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Abstract 
Mathematical model describing the co-infection dynamics of tuberculosis and hepatitis B virus diseases 
incorporate optimal control were developed with the aim of investigating the effect of vaccination 
against hepatitis B virus and treatment for both diseases in a population. The disease-free equilibrium 
of the co-infection model were studied. The effective Basic Reproduction Number (𝑅𝑜) for the co-
infection model were obtained using the next generation matrix method. Stability of the disease-free 
equilibrium of the co-infection model were analyzed and it shown to be Locally and Asymptotically 
Stable if the 𝑅𝑜 < 1 and Unstable if the 𝑅𝑜 > 1. We performed a sensitivity analysis to illustrate the 
influence of different parameters on the effective Basic Reproduction Numbers of TB-HBV Co-infection 
model, 𝑅𝑜

𝑇𝐻. The co-infection model was extended to optimal control by incorporating four control 
interventions. The optimality system of the model was obtained using Pontryagin’s maximum 
principle. Simulation of the optimal control system was done and three strategies was proposed to check 
the effect of the controls. We implored the used of maple 18 (Runge-Kutta-Fehlberg 4-5th order) in 
numerical solutions of system.  Firstly, prevention only for both diseases was considered. Secondly, 
treatment only for both diseases was considered and thirdly by using all control interventions (i.e both 
prevention and treatment to the diseases) were considered. We obtained that the three strategies were 
effective in minimizing the spread of TB-HBV Co-infection in the population in the specified period of 
time. 
 
Keywords: Optimal Control, Co-infection Dynamics, Tuberculosis, Hepatitis B Virus 
disease, Vaccination and Treatment 
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INTRODUCTION  
Infectious diseases have remained one of the most devastating threats to human health 
throughout history. From ancient times to the present day, epidemics and endemic infections 
have caused enormous suffering, reduced life expectancy, and led to the death of millions of 
people across the world. The destructive impact of these diseases is particularly severe in 
developing countries, where limited healthcare infrastructure, inadequate public health 
awareness, poor sanitation, and restricted access to effective medical treatment contribute 
significantly to the persistence and spread of infections. As a result, many infectious diseases 
with high fatality and morbidity rates continue to shorten human lifespans and impose heavy 
social and economic burdens on affected communities. 
 
Among these infectious diseases, Hepatitis B remains a major global health concern. The 
disease is caused by the Hepatitis B virus, a highly infectious pathogen that primarily attacks 
the liver. Infection with HBV can lead to both acute and chronic liver disease, and in severe 
cases may progress to life-threatening complications such as liver cirrhosis, liver failure, and 
hepatocellular carcinoma (liver cancer). Hepatitis B is transmitted through contact with 
infected blood and other body fluids, and common modes of transmission include mother-to-
child transmission at birth, unsafe injections, blood transfusions with contaminated blood, 
and unprotected sexual contact. 
 
Despite significant medical progress in the prevention and management of the disease, 
Hepatitis B continues to pose a serious public health challenge. Since the late 1990s, effective 
and well-tolerated antiviral medications have been available to suppress viral replication and 
slow the progression of liver damage in infected individuals. In addition, a highly effective 
preventive vaccine has been developed and widely implemented in many national 
immunization programs. Nevertheless, the burden of the disease remains substantial, 
particularly in regions with limited healthcare resources. 
 
Global estimates indicate that approximately 360 million people worldwide live with 

chronic Hepatitis B infection, meaning that the virus remains in their bodies for long periods 
and may cause progressive liver damage over time. Many of these individuals remain 
unaware of their infection until serious complications develop. Consequently, a large number 
of deaths occur each year due to HBV-related conditions such as liver cirrhosis and liver 
cancer. According to epidemiological reports, it has been estimated that about 600,000 deaths 

occur annually as a result of Hepatitis B infection, either in its acute or chronic form (Williams, 
2006; WHO, 2008). 
 
The persistence of Hepatitis B as a major global health threat highlights the urgent need for 
continued research, effective vaccination campaigns, early diagnosis, and improved treatment 
strategies. Mathematical and epidemiological modeling studies have therefore become 
increasingly important in understanding the transmission dynamics of the disease and in 
designing effective control and prevention measures aimed at reducing the global burden of 
Hepatitis B infection. 2022. 
 
Tuberculosis (TB) is a highly contagious infectious disease caused by the bacterium 
Mycobacterium tuberculosis. It remains one of the most serious global public health 
challenges and is among the leading causes of death resulting from a single infectious agent. 
Despite significant advances in modern medicine, tuberculosis continues to affect millions of 
people every year, particularly in low- and middle-income countries where healthcare 
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systems may be limited and socioeconomic conditions facilitate the spread of infectious 
diseases. 
 
The disease primarily affects the lungs, a condition known as pulmonary tuberculosis, 
although it can also spread to other organs such as the kidneys, spine, and brain, resulting in 
extra pulmonary tuberculosis. TB is a communicable disease that spreads from person to 
person through the air. Transmission occurs when an individual with active pulmonary TB 
expels infectious droplets into the atmosphere during actions such as coughing, sneezing, 
speaking, laughing, or singing. These droplets are extremely small and can remain suspended 
in the air for extended periods, especially in poorly ventilated environments. 
 
When a healthy individual inhales air contaminated with these infectious droplets, the 
bacteria may enter the lungs and establish infection. The process of transmission is therefore 
closely associated with respiratory activities that generate aerosolized particles containing the 
pathogen. According to Issarowa et al. (2015), the bacteria responsible for tuberculosis are 
typically released into the air when an infected person coughs, sneezes, or performs any 
forceful expiratory activity that disperses respiratory secretions. Once inhaled, the bacteria 
can multiply within the lungs and may eventually spread through the bloodstream or 
lymphatic system to other parts of the body if left untreated. 
 
Although many individuals infected with TB do not immediately develop symptoms, a 
condition referred to as latent tuberculosis infection, others progress to active TB disease, 
which is characterized by symptoms such as persistent cough, chest pain, fever, night sweats, 
weight loss, and fatigue. Active TB patients’ play a critical role in the transmission cycle of the 
disease because they can release large quantities of bacteria into the environment, thereby 
increasing the risk of infection among close contacts and the broader community. 
 
According to the World Health Organization, tuberculosis continues to pose a substantial 
global health burden. In its Global Tuberculosis Report 2022, the organization estimated that 
approximately 10.6 million people worldwide developed tuberculosis in 2022. This 
alarming figure highlights the persistent challenge TB presents to global health systems 
despite the availability of diagnostic tools, vaccines such as the Bacillus Calmett, Guérin (BCG) 
vaccine, and effective antimicrobial treatment regimens. 
 
The continued prevalence of tuberculosis underscores the importance of sustained public 
health interventions, including early diagnosis, effective treatment programs, improved 
living conditions, and increased awareness campaigns. Furthermore, scientific research, 
including epidemiological and mathematical modeling studies, plays a crucial role in 
understanding the transmission dynamics of TB and in designing effective strategies for 
controlling and eventually eliminating the disease. 
 
The geographical overlap of high TB burden regions and intermediate/high HBV endemic 
areas creates a substantial population at risk for co-infection. 
 
MATERIALS AND METHODS 
 
Materials and Computational Tools 
The following are the materials used in this study. 
a. Equations were typeset in Math type. 
b. Documents were prepared in Microsoft word. 
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c. Numerical experiments run on Maple 18 using the Runge-Kutta-Fehlberg (4-5th order) 
method.  

 
The Method of Solution 
In this section we formulate the model, we generate the model equations, and find the 
reproduction number by using the next generation method and determine the existence of 
disease-free equilibrium and its stability. We conducted numerical experiment of optimality 
model using maple 18 (Runge-Kutta-Fehlberg 4-5th order) 
 
Model Variables and Parameters 
 
The model's variables and parameters are displayed in the table below. 
Table 2.1 Model Variables and Parameters. 

Variables Description 

𝑁(𝑡) Total population at time t 
𝑆(𝑡) People who are susceptible to both illnesses 
𝑉(𝑡) Immune individuals following vaccination to HBV infection 
𝐼𝐻(𝑡) Individuals infected with HBV 
𝐼𝑇(𝑡) Individuals infected with TB 
𝐼𝑇𝐻(𝑡) Dually infected individuals with TB-HBV 
𝑇𝐻(𝑡) HBV treatment individuals  
𝑇𝑇(𝑡) Treated individuals with TB 
𝑇𝑇𝐻(𝑡) Treated individuals with TB-HBV 
𝑅𝑣(𝑡) Recovered individuals with low viral load 

 
Parameters Description 

µ Rate of Human dying naturally 
𝑏 Birth rate in the population 
Ʌ Susceptible individual’s recruitment rate in the population 
𝜌 Waning vaccine-induced immunity Rate 
𝜆𝐻 Transmission rate of HBV 
𝜆𝑇 Transmission rate of TB 
𝜀 Rate of Susceptible individuals who have been vaccinated  

1-𝜀 Proportion rate of susceptible individuals who are vaccinated 
𝛼 Treatment rate for HBV-infected class 
𝜃 Treatment rate for TB-infected class 
𝛿 TB-HBV Co-infection treatment rate 
𝜃 Rate at which HBV-treated individuals progress to recovered class 𝑅𝑣(𝑡) 
𝜑 Rate at which TB-treated individuals progress to recovered class 𝑅𝑣(𝑡) 
𝛾 Rate at which TB-HBV-treated individuals progress to recovered class 𝑅𝑣(𝑡) 
𝛽𝐻 The effective contact rate for HBV transmission 
𝛽𝑇 The effective contact rate for TB transmission 
𝑑𝐻 HBV-induced mortality rate in 𝐼𝐻  class 
𝑑𝐻1 HBV-induced mortality rate in 𝑇𝐻  class 
𝑑𝑇 TB -induced mortality rate in 𝐼𝑇  class 
𝑑𝑇1 TB -induced mortality rate in 𝑇𝑇  class 
𝑑𝑇𝐻 TB-HBV -induced mortality rate in 𝐼𝑇𝐻 class 
𝑑𝑇𝐻1 TB-HBV -induced mortality rate in 𝑇𝑇𝐻 class 
𝑚 Proportion of new born without successful vaccination 

1 − 𝑚 Proportion of new born with successful vaccination 
𝑣, 𝑣1 Proportion of perinatally infected new born by infected mothers in 𝐼𝐻  and 𝐼𝑇𝐻 class respectively 
𝑓 Vaccinated individuals following effective interaction with infection people in the 𝐼𝑇 class. 
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Model Assumptions 
The Assumptions use in the formulation model include the following 

1. An individual may die due to natural causes in all compartments. 
2. Individuals infected with TB can later infected with HBV and vice versa. 
3. There is no dual-infection transmission. 
4. Co-infected individuals have a higher tendency of death compare to singly infected 
individuals. 
5. An individual can also die as a result of the disease induced in infection and treatment 
compartments.  
6. Dually infected individuals (that is TB and HBV infection) transmit TB and HBV at the 
rate 𝜆𝑇 and 𝜆𝐻 respectively. 
7. Only HBV vaccine is been administered in the population. 
8. No child is born with TB 

 
Model Formulation  
The co-infection model formulation closely follows the epidemiological dynamics of the two 
diseases. According to the disease condition, the model divides the entire population at time 
t, represented by N(t), into nine (9) mutually exclusive compartments namely; Susceptible 
individuals to both diseases 𝑆(𝑡), immune individuals following vaccination to HBV infection 
disease 𝑉(𝑡), Singly infected individuals with HBV 𝐼𝐻(𝑡), Singly infected individuals with TB 
𝐼𝑇(𝑡), jointly infected individuals with TB-HBV Co-infection  𝐼𝑇𝐻(𝑡), Singly HBV infected 
individuals under treatment  𝑇𝐻(𝑡), Singly TB infected individuals under treatment  𝑇𝑇(𝑡), 
jointly infected individuals with TB-HBV infection under treatment 𝑇𝑇𝐻(𝑡), recovery 
individuals from singly infected with HBV, TB and from jointly infection individuals with low 
viral load  𝑅𝑣(𝑡). 
 
The total population N(t) at time t of formulated model is obtained as follow: 
𝑁(𝑡) = 𝑆(𝑡) + 𝑉(𝑡) + 𝐼𝐻(𝑡) + 𝐼𝑇(𝑡) + 𝐼𝑇𝐻(𝑡) + 𝑇𝐻(𝑡) + 𝑇𝑇(𝑡) + 𝑇𝑇𝐻(𝑡) + 𝑅𝑣(𝑡)   … (1)                                                                          
Co-Infection Model force of infection linked to the HBV and TB infections are denoted and  

Defined by  λ𝐻 and λ𝑇, respectively for 𝜆𝐻 = 𝛽𝐻
𝐼𝐻+𝐼𝑇𝐻

𝑁
 where 𝛽𝐻 is the effective contact rate for 

HBV infection and 𝜆𝑇 = 𝛽𝑇
𝐼𝑇+𝐼𝑇𝐻

𝑁
  where 𝛽𝑇 is the effective contact rate associated with the TB-

infection. 
The proposed model's flow diagram which is based on the model assumptions and 
formulation as shown in figure 2.1 
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Figure 2.1 A Schematic Flow Diagram of TB-HBV Co-Infection Model 

Equations for TB- HBV Co-infection  
Based on the model's flow diagram, the system of differential equations below was generated. 
𝑑𝑆

𝑑𝑡
= Ʌ + 𝑏𝑚(1 − (𝑣𝐼𝐻 + 𝑣1𝐼𝑇𝐻)) − (1 − 𝜀)(𝜆𝐻 + 𝜆𝑇)𝑆 − (𝜇 + 𝜀)𝑆

𝑑𝑉

𝑑𝑡
= 𝑏(1 −𝑚) + 𝜀𝑆 − (𝜌𝜆𝐻 + 𝑓𝜆𝑇)𝑉 − 𝜇𝑉                                            

𝑑𝐼𝐻

𝑑𝑡
= 𝑏𝑚𝑣𝐼𝐻 + (𝜌𝑉 + (1 − 𝜀)𝑆)𝜆𝐻 − 𝜆𝑇𝐼𝐻 − (𝜇 + 𝛼 + 𝑑𝐻)𝐼𝐻         

 

𝑑𝐼𝑇

𝑑𝑡
= (𝑓𝑉 + (1 − 𝜀)𝑆)𝜆𝑇 − 𝜆𝐻𝐼𝑇 − (µ + 𝜉 + 𝑑𝑇)𝐼𝑇                               

𝑑𝐼𝑇𝐻

𝑑𝑡
  = 𝑏𝑚𝑣1𝐼𝑇𝐻 + 𝜆𝑇𝐼𝐻 + 𝜆𝐻𝐼𝑇 − (µ + 𝛿 + 𝑑𝑇𝐻)𝐼𝑇𝐻                          

𝑑𝑇𝐻

𝑑𝑡
= 𝛼𝐼𝐻 − (𝜇 + 𝜃 + 𝑑𝐻1)𝑇𝐻                                                                     

𝑑𝑇𝑇

𝑑𝑡
= 𝜉𝐼𝑇 − (𝜇 + 𝜑 + 𝑑𝑇1)𝑇𝑇            

𝑑𝑇𝑇𝐻

𝑑𝑡
= 𝛿𝐼𝑇𝐻 − (𝜇 + 𝛾 + 𝑑𝑇𝐻1)𝑇𝑇𝐻   

𝑑𝑅𝑣

𝑑𝑡
= 𝜃𝑇𝐻 + 𝜑𝑇𝑇 + 𝛾𝑇𝑇𝐻 − 𝜇𝑅𝑣        

                                                           

          

}
 
 
 
 
 
 
 

 
 
 
 
 
 
 

     …  (2)  

 
The initial conditions of model equations (2) are 
𝑆(0) ≥ 0, 𝑉(0) ≥ 0, 𝐼𝐻(0) ≥ 0, 𝐼𝑇(0) ≥ 0, 𝐼𝑇𝐻(0) ≥ 0, 𝑇𝐻(0) ≥ 0, 𝑇𝑇(0) ≥ 0, 𝑇𝑇𝐻(0) ≥ 0, 
𝑅𝑣(0) ≥ 0               … (3) 
 
Existence of Disease-Free Equilibrium (DFE) Point for Co-Infection Model 
At DFE, no TB, HBV, or TB-HBV co-infection exists. Therefore, setting 𝐼𝐻 = 𝐼𝑇 = 𝐼𝑇𝐻 = 𝑇𝐻 =
𝑇𝑇 = 𝑇𝑇𝐻 = 𝑅𝑣 = 0 𝑎𝑛𝑑 𝜆𝑇 = 𝜆𝐻 = 0. Eliminating 𝐼𝐻 , 𝐼𝑇 , 𝐼𝑇𝐻 , 𝑇𝐻 , 𝑇𝑇 , 𝑇𝑇𝐻 𝑎𝑛𝑑 𝑅𝑣 from the system 
equations (2). The Disease-Free Equilibrium (DFE) point provided by  

𝐸0
𝑇𝐻 = {𝑆(0), 𝑉(0), 𝐼𝐻(0), 𝐼𝑇(0), 𝐼𝑇𝐻(0), 𝑇𝐻(0), 𝑇𝑇(0), 𝑇𝑇𝐻(0), 𝑅𝑣(0)} is 

𝐸0
𝑇𝐻 = {

Ʌ+𝑏𝑚

µ+𝜀
,
µ𝑏(1−𝑚)+𝜀(Ʌ+𝑏)

𝜇(µ+𝜀)
, 0,0,0,0,0,0,0}                         …  (4) 
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Basic Reproduction number 𝑹𝒐
𝑻𝑯  

The basic reproduction number is calculated using the next generation matrix method. It is 
obtained by taking the spectral radius of the matrix 𝐹𝑉−1 = (𝜌(𝐹𝑉−1)) 
The associated Jacobian matrix of F and V evaluated at DFE point, satisfying 
 𝜌(𝐹𝑉−1) = max(𝑅𝑜

𝐻, 𝑅𝑜
𝑇)  where 𝑅𝑜

𝐻 and 𝑅𝑜
𝑇 are basic reproduction for HBV and TB 

subsystem respectively. These give; 

𝑅𝑂
𝑇𝐻 = max (

𝑏𝑚𝑣(µ+𝜀)(Ʌ+𝑏)

(𝜇+𝛼+𝑑𝐻)(µ+𝜀)(Ʌ+𝑏)−𝜇𝑏(1−𝑚)𝛽𝐻
 ,
(Ʌ+𝑏𝑚)(𝑓𝜀+𝜇−𝜇𝜀)+𝜇𝑏𝑓(1−𝑚))𝛽𝑇

[𝜇𝑏(1−𝑚)(Ʌ+𝑏𝑚)(1+𝜀)](𝜇+𝜉+𝑑𝑇)
)      …  

(5) 

And, the dominant eigenvalue of 𝐹𝑉−1 is the defined Basic Reproduction Number 𝑅𝑂
𝑇𝐻. 

 
Stability Analysis of Disease-Free Equilibrium for Tuberculosis-Hepatitis B Co-Infection 
Model 

Theorem 4.3. The disease-free equilibrium points 𝐸𝑂
𝑇𝐻 = {

Ʌ+𝑏𝑚

µ+𝜀
,
µ𝑏(1−𝑚)+𝜀(Ʌ+𝑏)

𝜇(µ+𝜀)
, 0,0,0,0,0,0,0, } 

of model (2) is locally asymptotically stable if 𝑅0
𝑇𝐻 < 1 and unstable if 𝑅0

𝑇𝐻 > 1 
Proof.  

Assume 𝑅0
𝑇𝐻 < 1, the Jacobian matrix of the model (2) at the DFE point after some steps 

detailed derivation, is found that, all of the Jacobian matrix's eigenvalues evaluated at the 
DFE point have real parts that are negative. This completes the proof that DFE for co-

infection Model is Locally Asymptotically Stable (LAS) whenever 𝑅0
𝑇𝐻 < 1. 

 
 
Sensitivity Analysis 
We employ the methods outlined by Okosum and Smith (2017) and Sangare, Ouedraoge, 
Savadogo (2021, 2022) to achieve this. Following the sensitivity index of 𝑅𝑜

𝑇𝐻 in relation to 𝑞: 

𝐾𝑞
𝑅𝑜
𝑇𝐻 

=
𝜕𝑅𝑜

𝑇𝐻

𝜕𝑞
𝑋

𝑞

𝑅𝑜
𝑇𝐻            …  (6) 

 

If 𝐾𝑞
𝑅𝑜
𝑇𝐻 

< 0 for the parameter  𝑞, then it means that the basic reproduction number 𝑅𝑜
𝑇𝐻, 

decreases when parameter 𝑞 is increased while if 𝐾𝑞
𝑅𝑜
𝑇𝐻 

> 0 for the parameter  𝑞, then it means 

that the basic reproduction number 𝑅𝑜
𝑇𝐻, increases when parameter 𝑞 is increased (Jones, 

Feng-Bin, & Naveen, 2015). 
We now obtain the sensitivity indices for each parameter in 𝑅𝑜

𝑇𝐻. 

𝑅𝑂
𝑇𝐻 = max (

𝑏𝑚𝑣(µ+𝜀)(Ʌ+𝑏)

(𝜇+𝛼+𝑑𝐻)(µ+𝜀)(Ʌ+𝑏)−𝜇𝑏(1−𝑚)𝛽𝐻

(Ʌ+𝑏𝑚)(𝑓𝜀+𝜇−𝜇𝜀)+𝜇𝑏𝑓(1−𝑚))𝛽𝑇

[𝜇𝑏(1−𝑚)(Ʌ+𝑏𝑚)(1+𝜀)](𝜇+𝜉+𝑑𝑇)
)        …  (7) 

 
Thus, it follows by 

𝑅0
𝑇𝐻 = (

[(Ʌ+𝑏𝑚)(𝑓𝜀+𝜇−𝜇𝜀)+𝜇𝑏𝑓(1−𝑚)]𝛽𝑇
[𝜇𝑏(1−𝑚)(Ʌ+𝑏𝑚)(1+𝜀)](𝜇+𝜉+𝑑𝑇)

)          …  (8) 

 
There are 9 parameters which are the following: Ʌ, 𝜇, 𝑏, 𝜀, 𝜉,𝑚, 𝑓, 𝛽𝑇 , 𝑑𝑇 
Table 2.2 below provides summary of the sensitivity indices while Figure 2.2 show the indices 
plot. 
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Table 2.2 Sensitivity Indices of Parameters use in the Model 
Parameters Description Values Indices 

Ʌ Recruitment rate of susceptible individuals in the population -0.0157 Negative 
µ Human natural death rate 

  
-0.6488 Negative 

𝑏 Birth rate in the population -0.9843 Negative 
𝜀 Rate of Susceptible individuals who are vaccinated -0.3939 Negative 
𝜉 Treatment rate for TB-infected class -0.8 Negative 
𝑚 Proportion of new born without successful vaccination 0.0565 Positive 
𝑓 Vaccinated individuals following effective interaction with infection 

peoples in the 𝐼𝑇 class 
0.6722 Positive 

𝛽𝑇 Effective contact rate for TB transmission 1 Positive 
𝑑𝑇 TB-induced mortality rate in 𝐼𝑇 class -0.16 Negative 

 

 
Figure 2.2: Plot of Sensitivity Indices 

Optimal Control Analysis of TB-HBV Co-Infection Model 
To minimize the disease burden and intervention costs, we introduce four time-dependent 
controls were added to the co-infection model: 
(1) 𝑢1(𝑡): Control of HBV using vaccine 
(2) 𝑢2(𝑡): Control of TB using public campaigns to TB disease. 
(3) 𝑢3(𝑡): HBV infection treatment effort. 
(4) 𝑢4(𝑡): TB infection treatment effort. 
 

The co-infection control model equations are modified by replacing 𝜆𝐻 with (1 − 𝑢1(𝑡))𝜆𝐻 , 

𝜆𝑇 with (1 − 𝑢2(𝑡))𝜆𝑇 , 𝜃 with 𝑢3(𝑡)𝜃𝑇𝐻, 𝜑  with 𝑢4(𝑡)𝜑𝑇𝑇 and 𝛾𝑇𝑇𝐻 with  [(𝑢3(𝑡) +

𝑢4(𝑡))𝛾]𝑇𝑇𝐻 respectively. 
 
Our target is to find the optimal value 𝑢∗ = (𝑢1

∗ , 𝑢2
∗ , 𝑢3

∗ , 𝑢4
∗) of the control 𝑢 = (𝑢1, 𝑢2, 𝑢3, 𝑢4) in 

a way that the related state trajectories 
(𝑆, 𝑉, 𝐼𝐻 , 𝐼𝑇 , 𝐼𝑇𝐻 , 𝑇𝐻 , 𝑇𝑇 , 𝑇𝑇𝐻 , 𝑅𝑣) are solution of the optimal control system during the 
intervention period [𝑡0, 𝑡𝑓].  
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The objective functional is given by 

𝐽(𝑢1, 𝑢2, 𝑢3, 𝑢4) = ∫ [𝐼𝐻 + 𝐼𝑇 + 𝐼𝑇𝐻 + 𝑇𝐻 + 𝑇𝑇 + 𝑇𝑇𝐻 +
1

2
𝐴1(𝑢1)

2 +
1

2
𝐴2(𝑢2)

2 +
1

2
𝐴3(𝑢3)

2 +
𝑡𝑓
𝑡0

1

2
𝐴4(𝑢4)

2]𝑑(𝑡)       …  (9) 

 
Where 𝑢1, 𝑢2, 𝑢3, 𝑎𝑛𝑑 𝑢4 are the control functions which are Lebesgue-integrable functions.  

The expression 
1

2
𝐴1(𝑢1)

2 +
1

2
𝐴2(𝑢2)

2 +
1

2
𝐴3(𝑢3)

2 +
1

2
𝐴4(𝑢4)

2]𝑑(𝑡) denotes the costs weight of 

the model. The goal is to minimized the compartments that are infected and the costs such 
that: 𝐽(𝑢1

∗ , 𝑢2
∗ , 𝑢3

∗ , 𝑢4
∗) = min {(𝑢1, 𝑢2, 𝑢3, 𝑢4): (𝑢1, 𝑢2, 𝑢3, 𝑢4)∈U}       …  (10) 

 
Using Pontryagin’s maximum principle (Pontryagin, Boltyanskii, Gamkrelidze, Mishchenko, 
1962) converts equations (22) and (24) into a minimization problem of the Hamiltonian with 
respect to 𝑢1, 𝑢2, 𝑢3, 𝑎𝑛𝑑 𝑢4.  
 
The Hamiltonian for the problem is defined as 

𝐻(𝑡, 𝑥(𝑡), 𝑢(𝑡), 𝜆𝑗) = (𝐼𝐻 + 𝐼𝑇 + 𝐼𝑇𝐻 + 𝑇𝐻 + 𝑇𝑇 + 𝑇𝑇𝐻 + ∑
𝐴𝑖(𝑢𝑖)

2

2
) + ∑ 𝜆𝑗𝑔𝑗(𝑡, 𝑥(𝑡), 𝑢(𝑡))

9
𝑗=1

4
𝑖=1  

                    …  (11) 
 
Where 𝜆𝑖, 𝑖 = 1,2, … ,9 are the adjoints variables corresponding to each state variables.  
The Hamiltonian Function H's partial derivative is calculated in relation to the control 
variables, the optimality equations are produced (𝑢1, 𝑢2, 𝑢3, 𝑢4), respectively, and the time 

derivative of adjoint equations  
𝑑𝜆𝑖

𝑑𝑡
, 𝑖 = 1,2, … ,9. The method to accomplish this is to take the 

model state variables 𝑥(𝑡) and take the negative partial derivative of H such that 
𝑑𝜆𝑖

𝑑𝑡
= −

𝜕𝐻

𝜕𝑥
 

 
The characterizations of the optimal controls, 𝑢1

∗(𝑡), 𝑢2
∗(𝑡), 𝑢3

∗(𝑡) 𝑎𝑛𝑑 𝑢4
∗(𝑡) are based on the 

condition 
𝜕𝐻

𝜕𝑢1
= 0,

𝜕𝐻

𝜕𝑢2
= 0,

𝜕𝐻

𝜕𝑢3
= 0 𝑎𝑛𝑑 

𝜕𝐻

𝜕𝑢4
= 0, respectively, subject to the constraints 0 ≤ 𝑢1 ≤

𝑢𝑚𝑎𝑥, 0 ≤ 𝑢2 ≤ 𝑢𝑚𝑎𝑥, 0 ≤ 𝑢3 ≤ 𝑢𝑚𝑎𝑥 𝑎𝑛𝑑 0 ≤ 𝑢4 ≤ 𝑢𝑚𝑎𝑥 gives 

𝑢1 = min {max {0,
−𝜆𝐻{𝜆1𝑆(1−𝜀)+𝜆2𝜌𝑉+𝜆3(𝑆(1−𝜀)−𝜌𝑉)+(𝜆4−𝜆5)𝐼𝑇}

𝐴1
} , 1}

𝑢2 = min {max {0,
−𝜆𝑇{𝜆1𝑆(1−𝜀)−𝜆2𝑓𝑉−𝜆4(𝑆(𝜀−1)+𝑓𝑉)+(𝜆3−𝜆5)𝐼𝐻}

𝐴2
} , 1}

𝑢3 = min {max {0,
𝜆6𝜃𝑇𝐻+𝜆8𝛾𝑇𝑇𝐻

𝐴3
} , 1}                                                    

𝑢4 = min {max {0,
−(𝜆9−𝜆7)𝜑𝑇𝑇−(𝜆9−𝜆8)𝛾𝑇𝑇𝐻

𝐴4
} , 1}                                

         

}
  
 

  
 

  … (12) 

 
Numerical Solution of Optimal Control Model 
In this section, we demonstrate the numerical experiment of the optimal control through the 
application of the forward RK4 approach. A technique known as the forward-backward 
sweep method was used (by Haileyesus, Assefa, and Anteneh 2021) to arrive at the optimal 
control solution. Intended for illustration purposes, the parameters value as well as the 
compartment initials population data use are show in the Table 4.1 & 4.2 below. We implored 
the used of maple 18 (Runge-Kutta-Fehlberg 4-5th order) in numerical solutions of system.  
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Table 3.1  Initial values for the variables  
Variables Description Initial Values Source 

𝑁(0) Total population at time t 223,804,632 World Population Prospects, (2023) 

𝑆(0) People who are susceptible to both illnesses 194,537,632 Assumed  

𝑉(0) Immune after receiving a vaccine against HBV 10,000,000 Assumed  

𝐼𝐻(0) Infected individuals with HBV 12,700,000 WHO, (2022)   

𝐼𝑇(0) Infected individuals with TB 467,000 WHO, (2021)   

𝐼𝑇𝐻(0) Dually infected individuals with TB-HBV 200,000 Assumed  

𝑇𝐻(0) HBV treatment individuals  400,000 Assumed  

𝑇𝑇(0) TB treatment individuals  100,000 Assumed  

𝑇𝑇𝐻(0) Dually treatment individuals with TB-HBV 150,000 Assumed  

𝑅𝑣(0)  Recovered individuals with low viral load 250,000 Assumed  

 
Table 3.2: Show Baseline values for the parameters 

Parameters Parameters description Values Source 

µ Natural death rate of human 0.01 Teklu and Meknonnen (2021) 
𝑏 Birth rate in the population 0.0121 Bowong and  Kurths,(2010) 
Ʌ Recruitment rate of susceptible 

individuals in the population 
0.0004 Assumed  

𝜌 Rate of waning vaccine-induced 
immunity 

0.1 Bowong and Kurths,(2010) and 
Edmunds, Medley, and Nokes, 
(1996). 

𝜆𝐻 Transmission rate of HBV 1.787273107x10−9 Magaji, Mubarak,  
& Dauda, (2019) 

𝜆𝑇 Transmission rate of TB 4.468182768x10−12 Rodrigues, Gabriela, Gomes, and 
Rebelo, (2017) and Rodrigues, 
Silva, Torres, (2014) 

𝜀 Rate of susceptible who follow 
vaccination 

0.65 Bowong and Kurths,(2010) 

𝛼 Treatment rate for HBV-infected class 0.3 Assumed 
𝜉 Treatment rate for TB-infected class 0.2 Assumed  
𝛿 TB-HBV Co-infected Treatment Rate 0.25 Assumed  
𝜃 Rate at which HBV-treated individuals 

progress to the recovered class (𝑅𝑣(𝑡)) 
0.014 Assumed 

𝜑 Rate at which TB-treated individuals 
progress to the recovered class (𝑅𝑣(𝑡)) 

0.012 Assumed  

𝛾 Rate at which TB-HBV-treated 
individuals progress to the recovered 
class (𝑅𝑣(𝑡)) 

0.013 Assumed  

𝛽𝐻 Effective contact rate for HBV 
transmission 

0.4 Bowong and Kurths,(2010) 

𝛽𝑇 Effective contact rate for TB 
transmission 

0.001 Amir et al, (2021) 

𝑑𝐻 HBV-induced mortality rate 0.01 Zada, Ali, Alrowail and Nisar, 
(2021). 

𝑑𝐻1 HBV -induced mortality rate in 𝑇𝐻 class 0.001 Assumed  
𝑑𝑇 TB -induced mortality rate 0.04 Bisuta et al, (2018) 
𝑑𝑇1 TB -induced mortality rate in 𝑇𝑇 class 0.001 Assumed  
𝑑𝑇𝐻 TB-HBV -induced mortality rate 0.004 Assumed  
𝑑𝑇𝐻1 TB-HBV -induced mortality rate in 𝑇𝑇𝐻 

class 
0.002 Assumed  

𝑚 Proportion of birth rate without 
successful vaccination 

0.1 Bowong and Kurths, (2010) 

𝑣, 𝑣1 Proportion of perinatally infected born 
by infected mothers in 𝐼𝐻 and 𝐼𝑇𝐻 class 

0.11, 0.12 Bowong and Kurths, (2010) 
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𝑓 Vaccinated individuals following 
effective interaction with infection 
people in the 𝐼𝑇 class. 

0.01 Assumed  

 
Simulation Scenarios and Results 
We simulated three strategies: 
1 Control using only prevention efforts for the TB-HBV Co-infection population. 
2 Control using only treatment efforts for the TB-HBV Co-infection population. 
3 Control using all intervention efforts for the TB-HBV Co-infection population. 
 
Graphical Representation of Numerical Experiment of the Optimal Control Model 
Equation 
 
Experiment 1: Effect of control using only prevention effort for the two diseases 
(𝑢1(𝑡) ≠ 0, 𝑢2(𝑡) ≠ 0, 𝑢3(𝑡) = 0, 𝑢4(𝑡) = 0) on TB-HBV Co-infectious population.  
 
Experiment 1: Effect of control using only prevention efforts for the two diseases  

 
Figure 3.1:  Prevalence of infection using only prevention efforts for the TB-HBV Co-infection 
population. 

 
Experiment 2: Effect of control using only treatment effort for the two diseases 
(𝑢1(𝑡) = 0, 𝑢2(𝑡) = 0, 𝑢3(𝑡) ≠ 0, 𝑢4(𝑡) ≠ 0) on TB-HBV Co-infectious population.  

 
Figure 3.2:  Prevalence of infection using only treatment effort for TB-HBV Co-infection population. 
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Experiment 3: Effect of control using all effort of control intervention (𝑢1(𝑡) ≠ 0, 𝑢2(𝑡) ≠
0, 𝑢3(𝑡) ≠ 0, 𝑢4(𝑡) ≠ 0) on TB-HBV Co-infectious population. 
 

 
 
Figure 3.3:  Prevalence of infection using all intervention efforts on TB-HBV co-infection population 

 
DISCUSSION  
The results obtained from the numerical simulations of the proposed model are presented to 
demonstrate the impact of the implemented control strategies under different epidemiological 
conditions. Numerical experimentation provides a practical means of examining the behavior 
of the TB–HBV co-infection model over time and allows for the evaluation of various 
intervention strategies aimed at reducing the spread of the diseases. The simulations illustrate 
how the population in different epidemiological compartments evolves over time when 
specific control measures are either applied or absent. 
 
To clearly assess the effectiveness of the intervention strategies, the outcomes from the 
uncontrolled system were compared with those obtained from the controlled system. The 
graphical representations of these simulations are displayed in Figures 3.1–3.3. These figures 
present a side-by-side comparison of the disease dynamics under both scenarios, enabling a 
visual and analytical evaluation of the effects of different control measures on the spread of 
tuberculosis and hepatitis B within the population. 
 
In the uncontrolled scenario, where no intervention measures are implemented, the 
simulation results indicate a sustained increase in the number of infected and co-infected 
individuals over time. This growth highlights the persistent transmission of both diseases 
within the population and demonstrates how the absence of effective public health 
interventions can lead to a significant rise in disease prevalence. The uncontrolled model 
therefore reflects a situation in which preventive programs, treatment strategies, and 
awareness campaigns are either insufficient or completely absent. 
 
Conversely, the controlled system incorporates three optimal control strategies aimed at 
mitigating the transmission and progression of both diseases. These control measures may 
include strategies such as vaccination, treatment of infected individuals, and preventive 
interventions designed to reduce the rate of contact or transmission. When these controls are 
incorporated into the TB–HBV dynamical model, the simulation results reveal a noticeable 
reduction in the number of infected and co-infected individuals over time. The comparison 
between the controlled and uncontrolled simulations clearly demonstrates the effectiveness 
of the implemented interventions. 
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The results further show that applying a combination of all three control strategies 
simultaneously produces the most significant reduction in the population of co-infected 
individuals over the simulated time period. This combined intervention approach proves to 
be more effective than implementing individual control measures separately. The synergy 
created by multiple interventions helps to interrupt the transmission pathways of both 
diseases and accelerates the decline of the infected population over the years. 
 
Additionally, the numerical simulations indicate that early and sustained implementation of 
these control strategies can significantly reduce the long-term burden of the diseases within 
the community. As the intervention period progresses, the co-infected population steadily 
declines, while the susceptible and recovered classes stabilize, indicating an improvement in 
the overall epidemiological situation of the population. 
 
The findings obtained from this study are consistent with previous research works in the 
literature. In particular, the results agree with the studies conducted by Getachew (2019), 
Olatunji and Sylviane (2018), and Gasim and Ishag (2015), which also demonstrated that the 
integration of multiple optimal control strategies in infectious disease models leads to a 
substantial reduction in disease transmission and prevalence. These studies emphasized the 
importance of combining prevention, treatment, and awareness interventions in controlling 
infectious diseases effectively. 
 
Therefore, the outcomes of this numerical investigation provide further evidence that the 
application of optimal control strategies is a powerful tool for managing co-infectious diseases 
such as tuberculosis and hepatitis B. The results highlight the importance of integrated disease 
management policies and support the implementation of combined intervention programs as 
an effective approach for reducing the burden of TB–HBV co-infection in affected populations. 
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