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Abstract

This work proposes a method of solving system of both integer and fractional order differential
equations. The method is developed through an elegant combination of an integral transform: Shehu
transform and homotopy analysis method (STHAM). Caputo definition is adopted while interpreting
the non-integer derivative, while homotopy derivatives are employed to overcome the non-linearities
encountered. Implementation of the proposed method on selected problems from the literature reveals
its reliability, as the result obtained through it compared favorably with those in the literature. The
results are equally presented in 3D graphs.
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INTRODUCTION

There has been a paradigm shift in the modeling of physical phenomena in the last few
decades, from the integer order derivative that was hitherto emphasized in the classical
calculus to the use of non-integer order differential and integral equations. The latter has been
observed to represent real world situations perfectly than the former (Poulubny, 1999;
Weilbier, 2005; Atkinson, et al., 2009; Constantin, et al., 2019).

Modeling of real-life situations often leads to nonlinear ordinary, partial, integral and integro-
differential equations, thus the need for the development of methods that can handle such all-
important category of problems, knowing that the well-established analytical methods of
solution automatically break down in such situations (Ganiji, et al., 2007; Ghazan, 2011). That
led to semi-analytical solutions which are obtained through such methods as homotopy
analysis method (HAM), Adomian decomposition method (ADM), Variational iteration
method (VIM), just to mention just a few (Ganji, et al., 2007, Jafari; & Daftardar, 2006, Jafari &
Momani, 2007; Jafari & Seifi, 2009; Handibag & Wayal, 2021).

Aside the quest for solving nonlinear problems through developing novel semi-analytical
methods, the need for reduction in computational volumes motivated the development of
hybrid methods that utilize integral transforms such as Laplace transform and others that are
better than it, especially those that are applicable to variable coefficient problems (Liu & Li,
2008; Kumar, et al., 2015; Mohammed, 2016; Maitama & Zhao, 2019a; Maitama S. Zhao, 2019b).
Since, in most cases, the formulated problems are in the form of system of equations, the
methods are equally modified to handle such situations (Rawashdeh & Obeidat, 2015;
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Mohammed & Salim, 2017; Zheng & Zhang, 2017; Singh & Srisvastava, 2018; Yisa & Adelabu,
2022; Yisa & Baruwa, 2022).

The present research proposes a method that leverages the advantages embedded in the use
of Shehu transform when it is integrated with HAM which is a semi-analytical method. The
new method looks promising as it reduces the computational volume without compromising
accuracy.

METHODOLOGY

Riemann-Liouville Integrals
The integral operator, /¥ is given as

I = 5 Jy e = O (@dS,a > 0 ®
a < x < b, where Gamma function of a is
(o) = foooe_xxo‘_ldx, x> 0. 2)

And the result in (1) can also be written as
& xB F(ﬁ +1) p+a

ET T, )

Caputo Derivatives
The Caputo derivative operator D* of order a is defined as follows

D f() = o Jo 0= O D@, )

where Al —1<a<AAEN,a>0, x> 0.
TG+ 4,

r—a+1)

D%xP = (5)

A Brief Review of Homotopy Analysis Method

The Homotopy Derivatives

Given that nj and p are two functions that are analytic with respect to the homotopy parameter
p€[0, 1] in a manner that n = %20y ¢ and p= Y20 U ¢’ are Maclaurin series. The {th order
homotopy derivative of 7 is given as

D = ! dzn =0 >0 €EZ 6
Furthermore, if D¢ (1) = u¢ , it follows that
De(p’n) = De—j(m) = u¢g—j, 0<j<{ 7
and
¢ ¢
D((Pjﬂﬂ) = z Dij(m)Dg_;(u) = Z Ug—jU; €)
j=0 j=0

The Zeroth and {th Order Deformation Equation
Consider the nonlinear differential equation
N[u(x)] =0, €C))
where N is a nonlinear differential operator, x is the independent variable and u(x)
is the unknown function. There are two types of deformation in homotopy analysis method
which are, the zeroth order deformation that takes the form
(1 —q) L[n(x9)-uo(x)] = qhN[n(x;q)], (10)
where q € [0, 1] is an embedding parameter h # 0 is the control parameter, L is an auxiliary
linear operator, u, is an initial approximation of u(x) which generally satisfies the initial
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conditions, and 7(x, q) is also an unknown function and the order deformation equation is of
the form

Lug(x) = xzuz—1(x)] = hD;_1 [IN((x;9))], (11)
where
0, <1
X = {1, g > 1 (12)

The D;_1[N(n(x; q))] is given by
1 9 'Nn(xq)]

De-1[N(nCx )] = 75, St (13)

where h = —1 is considered in this research.

Brief Review of Shehu’s Transform Method

Description of the Transform
The transform is represented by the integral

e B
S0@) =R, = [ e D r(ax a4
0
While its inverse is given by

O+ico

@) =sMROD =50 ) ~ exp?)R(p, D)o, (15)

where p and 7 are the Shehu transform variables, and 6 is a real constant and integral in (15)
is taken along p = 6 in the complex plane p = x + iy, (Yisa & Baruwa, 2022).

Shehu Transform of Derivative
Given a function (o), and its transform S{r(c)} = R(p, T), then its derivative is
S{r'(o)} = (?) R(p,7) —r(0), and the ¢th order derivative is given as

¢-1

¢ —-(k-1)
S{r(o(a)} — <i_g> R(p,7) — Z (g)c f(k)(o). (18)

k=0
Solutions of System of Integer Order Partial Order Differential Equations

Statement of the Problem 1
Consider the system of nonlinear partial differential equations

Liyi(0,8) + Ni[yi(0,§)] + Qiyi(0,§) = 0; i=12,...,m (19)

. 9. 1 . . .
where L; is — is the auxiliary linear operator, N; is the nonlinear operator and Q; represent

other term. The initial conditions are y;(o,0) = g;(0),i = 1,2,...,m.
To solve these systems by using STHAM, we first take the Shehu transform of (19).

S{Liyi(0,§)} + S{N;[yi(0, )1} + ${Q;y:(0, )} = S{0} (20)

Such that
3%y,

S{Liyi(,8)} = S{ axyg} = s{y} 1)
And
sp@ =L 0 -2 P 22)
Putting (21) in (22) gives

7-1
¢ {—(k+1)
E Yo, - kz E) " PO+ st On +50mi@.)  @23)

where the Shehu transform of y; (o, ) is given as

SWi(0,9)} = Y(0, (@, B))
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and y; D (0), j = 0,1,... represent the sequence
Yi0(0,0),¥;x(0,0),¥; xx(0,0),..., fori = 0,1, ..., .
Dividing through by i_j’ we have
i oS- (k+1)
Yilp,1) —— (;)
The process continuez_;nd the solution is given as a series. The whole process is
implemented in the sequel.

y(0) + S{N [yi(a, )]} + S{Qm(a £)}=0

Numerical Examples on Integer Order Partial Differential Equation Using STHAM
The problems below are solved using STHAM.
Problem 1 (Ghazan, 2011)
Given the system of Burgers equation
ou 0%u du  O(uv) _
ot oxz “ox * ox
ov 9%v ov  d(uv)

ot o2 Vox ' ox
With conditions u(x,0) = sinx, and v(x, 0) = sinx.
Solution
Here the Shehu transform shall be applied to the system of equations term by term:

MM o
S{v,} — 5{ } 2v x} {6(1;”)} ${0}

s{evs
§U(x (@ B)) — u(x, 0) — s{azv} 6u}+5{6(61;v)}

_V(x (@, B)) — v(x,0) s{a } 5{2 Z—Z} s{a(;;v)}=o

Dividing through by 2 — and applying the initial conditions to obtain
T T (0%v) 1 ouy 1 (0(uv)
U(x, (a0, B) = —(smx) + —S{a—} + —S{Zua} — /—)S{ P }

=0

I
o

p
T Jd°v) T vy Tt (0(uv)
V(x, (aﬁ))—l—J(smx)+ S{a }+pS{ ax}_ES{ ax}
LIU(x, (e, B); @)] = U(x,gﬂzl'ﬁ)) ; pu)
T T u) T w T uv
N[U(x,(a,,B);q)]=U(x,(a,[)’))—E(smx)—ES{W}—ES{ZIJE}—ES{ o }

Also
LIV(x, (a,B); @] = V(x, (a,B))

0 0 0
NIV e (@ B )] = V(3 (@,8) = (sinx) =S {a v} S vt =551 (al;v)}

Using the {th order deformation equatlon
LIUCx, (@ B); @) = xgUz-1(x, (@, B); @)] = hDe—1 [N[U(x, (@, B); )]
LIV Cx, (&, 8): @) = xeVe-1 (%, (@ B); @)] = hDg—1 [N[V (x, (@, B); )]
So that
Us(x, (@, B)) — x¢Uz—1(x, (@, B))

_ 0%u ouy 1 _(0(uv)
= hD;_1 |U(x, (a, ﬁ))——(smx)——S{axz}—ES{Zug}—;S{ Ep }]
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V((x' (a' B)) - X{V{—l(x) ((Z, B))
. 0%v ov a(uv)
= hD;_4 [V(x, (a,B)) — %(sm xX)— %S{W} - %S{Zv—} - ES{ }]
U( (x' (CZ, .B)) = X{U(—l(x' (a! .B))

-1
0%u-_ ouz_q_
+h Uz—1(xJ (a,f)— (1— X(—1) - (;))S Ug-1 2 (E)S{ Uy Ug xl k}

o, 0

U OUg—1-k

+S{ 0x 0x }}
k=0

V((x' (CZ, B)) = X{V(—l(x' (a! .B))

7-1
ofisctem - asen- sl oS ]

-1
S 0v vz _q_g
JOx Ox
k=0
Taking h = —

62
U = x¢eUsa(x, (@, B)) — Ug—g (x, (@, B)) — (1 — x¢- 1) 51nx+ { }

i_j_k uk —-1-

Ve =xgVei(x, (@, B)) = Vooi(x, (@, B)) — (1 — x¢- 1)—SIHX+ 6261;2 }
+2 (%) S{S Ve av;_xl_k} B (%)S {;0% vle —k
Whenm=1 T T 0%u, T ou,

Us = 22U, (o, £)) = Uo(x, (@ B)) = (1= Xo) osinx+ (7] s {W} +2(0) s fuo 5
ey |

Vi = 1V, (@ ) = Vo, (@, ) = (1= Xo) sinx + ([3)) s {2;’;’} +2 (/3)) s{o %}
([)sftry

p dx Ox

The initial approximation
u(x,t) = u(a,b) + (x —a)uy(a,b) + (t — b)us(a,b) + -+

v(x,t) = v(a,b) + (x — a)v,(a,b) + (t — b)v:(a,b) + -
Fora=xb =0:

uy(x,t) = u(x,0) = sinx, and so Uo(x, (a, B)) = (%) sinx
vo(x,t) = v(x,0) = sinx, and so V, (x, (a,ﬁ)) = (%) sinx
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Ui(x,(a, B)) = <,0) sinx
— (T> sinx + (p) S{—sinx}+ 2 (p) S{sinx cosx} — (p) S{2 sinx cosx}

p
Ui (x, (o, B)) —( ) S{—sinx + 2 sin x cosx — 2 sin x cos x}

= ;) S{—sinx}
()
= —sinx (%)2

Taking inverse Shehu transform of both sides, we get
uy(x, t) = —tsinx

V,(x, (@ B)) = ( )smx
(;) sinx + (p) S{—sinx} + 2 (%) S{sinx cos x} — ([3)) S{2sinx cos x}
- (/T—)) S{—sinx}
- —smx( )st1)

2
= —sinx(—)
p

Taking inverse Shehu transform of both sides, we have
v1(x,t) = —tsinx
t2
U (x, t) == ;sinx
2
vy(x,t) = = Tsinx
t3
usz(x, t) = —asinx
t3
v3(x,t) = = Tsinx
u(x, t) = ug(x, t) + ul(x t) +uy(x, t)+...
=sinx [1—t+— ——+ ]
=e tsinx
Problem 2 (Ghazan, 2011)

Consider the Cauchy problem

ou (1 /1

—+( (—u2+v2> +v) =0
X

ot 2 \2
6u+6uv _
Jot  dx
With the conditions:
2x 110
u(x,0) = T and v(x,0) = ~Too
Solution
. 2x  2x - 2x 2 2x 34
U =15 102t 13t ~qpat T
N = 110 110 110 342 +1 483) +
U, t) = —Tor + 103 (20 — T3 (B2 + T2 (489
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Problem 3 (Ghazan, 2011)
Consider the Drinfield Sokolov system

uy + (v?), =1 -2t + 2x, u(x,t) =xatt =0
Ve = Vi + (Uv),, = 1 — 2x, v(x,0) =0att=0
Solution
t* t* >
D =x+t—t2 4+t ——+—+—+...
uet) =x 66 50
t3 3 ottt S
vix,t)=—x+t—-—+s+—=——=+—=+.

3 3 12 12 60
u(x,t)y=x+t
v(x,t) =—x+t
Solutions to the System of Fractional Order Initial Value Problems in ODEs

Statement of Problem 2

Consider the system of nonlinear fractional order differential equations,

DPyi(§) = Ly + N (n:(),  i=12..,n i-1<6§<i (24)

where L; and N; represent the linear and nonlinear operator respectively to solve this system
by using STHAM, we first take the Shehu transform of both sides of (29) to get

s{Dfy: ()} = Sy + SN 04 (25)
.

pd Dy 8- (k+1)

ES o, m) - kzo E) Ty = Sy} + SN 0} (26)

.. qe pd
Dividing through by =5, we have
5[5

o0 =530

k=0

6—(k+1) 8
}’i(k) ) |+ p_gs{Li yi(©)}

I}
+%S{Ni BN} 27)

8 (R py0-(k+1) ) )
ACE (Z E) " w0 ) - S5t v} - S5SN 0i @)
PENE T p p
= (28)
From (28), the general nonlinear operator is obtained as

) 6-1 A6 (1) w g
N (G, D) = Ko, 1) =5 kZO(;) 7000 | =255 Li@)
.L.S
—E SN i) (29)

Where q € [0,1] is an embedding parameter.
The result above shall be implemented in the mth order deformation equation.
LY ((p,7); @) — XcYig-1((p, )5 @)] = hDg_1 N[V ((p, T); @),
But
L[Y;¢((p, ) @)] = Yig(p, T),
then
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Yi,v;(p: 7) = Xg ic— 1(p, 7)

+hD_,

5 (3 6 (k+1) 8
N1 = (Z yf")m)) ~ S (©)
0

- %S{Ni (yi(f))}] (30)

With the application of Homotopy derivative, (30) becomes
Yi,g(p' 7) = ngi,g—l(p: 7)

G—1
76 p\ O (k+1)
(r)
+h[Yig(p ) = (1= 20) 5 > 5 o

k=0

Ta Ta
-1 [FS{Li yi(©)} — FS{NL- i (5))}] (31)

where
_ (0, ¢<1 _ (0, ¢—1<1
XC‘{L c>1 o Xc—l‘{L c—1>1
Then series solution of (29) is

yit) =yio+yi1 tyi2t

Numerical Examples on Fractional Order IVPs in ODEs
The following problems are solved using STHAM.
Problem 1 (Jafari & Seifi, 2009)
Consider the system of fractional order ODEs
D%y1(§) = y:(§) +¥3(9), y1(0) = 0,y1(0) = 1

DPy,(&) = y1(&) +5¥,(8), ¥2(0) = 0,y5(0) = 1,y,(0) = 1
Solution

Thus, we have

S{D°y1(9)} = S ()} + S3(9)}
S{D?y,(§)} = S{}ﬁ(f)} +5{5y2(5)}

1) -1 p 56—
AORIE CY10) = Spn ()} + SEE)

ORICLEE

®) von-©) wo-0) no-C) ko
= SDAO) + S0
e = (D)n+ (D) o+ (5) st + (3 ) sz

T

R0 = (D0 (2) 5o - () %o () st (5) sore

ACENE A 7\0
.50, 7) =ng1,g_1(p,r>+h[Y1,g_1(p.r) ~a-x-0 (5) - (5) son@n-(7) S{yﬁ(f)}]

Yz,q (p,7) = X(;YZ,(;—l(p: 7)
2 13\2

T 7\9 7\
Yiga (D) ~ A =xe2) (7 +23) = (0) %en-5(0) e
Taking h = —1and applying homotopy derivative rule

8
Yic(p,7) = <1—Xg 08 >Y1g 1(P,T)+(1 X¢- 1) Zy2]y2§ 1
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T

Tz T3 Tﬁ
Yz,g(P: T) = _(1 - Xq)YZ,g—l(pv T) + (1 - Xg—l) (F + F) + S_ng,g—l(p' T) +5 <pB> Yz,g—l(p' T)

Initial approximation
2

y10(0) = 31 (0)®) + ty1(0) + 25" (0) = ¢

And
2 2

¥2,0(8) = y2(0)(t) + ty(0) + %y"(O) =t +%

The series solution of the system is
§8+1 258+2 6E8+3 6ES+4 228+1 2228+2 6228+3

N =t sy YT +3) (TG4 T(6+5) T(26+2) T(26+3) T@5+4)

6228+4 12F(19 + 3)28+8+2 101*(19 + 4)ES+B+3
* [(26+5) T@O+2)IE+9+3) TEO+3)I(GE+9+4)
6I(9 + 4)g8+9+3 10T (9 + 5)ga+B+4
T+ 2T +0+4) TOFHIG+9+5)

And
6Eﬁ+1 Sgﬁ+2 58+19+1 226+8+2 E6+19+3

)= S+ e T T3 T T61952) [ T610%3) TGIOT D

t8+\9+4 30%2\9+1 2552\9+2
+ + + + -
r6+9+5) TI@29+2) TI(29+3)

Problem 2 (Jafari & Seifi, 2009)
Consider the system of nonlinear fractional order differential equations

1
D3y,(§) =51 ()
D%y, (&) = y,(&) + y(&)

y1(0) = 1and y,(0) = 0.

With initial conditions

Solution
The series solutions of the system are
EB 228 238 245
1 (6) = G+ 1) Tar(26+1)  Br(3s+1) 164+ 1)
And
9 29 5+9 39 5+29 2849
PSR A PR SN AL R
FTO+1)  (29)! Ta+9+1) 39! (a+29)! 2Qa+9)
F(25 + 1)£28+8 E4B Z8+38 E28+28
A2+ 126+ 9) ' T(@9+1) ' T(6+39+1) T(25+29)
F(ZS + 1)£28+28 f38+ﬁ 538

AT+ DI(20+ 20+ 1) 4TG0+ 9+ 1) T 4r(6+ Dr6+2)

Problem 3 (Jafari & Seifi, 2009)

Consider the system of nonlinear fractional order ODEs

y2

Dox(§) = &2 + T x(0)=0
9 x?
Dy =+%, YO =1
Solution
The series solutions of the system are
56 2€6+2 €6+19+2

O = rer D) Te+3) T+ +3)
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And

2€ﬁ+2

)’(f)=1+m

Graphical Representation of the Results

ougie}=

=8

Ouf3sE  _qp

5

Figure 2: 3D Approximation to Problem 2 by STHAM

5

out25i= 0

-5

Y _4

Figure 3: 3D approximation to problem 3 by STHAM
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DISCUSSION OF RESULTS

The results obtained for problems 1, 2 and 3 in section 3 using STHAM produce the same
results as in the literature where they solved using Laplace decomposition method Ghazan
(2011). In Problem 3, noise terms occurred, hence the exact solution is obtained by cancelling
the terms with opposite signs. The approximate results are also presented in 3D graphs.
Furthermore, the proposed method produced the same results for the system of equations in
Problem 1 as in Jafari & Seifi (2009). In addition, the results for Problems 2 and 3 in chapter 4
by STHAM are in total agreement with those in the literature Jafari & Seifi (2009). The
approximate solutions are presented in 2D graphs.

CONCLUSION

STHAM has been successfully employed to find approximate analytical solutions to some
systems of integer and fractional order differential equations. In case of Deinfield Sokolov
system there was an existence of noise terms to get exact solution, the proposed method
provides good result with limited iterations. Therefore, STHAM is a very good mathematical
tool to solve systems of both integer and fractional order differential equations.
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