief Review of Homotopy Analysis Method  
The Homotopy Derivatives  
Given that η and μ are two functions that are analytic with respect to the homotopy parameter 

p∈[0, 1] in a manner that η = ∑ ujq
j ∞

j=0  and μ = ∑ ujq
j ∞

j=0 are Maclaurin series. The 𝜁th order 

homotopy derivative of 𝜂 is given as  

𝐷𝜁(𝜂) =
1

𝜁!
 
𝑑𝜁𝜂

𝑑𝑝𝜁
 |𝑝 = 0,     𝜁 ≥ 0, 𝜁 ∈ 𝑍                                                           (6) 

Furthermore, if 𝐷𝜁(𝜂) = 𝑢𝜁 , it follows that  

𝐷𝜁(𝑝𝑗𝜂) = 𝐷𝜁−𝑗(𝜂) = 𝑢𝜁−𝑗,    0 < 𝑗 < 𝜁                                                                 (7) 

and 

𝐷𝜁(𝑝𝑗𝜂𝜇) = ∑ 𝐷𝑗(𝜂)𝐷𝜁−𝑗(𝜇) =  ∑ 𝑢𝜁−𝑗𝑢𝑗                                                    (8)

𝜁

𝑗=0

𝜁

𝑗=0

 

 
The Zeroth and 𝜻th Order Deformation Equation 
Consider the nonlinear differential equation 

𝑁[𝑢(𝑥)] = 0,                                                                                                              (9) 
where N is a nonlinear differential operator, x is the independent variable and 𝑢(𝑥) 
is the unknown function. There are two types of deformation in homotopy analysis method 
which are, the zeroth order deformation that   takes the form  

(1 − q) 𝐿[η(𝑥;q)-𝑢0(𝑥)] = qh𝑁[η(𝑥;q)],                                                         (10) 
where q ∈ [0, 1] is an embedding parameter ℎ ≠ 0 is the control parameter, L is an auxiliary 
linear operator, 𝑢0 is an initial approximation of 𝑢(𝑥) which generally satisfies the initial 
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conditions, and 𝜂(𝑥, 𝑞) is also an unknown function and the order deformation equation is of 
the form  

𝐿[𝑢𝜁(𝑥) − 𝜒𝜁𝑢𝜁−1(𝑥)] = ℎ𝐷𝜁−1[𝑁(η(𝑥;q))],                                             (11) 

where  

𝜒𝜁 = {
0, 𝜁 ≤ 1
1, 𝜁 > 1

                                                                                              (12) 

The 𝐷𝜁−1[𝑁(η(𝑥; q))] is given by  

𝐷𝜁−1[𝑁(η(𝑥; q))] =
1

(ζ − 1)!
 
∂ζ−1𝑁[η(𝑥;q)]

∂qζ−1
 ,                                                 (13) 

where ℎ = −1 is considered in this research. 
 
Brief Review of Shehu’s Transform Method 
 
Description of the Transform 
The transform is represented by the integral  

𝑆{𝑟(𝜎)} = 𝑅(𝜌, 𝜏) = ∫ 𝑒
−(

𝜌
𝜏

)𝜎
𝑟(𝜎)𝑑𝑥                                                                    (14)

∞

0

 

While its inverse is given by  

𝑟(𝜎) = 𝑆−1{𝑅(𝜌, 𝜏)} =
1

2𝜋𝑖
∫

1

𝜏
 𝑒𝑥𝑝

(
𝜌
𝜏

)𝜎
𝑅(𝜌, 𝜏)𝑑𝜎

𝜃+𝑖∞

𝜃−𝑖∞

,                                      (15) 

where 𝜌 and 𝜏 are the Shehu transform variables, and 𝜃 is a real constant and integral in (15) 
is taken along ρ = θ in the complex plane 𝜌 = 𝑥 + 𝑖𝑦 , (Yisa & Baruwa, 2022). 
 
Shehu Transform of Derivative 
Given a function 𝑟(𝜎), and its transform 𝑆{𝑟(𝜎)} = 𝑅(𝜌, 𝜏), then its derivative is  

 𝑆{𝑟′(𝜎)} = (
𝜌

𝜏
) 𝑅(𝜌, 𝜏) − 𝑟(0), and the 𝜍𝑡ℎ order derivative is given as  

𝑆{𝑟(𝜍)(𝜎)} = (
𝜌𝜍

𝜏𝜍 ) 𝑅(𝜌, 𝜏) − ∑ (
𝜌

𝜏
)

𝜍−(𝑘−1)
𝜍−1

𝑘=0

𝑓(𝑘)(0).                                        (18) 

Solutions of System of Integer Order Partial Order Differential Equations 
 
Statement of the Problem 1 
Consider the system of nonlinear partial differential equations 

𝐿𝑖𝑦𝑖(𝜎, 𝜉) + 𝑁𝑖[𝑦𝑖(𝜎, 𝜉)] + 𝑄𝑖𝑦𝑖(𝜎, 𝜉) = 0;   𝑖 = 1,2, … , 𝑚                           (19) 

where 𝐿𝑖 is 
𝜕𝑖

𝜕𝑡𝑖 is the auxiliary linear operator, 𝑁𝑖 is the nonlinear operator and 𝑄𝑖 represent 

other term. The initial conditions are 𝑦𝑖(𝜎, 0) = 𝑔𝑖(𝜎), 𝑖 = 1,2, … , 𝑚.  
To solve these systems by using STHAM, we first take the Shehu transform of (19).  

𝑆{𝐿𝑖𝑦𝑖(𝜎, 𝜉)} + 𝑆{𝑁𝑖[𝑦𝑖(𝜎, 𝜉)]} + 𝑆{𝑄𝑖𝑦𝑖(𝜎, 𝜉)} = 𝑆{0}                                   (20) 
Such that  

𝑆{𝐿𝑖𝑦𝑖(𝜎, 𝜉)} = 𝑆 {
𝜕𝜁𝑦𝑖

𝜕𝑥𝜁
} = 𝑆 {𝑦𝑖

𝜁
}                                                                         (21) 

And 

𝑆{𝑦𝑖
(𝜁)

} =
𝜌𝜁

𝜏𝜁  𝑌𝑖(𝜌, 𝜏) − ∑ (
𝜌

𝜏
)

𝜁−(𝑘+1)
𝑦𝑖

(𝑘)
(0)                                                     (22)

𝜁−1
𝑘=0     

Putting (21) in (22) gives 

𝜌𝜁

𝜏𝜁
 𝑌𝑖(𝜌, 𝜏) − ∑ (

𝜌

𝜏
)

𝜁−(𝑘+1)

𝑦𝑖
(𝑘)(0) + 𝑆{𝑁𝑖[𝑦𝑖(𝜎, 𝜉)]}  + 𝑆{𝑄𝑖𝑦𝑖(𝜎, 𝜉)}          (23)

𝜁−1

𝑘=0

 

where the Shehu transform of 𝑦𝑖(𝜎, 𝜉) is given as 
𝑆{𝑦𝑖(𝜎, 𝜉)} = 𝑌𝑖(𝜎, (𝛼, 𝛽))    



Improved Analytical Approach for the Solution of Non-Integer Order Differential Equations 

B. M. Yisa, K.A. Abdulwahab, DUJOPAS 12 (1a): 106-117, 2026                                                                109 
 

and 𝑦𝑖
(𝑗)

(0), 𝑗 = 0,1, . .. represent the sequence  

𝑦𝑖,0(𝜎, 0), 𝑦𝑖,𝑥(𝜎, 0), 𝑦𝑖,𝑥𝑥(𝜎, 0), . . ., for 𝑖 = 0,1, … , 𝜁. 

Dividing through by 
𝜌𝜁

𝜏𝜁 , we have 

𝑌𝑖(𝜌, 𝜏) −
𝜏𝜁

𝜌𝜁
∑ (

𝜌

𝜏
)

𝜁−(𝑘+1)

𝑦𝑖
(𝑘)

(0) +
𝜏𝜁

𝜌𝜁
𝑆{𝑁𝑖[𝑦𝑖(𝜎, 𝜉)]}  +

𝜏𝜁

𝜌𝜁
𝑆{𝑄𝑖𝑦𝑖(𝜎, 𝜉)} = 0

𝜁−1

𝑘=0

 

The process continues and the solution is given as a series. The whole process is 
implemented in the sequel. 
 
Numerical Examples on Integer Order Partial Differential Equation Using STHAM 
The problems below are solved using STHAM. 
Problem 1 (Ghazan, 2011) 

Given the system of Burgers equation 
𝜕𝑢

𝜕𝑡
−

𝜕2𝑢

𝜕𝑥2
− 2𝑢

𝜕𝑢

𝜕𝑥
+

𝜕(𝑢𝑣)

𝜕𝑥
= 0 

𝜕𝑣

𝜕𝑡
−

𝜕2𝑣

𝜕𝑥2
− 2𝑣

𝜕𝑣

𝜕𝑥
+

𝜕(𝑢𝑣)

𝜕𝑥
= 0  

With conditions 𝑢(𝑥, 0) = sin 𝑥, and 𝑣(𝑥, 0) = sin 𝑥. 
Solution 
Here the Shehu transform shall be applied to the system of equations term by term: 

𝑆{𝑢𝑡} − 𝑆 {
𝜕2𝑢

𝜕𝑥2} − 𝑆 {2𝑢
𝜕𝑢

𝜕𝑥
} + 𝑆 {

𝜕(𝑢𝑣)

𝜕𝑥
} = 𝑆{0}    

𝑆{𝑣𝑡} − 𝑆 {
𝜕2𝑣

𝜕𝑥2} − 𝑆 {2𝑣
𝜕𝑣

𝜕𝑥
} + 𝑆 {

𝜕(𝑢𝑣)

𝜕𝑥
} = 𝑆{0}  

𝜌

𝜏
𝑈(𝑥, (𝛼, 𝛽)) − 𝑢(𝑥, 0) − 𝑆 {

𝜕2𝑣

𝜕𝑥2} − 𝑆 {2𝑢
𝜕𝑢

𝜕𝑥
} + 𝑆 {

𝜕(𝑢𝑣)

𝜕𝑥
} = 0  

𝜌

𝜏
𝑉(𝑥, (𝛼, 𝛽)) − 𝑣(𝑥, 0) − 𝑆 {

𝜕2𝑣

𝜕𝑥2} − 𝑆 {2𝑣
𝜕𝑣

𝜕𝑥
} + 𝑆 {

𝜕(𝑢𝑣)

𝜕𝑥
} = 0 

Dividing through by 
𝜌

𝜏
  and applying the initial conditions to obtain  

𝑈(𝑥, (𝛼, 𝛽)) =
𝜏

𝜌
(sin 𝑥) +

𝜏

𝜌
𝑆 {

𝜕2𝑣

𝜕𝑥2} +
𝜏

𝜌
𝑆 {2𝑢

𝜕𝑢

𝜕𝑥
} −

𝜏

𝜌
𝑆 {

𝜕(𝑢𝑣)

𝜕𝑥
} 

𝑉(𝑥, (𝛼, 𝛽)) =
𝜏

𝜌
(sin 𝑥) +

𝜏

𝜌
𝑆 {

𝜕2𝑣

𝜕𝑥2} +
𝜏

𝜌
𝑆 {2𝑣

𝜕𝑣

𝜕𝑥
} −

𝜏

𝜌
𝑆 {

𝜕(𝑢𝑣)

𝜕𝑥
} 

𝐿[𝑈(𝑥, (𝛼, 𝛽); 𝑞)] = 𝑈(𝑥, (𝛼, 𝛽)) 

𝑁[𝑈(𝑥, (𝛼, 𝛽); 𝑞)] = 𝑈(𝑥, (𝛼, 𝛽)) −
𝜏

𝜌
(sin 𝑥) −

𝜏

𝜌
𝑆 {

𝜕2𝑢

𝜕𝑥2} −
𝜏

𝜌
𝑆 {2𝑢

𝜕𝑢

𝜕𝑥
} −

𝜏

𝜌
𝑆 {

𝜕(𝑢𝑣)

𝜕𝑥
} 

Also 
𝐿[𝑉(𝑥, (𝛼, 𝛽); 𝑞)] = 𝑉(𝑥, (𝛼, 𝛽)) 

𝑁[𝑉(𝑥, (𝛼, 𝛽); 𝑞)] = 𝑉(𝑥, (𝛼, 𝛽)) −
𝜏

𝜌
(sin 𝑥) −

𝜏

𝜌
𝑆 {

𝜕2𝑣

𝜕𝑥2} −
𝜏

𝜌
𝑆 {2𝑣

𝜕𝑣

𝜕𝑥
} −

𝜏

𝜌
𝑆 {

𝜕(𝑢𝑣)

𝜕𝑥
} 

Using the 𝜁th order deformation equation 

𝐿[𝑈(𝑥, (𝛼, 𝛽); 𝑞) − 𝜒𝜁𝑈𝜁−1(𝑥, (𝛼, 𝛽); 𝑞)] = ℎ𝐷𝜁−1[𝑁[𝑈(𝑥, (𝛼, 𝛽); 𝑞)]] 

𝐿[𝑉(𝑥, (𝛼, 𝛽); 𝑞) − 𝜒𝜁𝑉𝜁−1(𝑥, (𝛼, 𝛽); 𝑞)] = ℎ𝐷𝜁−1[𝑁[𝑉(𝑥, (𝛼, 𝛽); 𝑞)]] 

So that  
𝑈𝜁(𝑥, (𝛼, 𝛽)) − 𝜒𝜁𝑈𝜁−1(𝑥, (𝛼, 𝛽))

= ℎ𝐷𝜁−1 [U(𝑥, (𝛼, 𝛽)) −
𝜏

𝜌
(sin 𝑥) −

𝜏

𝜌
𝑆 {

𝜕2𝑢

𝜕𝑥2} −
𝜏

𝜌
𝑆 {2𝑢

𝜕𝑢

𝜕𝑥
} −

𝜏

𝜌
𝑆 {

𝜕(𝑢𝑣)

𝜕𝑥
}]   
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𝑉𝜁(𝑥, (𝛼, 𝛽)) − 𝜒𝜁𝑉𝜁−1(𝑥, (𝛼, 𝛽))

= ℎ𝐷𝜁−1 [V(𝑥, (𝛼, 𝛽)) −  
𝜏

𝜌
(sin 𝑥) −

𝜏

𝜌
𝑆 {

𝜕2𝑣

𝜕𝑥2} −
𝜏

𝜌
𝑆 {2𝑣

𝜕𝑣

𝜕𝑥
} −

𝜏

𝜌
𝑆 {

𝜕(𝑢𝑣)

𝜕𝑥
}] 

𝑈𝜁(𝑥, (𝛼, 𝛽)) = 𝜒𝜁𝑈𝜁−1(𝑥, (𝛼, 𝛽))

+ ℎ [U𝜁−1(𝑥, (𝛼, 𝛽)) −  (1 − χ𝜁−1) − (
𝜏

𝜌
) 𝑆 {

𝜕2𝑢𝜁−1

𝜕𝑥2
− 2 (

𝜏

𝜌
) 𝑆 {∑ 𝑢𝑘

𝜕𝑢𝜁−1−𝑘

𝜕𝑥

𝜁−1

𝑘=0

}}

+ 𝑆 {∑
𝜕𝑢𝑘

𝜕𝑥

𝜕𝑢𝜁−1−𝑘

𝜕𝑥

𝜁−1

𝑘=0

}}] 

𝑉𝜁(𝑥, (𝛼, 𝛽)) = 𝜒𝜁𝑉𝜁−1(𝑥, (𝛼, 𝛽))

+ ℎ [V𝜁−1(𝑥, (𝛼, 𝛽)) −  (1 − χ𝜁−1) − (
𝜏

𝜌
) 𝑆 {

𝜕2𝑣𝜁−1

𝜕𝑥2
− 2 (

𝜏

𝜌
) 𝑆 {∑ 𝑢𝑘

𝜕𝑣𝜁−1−𝑘

𝜕𝑥

𝜁−1

𝑘=0

}}

+ 𝑆 {∑
𝜕𝑣

𝜕𝑥

𝜕𝑣𝜁−1−𝑘

𝜕𝑥

𝜁−1

𝑘=0

}] 

Taking h = −1 

𝑈𝜁 = 𝜒𝜁𝑈𝜁−1(𝑥, (𝛼, 𝛽)) − U𝜁−1(𝑥, (𝛼, 𝛽)) −  (1 − χ𝜁−1)
𝜏

𝜌
sin x + (

𝜏

𝜌
) 𝑆 {

𝜕2𝑢𝜁−1

𝜕𝑥2 }

+ 2 (
𝜏

𝜌
) 𝑆 {∑ 𝑢𝑘

𝜕𝑢𝜁−1−𝑘

𝜕𝑥

𝜁−1

𝑘=0

} − (
𝜏

𝜌
) 𝑆 {∑

𝜕𝑢𝑘

𝜕𝑥

𝜕𝑣𝜁−1−𝑘

𝜕𝑥

𝜁−1

𝑘=0

} 

𝑉𝜁 = 𝜒𝜁𝑉𝜁−1(𝑥, (𝛼, 𝛽)) − V𝜁−1(𝑥, (𝛼, 𝛽)) −  (1 − χ𝜁−1)
u

s
sin x + (

𝜏

𝜌
) 𝑆 {

𝜕2𝑣𝜁−1

𝜕𝑥2 }

+ 2 (
𝜏

𝜌
) 𝑆 {∑ 𝑣𝑘

𝜕𝑣𝜁−1−𝑘

𝜕𝑥

𝜁−1

𝑘=0

} − (
𝜏

𝜌
) 𝑆 {∑

𝜕𝑢𝑘

𝜕𝑥

𝜕𝑣𝜁−1−𝑘

𝜕𝑥

𝜁−1

𝑘=0

}    

When m=1: 

𝑈1 = 𝜒1𝑈0(𝑥, (𝛼, 𝛽)) − U0(𝑥, (𝛼, 𝛽)) − (1 − χ0)
𝜏

𝜌
sin x + (

𝜏

𝜌
) 𝑆 {

𝜕2𝑢0

𝜕𝑥2 } + 2 (
𝜏

𝜌
) 𝑆 {𝑢0

𝜕𝑢0

𝜕𝑥
}

− (
𝜏

𝜌
) 𝑆 {

𝜕𝑢0

𝜕𝑥

𝜕𝑣0

𝜕𝑥
}    

𝑉1 = 𝜒1𝑉0(𝑥, (𝛼, 𝛽)) − V0(𝑥, (𝛼, 𝛽)) − (1 − χ0)
𝜏

𝜌
sin x + (

𝜏

𝜌
) 𝑆 {

𝜕2𝑣0

𝜕𝑥2 } + 2 (
𝜏

𝜌
) 𝑆 {𝑣0

𝜕𝑣0

𝜕𝑥
}

− (
𝜏

𝜌
) 𝑆 {

𝜕𝑢0

𝜕𝑥

𝜕𝑣0

𝜕𝑥
}                  

The initial approximation  
𝑢(𝑥, 𝑡) = 𝑢(𝑎, 𝑏) + (𝑥 − 𝑎)𝑢𝑥(𝑎, 𝑏) + (𝑡 − 𝑏)𝑢𝑡(𝑎, 𝑏) + ⋯ 
𝑣(𝑥, 𝑡) = 𝑣(𝑎, 𝑏) + (𝑥 − 𝑎)𝑣𝑥(𝑎, 𝑏) + (𝑡 − 𝑏)𝑣𝑡(𝑎, 𝑏) + ⋯ 

For 𝑎 = 𝑥, 𝑏 = 0: 

𝑢0(𝑥, 𝑡) = 𝑢(𝑥, 0) = sin 𝑥, and so  𝑈0(𝑥, (𝛼, 𝛽)) = (
𝜏

𝜌
) 𝑠𝑖𝑛𝑥  

𝑣0(𝑥, 𝑡) = 𝑣(𝑥, 0) = sin 𝑥, and so  𝑉0(𝑥, (𝛼, 𝛽)) = (
𝜏

𝜌
) 𝑠𝑖𝑛𝑥  
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𝑈1(𝑥, (𝛼, 𝛽)) = (
𝜏

𝜌
) sin 𝑥 

− (
𝜏

𝜌
) sin 𝑥 + (

𝜏

𝜌
)  𝑆{− sin 𝑥} + 2 (

𝜏

𝜌
) 𝑆{sin 𝑥 cos 𝑥} − (

𝜏

𝜌
) 𝑆{2 sin 𝑥 cos 𝑥} 

𝑈1(𝑥, (𝛼, 𝛽)) = (
𝜏

𝜌
)  𝑆{− sin 𝑥 + 2 sin 𝑥 cos 𝑥 − 2 sin 𝑥 cos 𝑥}                                            

= (
𝜏

𝜌
)  S{− sin 𝑥}                                                                          

= − sin 𝑥 (
𝜏

𝜌
) (

𝜏

𝜌
)                                                                    

= − sin 𝑥 (
𝜏

𝜌
)

2

                                                                           

Taking inverse Shehu transform of both sides, we get   
𝑢1(𝑥, 𝑡) = −𝑡 sin 𝑥 

𝑉1(𝑥, (𝛼, 𝛽)) = (
𝜏

𝜌
) sin 𝑥 

− (
𝜏

𝜌
) sin 𝑥 + (

𝜏

𝜌
)  𝑆{− sin 𝑥} + 2 (

𝜏

𝜌
) 𝑆{sin 𝑥 cos 𝑥} − (

𝜏

𝜌
) 𝑆{2 sin 𝑥 cos 𝑥} 

= (
𝜏

𝜌
)  S{− sin 𝑥}                                                                           

= − sin 𝑥 (
𝜏

𝜌
) S{1}                                                                   

= − sin 𝑥 (
𝜏

𝜌
)

2

                                                                             

Taking inverse Shehu transform of both sides, we have 
𝑣1(𝑥, 𝑡) = −𝑡 sin 𝑥 

𝑢2(𝑥, 𝑡) =
𝑡2

2!
sin 𝑥 

                 𝑣2(𝑥, 𝑡) =
𝑡2

2!
sin 𝑥                   

𝑢3(𝑥, 𝑡) = −
𝑡3

3!
sin 𝑥                   

𝑣3(𝑥, 𝑡) =
𝑡3

3!
sin 𝑥                   

𝑢(𝑥, 𝑡) = 𝑢0(𝑥, 𝑡) + 𝑢1(𝑥, 𝑡) + 𝑢2(𝑥, 𝑡)+. .. 

                                                   = sin 𝑥  [1 − 𝑡 +
𝑡2

2!
 −

𝑡3

3!
+. . . ]  

                                                   = 𝑒−𝑡 sin 𝑥     
Problem 2 (Ghazan, 2011) 
Consider the Cauchy problem 

𝜕𝑢

𝜕𝑡
+ (

1

2
 (

1

2
 𝑢2 + 𝑣2 )  + 𝑣)

𝑥
 = 0           

𝜕𝑢

𝜕𝑡
+

𝜕𝑢𝑣

𝜕𝑥
 = 0 

With the conditions: 

𝑢(𝑥, 0) =
2𝑥

10
  and 𝑣(𝑥, 0) = −

110

100
 

Solution 

𝑢(𝑥, 𝑡) =
2𝑥

10
−

2𝑥

102
t +

2𝑥

103
t2 −

2𝑥

104
t3+. .. 

𝑢(𝑥, 𝑡) =  −
110

102
+

110

103
(2𝑡) −

110

104
(3𝑡2) +

110

105
(4𝑡3) + ⋯   
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Problem 3 (Ghazan, 2011)  

Consider the Drinfield Sokolov system 
𝑢𝑡 + (𝑣2)𝑥 = 1 − 2𝑡 + 2𝑥,                   𝑢(𝑥, 𝑡) = 𝑥 at 𝑡 = 0 
𝑣𝑡 − 𝑉𝑥𝑥𝑥 + (𝑢𝑣)𝑥 = 1 − 2𝑥,               𝑣(𝑥, 0) = 0 at 𝑡 = 0 
 
Solution  

𝑢(𝑥, 𝑡) = 𝑥 + 𝑡 − 𝑡2 + 𝑡2 −
𝑡4

6
+

𝑡4

6
+

𝑡5

50
+. .. 

𝑣(𝑥, 𝑡) = −𝑥 + 𝑡 −
𝑡3

3
+

𝑡3

3
+

𝑡4

12
−

𝑡4

12
+

𝑡5

60
+. .. 

𝑢(𝑥, 𝑡) = 𝑥 + 𝑡 
    𝑣(𝑥, 𝑡) = −𝑥 + 𝑡 

Solutions to the System of Fractional Order Initial Value Problems in ODEs 
 
Statement of Problem 2 
Consider the system of nonlinear fractional order differential equations, 

𝐷𝑡
𝛿𝑦𝑖(𝜉) = 𝐿𝑖 𝑦𝑖(𝜉) + 𝑁𝑖 (𝑦𝑖(𝜉)),            𝑖 = 1,2, . . . , 𝑛, 𝑖 − 1 ≤ 𝛿 ≤ 𝑖                               (24)  

where 𝐿𝑖 and 𝑁𝑖 represent the linear and nonlinear operator respectively to solve this system 
by using STHAM, we first take the Shehu transform of both sides of (29) to get 

S{𝐷𝑡
𝛿𝑦𝑖(𝜉)} = 𝑆{𝐿𝑖 𝑦𝑖(𝜉)} + 𝑆{𝑁𝑖 (𝑦𝑖(𝜉))}                                                              (25) 

𝜌𝛿

𝜏𝛿
𝑌𝑖(𝜌, 𝜏) − ∑ (

𝜌

𝜏
)

𝛿−(𝑘+1)

𝑦𝑖
(𝑘)

(0) = 𝑆{𝐿𝑖 𝑦𝑖(𝜉)} + 𝑆{𝑁𝑖 (𝑦𝑖(𝜉))}  

𝜍−1

𝑘=0

              (26) 

Dividing through by 
𝜌𝛿

𝜏𝛿  , we have  

𝑌𝑖(𝜌, 𝜏) =
𝜏𝛿

𝜌𝛿
(∑ (

𝜌

𝜏
)

𝛿−(𝑘+1)

𝑦𝑖
(𝑘)

(0)

ς−1

k=0

) +
𝜏𝛿

𝜌𝛿
𝑆{𝐿𝑖 𝑦𝑖(𝜉)}

+
𝜏𝛿

𝜌𝛿
𝑆{𝑁𝑖 (𝑦𝑖(𝜉))}                                                                              (27)   

𝑌𝑖(𝜌, 𝜏) −
𝜏𝛿

𝜌𝛿
( ∑ (

𝜌

𝜏
)

𝛿−(𝑘+1)

𝑦𝑖
(𝑘)

(0)

m−1

k=0

) −
𝜏𝛿

𝜌𝛿
𝑆{𝐿𝑖 𝑦𝑖(𝜉)}  −

𝜏𝛿

𝜌𝛿
𝑆{𝑁𝑖 (𝑦𝑖(𝜉))}   

= 0                                                                                                             (28)     
From (28), the general nonlinear operator is obtained as  

N[yi((𝜌, 𝜏); q)] =  𝑌𝑖(𝜌, 𝜏) −
𝜏𝛿

𝜌𝛿
(∑ (

𝜌

𝜏
)

𝛿−(𝑘+1)

𝑦𝑖
(𝑘)

(0)

ς−1

k=0

) −
𝜏𝛿

𝜌𝛿
𝑆{𝐿𝑖 𝑦𝑖(𝜉)}  

−
𝜏𝛿

𝜌𝛿
𝑆{𝑁𝑖 (𝑦𝑖(𝜉))}                                                                               (29) 

Where q ∈ [0,1] is an embedding parameter. 
The result above shall be implemented in the mth order deformation equation. 

𝐿[𝑌𝑖,𝜍((𝜌, 𝜏); q) − 𝜒𝜍𝑌𝑖,𝜍−1((𝜌, 𝜏); q)] = hDς−1N[𝑌𝑖,𝜍((𝜌, 𝜏); q)],  

But  
𝐿[𝑌𝑖,𝜍((𝜌, 𝜏); q)] = Yi,ς(𝜌, 𝜏), 

then 
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Yi,ς(𝜌, 𝜏) = 𝜒𝜍𝑌𝑖,𝜍−1(𝜌, 𝜏)

+ hDς−1 [𝑌𝑖(𝜌, 𝜏) −
𝜏𝛿

𝜌𝛿
(∑ (

𝜌

𝜏
)

𝛿−(𝑘+1)

𝑦𝑖
(𝑘)

(0)

ς−1

k=0

) −
𝜏𝛿

𝜌𝛿
𝑆{𝐿𝑖 𝑦𝑖(𝜉)}   

−
𝜏𝛿

𝜌𝛿
𝑆{𝑁𝑖 (𝑦𝑖(𝜉))}]                                                                                (30) 

With the application of Homotopy derivative, (30) becomes 
Yi,ς(𝜌, 𝜏) = 𝜒𝜍𝑌𝑖,𝜍−1(𝜌, 𝜏)

+ h [𝑌𝑖,𝜍(𝜌, 𝜏) − (1 − 𝜒𝜍−1)
𝜏𝛿

𝜌𝛿
(∑ (

𝜌

𝜏
)

𝛿−(𝑘+1)

𝑦𝑖
(𝑘)

(0)

ς−1

k=0

)

− 𝐷𝜍−1 [
𝜏𝛿

𝜌𝛿
𝑆{𝐿𝑖 𝑦𝑖(𝜉)}   −

𝜏𝛿

𝜌𝛿
𝑆{𝑁𝑖 (𝑦𝑖(𝜉))}]]                         (31) 

where 

𝜒𝜍 = {
0, 𝜍 ≤ 1
1, 𝜍 > 1

   𝑎𝑛𝑑  𝜒𝜍−1 = {
0, 𝜍 − 1 < 1
1, 𝜍 − 1 ≥ 1

                                                      

Then series solution of (29) is  
 𝑦𝑖(𝑡) = 𝑦𝑖,0 + 𝑦𝑖,1 + 𝑦𝑖,2 + ⋯. 
 
Numerical Examples on Fractional Order IVPs in ODEs 
The following problems are solved using STHAM. 
Problem 1 (Jafari & Seifi, 2009) 
Consider the system of fractional order ODEs 

𝐷𝛿𝑦1(𝜉) = 𝑦1(𝜉) + 𝑦2
2(𝜉),                                           𝑦1(0) = 0, 𝑦1

′ (0) = 1 
          𝐷𝜗𝑦2(𝜉) = 𝑦1(𝜉) + 5𝑦2(𝜉),                      𝑦2(0) = 0, 𝑦2

′ (0) = 1, 𝑦2
"(0) = 1           

Solution 
Thus, we have  

𝑆{𝐷𝛿𝑦1(𝜉)} = 𝑆{𝑦1(𝜉)} + 𝑆{𝑦2
2(𝜉)}  

S{𝐷𝜗𝑦2(𝜉)} = 𝑆{𝑦1(𝜉)} + 𝑆{5𝑦2(𝜉)}   

(
𝜌

𝜏
)

𝛿

𝑌1(𝜌, 𝜏) − (
𝜌

𝜏
)

𝛿−1

y1(0) − (
𝜌

𝜏
)

𝛿−2

y1
′ (0) = 𝑆{𝑦1(𝜉)} + 𝑆{𝑦2

2(𝜉)}   

(
𝜌

𝜏
)

𝜗

𝑌2(𝜌, 𝜏) − (
𝜌

𝜏
)

𝜗−1

y2(0) − (
𝜌

𝜏
)

𝜗−2

y2
′ (0) − (

𝑠

𝑢
)

𝜗−3

y2
" (0)                   

=  𝑆{𝑦1(𝜉)} + 𝑆{5𝑦2(𝜉)}                   

𝑌1(𝜌, 𝜏) = (
𝜏

𝜌
) y1(0) + (

𝜏

𝜌
)

2

y1
′ (0) + (

𝜏

𝜌
)

𝛿

𝑆{𝑦1(𝜉)} + (
𝜏

𝜌
)

𝛿

𝑆{𝑦2
2(𝜉)}     

𝑌2(𝜌, 𝜏) = (
𝜏

𝜌
) y2(0) − (

𝜏

𝜌
)

2

y2
′ (0) − (

𝜏

𝜌
)

3

y2
" (0)  + (

𝜏

𝜌
)

𝜗

 𝑆{𝑦1(𝜉)} + (
𝜏

𝜌
)

𝜗

𝑆{5𝑦2(𝜉)}                     

Y1,ς(𝜌, 𝜏) = 𝜒𝜍𝑌1,𝜍−1(𝜌, 𝜏) + h [Y1,ς−1(𝜌, 𝜏)  − (1 − 𝜒𝜍−1) (
𝜏

𝜌
)

2

− (
𝜏

𝜌
)

𝛿

𝑆{𝑦1(𝜉)} − (
𝜏

𝜌
)

𝛿

𝑆{𝑦2
2(𝜉)}]   

Y2,ς(𝜌, 𝜏) = 𝜒𝜍𝑌2,𝜍−1(𝜌, 𝜏)

+ h [Y1,ς−1(𝜌, 𝜏)  − (1 − χς−1) (
𝜏2

𝜌2
 +

𝜏3

𝜌3)

2

 − (
𝜏

𝜌
)

𝜗

 Y1(𝜌, 𝜏) − 5 (
𝜏

𝜌
)

𝜗

𝑌2(𝜌, 𝜏)]  

Taking  h = −1and applying homotopy derivative rule 

Y1,ς(𝜌, 𝜏) = (1 − χς −
τδ

ρδ
) 𝑌1,𝜍−1(𝜌, 𝜏) + (1 − χς−1)

τ2

ρ2
+

τδ

ρδ
S {∑ y2,jy2,ς−1

ς−1

j=0

} 
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Y2,ς(𝜌, 𝜏) = −(1 − χς)Y2,ς−1(𝜌, 𝜏) + (1 − χς−1) (
τ2

ρ2
+

τ3

ρ3) +
τϑ

sϑ
Y1,ς−1(𝜌, 𝜏) + 5 (

τ

ρβ
) Y2,ς−1(𝜌, 𝜏) 

Initial approximation 

𝑦1,0(𝑡) = 𝑦1(0)(𝑡) + 𝑡𝑦1
′ (0) +

𝑡2

2!
𝑦"(0) = 𝑡 

And  

𝑦2,0(𝑡) = 𝑦2(0)(𝑡) + 𝑡𝑦2
′ (0) +

𝑡2

2!
𝑦"(0) = t +

t2

2!
                                                     

The series solution of the system is 

𝑦1(𝜉) = 𝜉 +
ξδ+1

Γ(δ + 2)
+

2ξδ+2

Γ(δ + 3)
+

6ξδ+3

Γ(δ + 4)
+

6ξδ+4

Γ(δ + 5)
+

ξ2δ+1

Γ(2δ + 2)
+

2ξ2δ+2

Γ(2δ + 3)
+

6ξ2δ+3

Γ(2δ + 4)

+
6ξ2δ+4

Γ(2δ + 5)
+

12Γ(ϑ + 3)ξδ+ϑ+2

Γ(ϑ + 2)Γ(δ + ϑ + 3)
+

10Γ(ϑ + 4)ξδ+ϑ+3

Γ(ϑ + 3)Γ(δ + ϑ + 4)
 

+
6Γ(ϑ + 4)𝜉δ+ϑ+3

Γ(ϑ + 2)Γ(δ + ϑ + 4)
+

10Γ(ϑ + 5)ξα+β+4

Γ(ϑ + 3)Γ(δ + ϑ + 5)
  +. ..                        

And 

𝑦2(𝜉) =   𝜉 + 𝜉2 +
6ξϑ+1

Γ(ϑ + 2)
+

5ξϑ+2

Γ(ϑ + 3)
+

𝜉δ+ϑ+1

Γ(δ + ϑ + 2)
+

2ξδ+ϑ+2

Γ(δ + ϑ + 3)
+

ξδ+ϑ+3

Γ(δ + ϑ + 4)

+
tδ+ϑ+4

Γ(δ + ϑ + 5)
+

30ξ2ϑ+1

Γ(2ϑ + 2)
+

25ξ2ϑ+2

Γ(2ϑ + 3)
+ ⋯.          

 
Problem 2 (Jafari & Seifi, 2009) 
Consider the system of nonlinear fractional order differential equations 

𝐷𝛿𝑦1(𝜉) =
1

2
𝑦1(𝜉) 

𝐷𝜗𝑦2(𝜉) = 𝑦2(𝜉) + 𝑦1
2(𝜉) 

With initial conditions  
𝑦1(0) = 1 and 𝑦2(0) = 0. 

 
Solution 
The series solutions of the system are 

𝑦1(𝜉) =
ξδ

2Γ(δ + 1)
+

ξ2δ

4Γ(2δ + 1)
+

ξ3δ

8Γ(3δ + 1)
+

ξ4δ

16Γ(4δ + 1)
 

And    

𝑦2(𝜉) =
ξϑ

Γ(ϑ + 1)
+

ξ2ϑ

(2ϑ)!
+

ξδ+ϑ

Γ(α + ϑ + 1)
+

ξ3ϑ

(3ϑ)!
+

ξδ+2ϑ

(α + 2ϑ)!
+

ξ2δ+ϑ

2(2α + ϑ)!

+
Γ(2δ + 1)ξ2δ+ϑ

4Γ2(δ + 1)(2δ + ϑ)!
+

ξ4ϑ

Γ(4ϑ + 1)
+

ξδ+3ϑ

Γ(δ + 3ϑ + 1)
+

ξ2δ+2ϑ

Γ(2δ + 2ϑ)

+
Γ(2δ + 1)ξ2δ+2ϑ

4Γ2(δ + 1)Γ(2δ + 2ϑ + 1)
+

𝜉3δ+ϑ

4Γ(3δ + ϑ + 1)
+

ξ3δ

4Γ(δ + 1)Γ(δ + 2)
 

Problem 3 (Jafari & Seifi, 2009) 
Consider the system of nonlinear fractional order ODEs 

𝐷𝛿𝑥(𝜉) = 𝜉2 +
𝑦2

4
,             𝑥(0) = 0 

𝐷𝜗𝑦(𝜉) = 𝜉2 +
𝑥2

4
,             𝑦(0) = 1  

Solution  
The series solutions of the system are 

𝑥(𝜉) =
𝜉𝛿

4𝛤(𝛿 + 1)
+

2𝜉𝛿+2

𝛤(𝛿 + 3)
+

𝜉𝛿+𝜗+2

𝛤(𝛿 + 𝜗 + 3)
 



Improved Analytical Approach for the Solution of Non-Integer Order Differential Equations 

B. M. Yisa, K.A. Abdulwahab, DUJOPAS 12 (1a): 106-117, 2026                                                                115 
 

And 

𝑦(𝜉) = 1 +
2𝜉𝜗+2

𝛤(𝜗 + 3)
 

 
Graphical Representation of the Results  
 

 
 
Figure 1: 3D Approximation to Problem 1 by STHAM 
 
 

 
Figure 2: 3D Approximation to Problem 2 by STHAM 

 

 
Figure 3: 3D approximation to problem 3 by STHAM 
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DISCUSSION OF RESULTS 
The results obtained for problems 1, 2 and 3 in section 3 using STHAM produce the same 
results as in the literature where they solved using Laplace decomposition method Ghazan 
(2011). In Problem 3, noise terms occurred, hence the exact solution is obtained by cancelling 
the terms with opposite signs. The approximate results are also presented in 3D graphs. 
Furthermore, the proposed method produced the same results for the system of equations in 
Problem 1 as in Jafari & Seifi (2009). In addition, the results for Problems 2 and 3 in chapter 4 
by STHAM are in total agreement with those in the literature Jafari & Seifi (2009). The 
approximate solutions are presented in 2D graphs. 
 
CONCLUSION 
STHAM has been successfully employed to find approximate analytical solutions to some 
systems of integer and fractional order differential equations. In case of Deinfield Sokolov 
system there was an existence of noise terms to get exact solution, the proposed method 
provides good result with limited iterations. Therefore, STHAM is a very good mathematical 
tool to solve systems of both integer and fractional order differential equations. 
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