https://dx.doi.org/10.4314/dujopas.vi2i2d. 1 |
ISSN (Print): 2476-8316
ISSN (Online): 2635-3490
Dutse Journal of Pure and Applied Sciences (DUJOPAS), Vol.12 No. 2d June 2026

Mathematical Modelling of Syphilis
Transmission Dynamics Across Four Clinical
Stages with Optimal Control Analysis

“'Ogunfowote, O.T., 1Ogunyale, A.O., 1ErinIe-Ibrahim, LM, & 1Ogunlesi, AA.

'Department of Mathematics,

Tai Solarin Federal University of Education,
ljagun,

Ogun State,

Nigeria.

Email: ogunfowoteot@tasued.edu.ng

Abstract

Despite the availability of excellent therapies, syphilis has remained a major worldwide health
concern, owing to the disease's numerous clinical stages and high risk of reinfection. The
transmission dynamics of syphilis infection were investigated in this study using a nonlinear
compartmental (S,Ip,Is, I}, I, T, R) model that included treatment, reinfection and the best possible
control interventions. The susceptible population, primary infection, secondary infection, latent
infection, tertiary infection, treated population and recovered population are the seven compartments
into which the population is divided. To determine the threshold conditions for disease persistence or
elimination, the fundamental reproduction number was calculated and the stability of the equilibrium
points was examined. Sensitivity analysis determines the factors that primarily affect the spread of
syphilis. Optimal control theory is used to assess the four interventions using Pontryagin's
Maximum Principle: creating public awareness on the spread of syphilis, implementing efficient
contact tracing, conducting routine STI testing with screening and notifying partners of treatment.
Results from numerical simulations showed that a combination of the control measures greatly lowers
infection levels and provides a theoretical foundation for public health strategies that are affordable.
The results highlight how crucial integrated control measures are in reducing the spread of syphilis.
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INTRODUCTION

Syphilis is a complicated and persistent sexually transmitted infection (STI) caused by the
spirochete bacterium Treponema pallidum (Farman et al., 2024; Stamm, 2016). According to
the World Health Organization (WHO) (2021) syphilis affects 7.1 million individuals
globally, millions of people worldwide including those in both high-income and low-income
nations, have been afflicted by this serious illness. Despite being one of the earliest known
infectious diseases, syphilis remains a significant public health concern. It has earned the
nickname "the great imitator" because it can mimic the clinical signs of many illnesses, this
often results in delayed or incorrect diagnoses and prolongs transmission (Lampros et al.,
2021). Sexual contact is the main way that the illness is spread, although it can also be
contacted vertically during pregnancy (congenital syphilis) or by direct contact with
contaminated blood or infectious sores (Stamm, 2016). Primary, secondary, latent and
tertiary are the four distinct clinical stages that the disease progress through during a
prolonged incubation period (Drain et al., 2018). The development of a painless sore
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(chancre) is indicative of the initial stage. Systemic signs such as lymphadenopathy, mucous
membrane lesions and skin rashes are seen in the secondary stage. Syphilis becomes
asymptomatic during the latent stage, although it is still active in the body and may advance
to the tertiary stage in certain untreated cases. Serious neurological, systemic and
cardiovascular problems may result from this while benzathine penicillin G is the most
efficient antibiotic for curing syphilis delays in diagnosis and treatment might cause
irreparable organ damage (Marfatia et al., 2020).

In order to comprehend the dynamics of infectious diseases and create efficient control
measures, mathematical modeling has emerged as a crucial technique (Ogunyale et al., 2025).
The transitions between susceptible, infected and recovered individuals within a population
are described by compartmental models in the context of syphilis (Tuite et al., 2020).
According to Farman et al, (2024) researchers developed a mathematical model that
included the key stages of the illness and assumed that an infection only produces
temporary immunity until the latent and tertiary infections are cleared up. A framework for
determining economical and time-efficient methods to lower infection prevalence and
decrease intervention costs is provided by the incorporation of optimal control theory into
mathematical modeling (Erinle-Ibrahim et al., 2022; Ogunyale et al., 2025). Efforts like
partner treatment, screening, medical therapy, contact tracking, and public health awareness
are examples of control variables. By using optimization approaches, such as using
Pontryagin's Maximum Principle, researchers can find the best time-dependent control
functions that balance logistical and economic viability with epidemiological advantages
(Giersing et al., 2019). These methods allow policymakers to create sustainable and
successful intervention strategies in environments with limited resources.

Nonetheless, varieties of mathematical models have been created throughout time by
different experts to explain the dynamics of syphilis transmission. The basic reproduction
number Ry = 1.0556 indicates that syphilis will persist in the population, according to Zhao
et al., (2022) study on Mathematical analysis of the transmission dynamics of syphilis in
China, which calibrated an SEIRS model using Chinese data (2010 - 2020). Progression rate (
w) and treatment rates (y) are identified as critical parameters for effective control.
Nevertheless, the model was constrained by its oversimplified compartmental structure,
which combined all stages of infection and excluded more intricate multi-stage dynamics or
possible immunization techniques. Few models have thoroughly analyzed the transmission
dynamics over all four clinical stages while taking treatment interventions and reinfection
consequences into account, despite several studies on syphilis epidemiology. Current
research frequently aggregates infection stages or leaves out optimal control factors, which
restricts their usefulness for practical decision-making.

In order to incorporate treatment, reinfection and optimal control analysis, this study creates
a traditional stage-structured model of syphilis transmission represented by
(S,1Ip, 15,11, 17, T, R). This model divides the human population into susceptible (S), primary
(Ip), secondary (Is), latent (I), tertiary (I7), treated (T), and recovered (R) compartments.
This structure makes it possible to analyze how people move between the four stages of the
infection and assess the results of various intervention approaches. The model is extended to
incorporate treatment paths and reinfection loops due to the latent and recurrent nature of
syphilis which results in a more realistic and accurate depiction of disease progression
(Chen, 2025).

Finding economical and effective intervention techniques that reduce the disease burden
while taking into consideration the intricacy of syphilis progression is the goal. This study
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provides a solid theoretical framework that supports evidence-based public health policy
and advances knowledge of the dynamics of syphilis transmission by combining optimal
control theory with epidemiological modeling.

METHODOLOGY

Model Formulation

N(t) represents the entire gender (host) population at time ¢. Susceptible individuals S(t),
individuals at the primary stage Ip(t), individuals at the secondary stage I5(t), individuals at
the latent stage I, (t), individuals at the tertiary stage I7(t), treated individuals T'(t), and
treated individuals who recovered from syphilis infection R(t) are the seven mutually
exclusive classes into which the entire population is divided.

Therefore, N(t) the entire population size can be calculated by;

N(@) =S@) +Ip(t) + () + I,(t) + [:(t) + T(t) + R(t)

The introduction or recruitment of new sexually active susceptible individuals into the
population at a rate A increases the vulnerable population. The infection is acquired at a rate
that is effective through contact with susceptible individuals and those in the disease groups

Ip(8), I5(0), 1, (8), I () and T (t).

BUp + alg + bl +cly)
/15 = N

The modification parameters a, b and ¢ explain the assumed variability (i.e., increase and
decrease) in the relative infectiousness of the individuals in the Is,I; and Iz classes,
respectively, in comparison to the infected individuals in the Ip class. In this case, £ is the
probability that a contact between a susceptible individual and an infectious individual will
result in an infection. At the rate 7, those in the Ip class progress to (i.e., develop) the
infection's secondary stage Is. The rate of treatment for infected individuals in class Ip is w.
Additionally, infected individuals in class Is receive treatment at the rate m, and the
individual in class I5 can either move to the class I, at the rate a or go to the class I at the
rate y. The rates for individuals in the I} and I classes are p and T respectively. At a rate of
I, individuals in T class advance to R class. Those who are treated for a syphilis infection
and do not recover are put at risk of dying. The rate of re-infection for recovered persons is
0.

Furthermore, disease-induced death occurs in all epidemiological classes with the exception
of recovered persons, at a rate of § while natural mortality occurs in all epidemiological
groups at a rate of .

Model Assumption

i. The assumption is one gender.

ii. The overall population number is dynamic, taking into account rates of natural mortality
and recruitment.

iii. Infected individuals who have not responded to therapy at any point can spread the
illness.

iv. Syphilis can be contracted by people in the vulnerable class through contact with infected
people.

v. A percentage of infected people move from the primary stage to the tertiary stage if
treatment is not received.

vi Treatment is accessible.
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vii. After therapy, there is no total immunity because people may become vulnerable once

more.

Table 1: Variables and Parameters
The state variables and parameters of the model are tabulated in the table below.

Variables and Parameters

Descriptions

S

I

Iy

Individuals at risk of infection
Individuals in the primary stage of syphilis

Individuals in the secondary stage of syphilis
Individuals in the latent stage

Individuals in the tertiary stage

Individuals currently undergoing treatment
Treatment rate of disease

Individual who recovered from the infection
Recruitment rate of new sexually active individuals
Natural death rate

Disease induced death rate for individual

Effective contact rate for the transmission of syphilis
Proportion of individual in secondary stage that progress to latent

stage

Proportion of individual in secondary stage who progress to tertiary
stage.

Proportion of individual in secondary stage who progress to the
treatment stage.

Proportion of individual in latent stage who progress to treatment
stage.

Proportion of individual in tertiary stage who progress to treatment
class.

Progression rate from treated stage to the recovered stage.

Reinfection rate

Ogunfowote O.T. et al., DUJOPAS 12 (2d): 131-148, 2026

134



Mathematical Modelling of Syphilis Transmission Dynamics Across Four Clinical Stages with Optimal Control
Analysis

Schematic Diagram of Syphilis Infection
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Figure 1: Schematic diagram of syphilis infection
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Model Equation

The following system of differential equations in Figure (1) represents the model for the
dynamic transmission of syphilis in a sexually active population when these definitions and
presumptions are combined:

as _ h  ae w
dt—A AS — uS
%":/’LS+0R—(w+n+u+6)IP
SS =l — (T a+y+u+ S
dl
d—thals—(p+y+6)IL . 1)
%zyls—(r+y+6)17~
S =pl,+ 1l 47l + wlp — T+ p+ 6)T
dR
E—FT—(y+a)R )

Positivity and Solution
From the transmission dynamics of syphilis which has been presented in the model system
(1). Due to this, it becomes essential to show that all state variables are positive at time t > 0.
Theorem 1: Consider the initial condition

{5(0) = 0,1,(0) = 0,15(0) = 0,1,(0) = 0,17(0) = 0,T(0) = 0,R(0) =0}
the solution set {S, Ip, s, I;, I, T, R} of the model system (1) is positive for all t > 0.
Proof: Recall from the model system (1) that:

Removing the positivity term A on the RHS.

d5> S+
7 2 A+uw

das
I +A+u)sS=0
Using integrating factor (/. F) method as:

I.F = pJA+ulat
S(t) x pIIA+Klde = f 0 x ella+uldt | ¢
S(t) x pfA+ulat = ¢
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S(t) = ce~[A+ula
Since S(0) = S,
S(t) = Soe~JA+uat
Which is the general solution of eqn(1)
S)>0,vt=0

Similarly, from eqn(1)
dl
d—:=AS+0R—(w+n+u+6)IP
Removing the positivity terms AS and oR on the RHS
dlp
E= —(a)+n+y+6)lp
dlp

E+((1)+7’]+,Ll+5)lp =0
This can also be solvable using IF method, which can be used to deduce the solution.
— - sld
Ip(t) = Ip g Jlw+n+p+8]dt
L(&)>0,vt=0
Following the same process for the system of eqn(1) we obtain;
() = IS(O){"f [m+aty+p+dldt, 1 (t) > 0,vt>0

I(t) = IL(O){"f lp+u+slat, | () >0,vt >0
I:(t) = IT(O){"f [e+p+dldt, 1 (1) >0,vt >0
T(t) = Ty IMH#+814t, T(1) > 0,v ¢ > 0
R(t) = Ryt~ /4914t R(6) > 0,vt >0

Boundedness of the Solution

Let N(t) = S(t) + Ip(t) + Is(t) + 1. (t) + I7(t) + T(t) + R(t)) be the solution of the syphilis
equation with the initial condition in a biological region where I' is a non-negative invariant
ET=N®)=St)+1pt)+ () +1,(t) +I:(t) + T(t) + R(t) e R+

Is given by:

Z—’Z:A—MS—AS+/15+0R — wlp = nlp — plp — 8Ip + nlp — wlg — als — yLg — uls — Sl +
al, — pls — ul;, — 81, + ulg — tly — ply — 617 + ply + tly + mlg + wlp — T — uT — 8T +I'T —
UR — oR

dN

S oA-u(SHIp+Is+ I+ I +T+R) = 6Up+ s+, +Ir +T) (2)
Recall that

N@)=S@t)+1p(t) +Is(t) + I,(t) + I;(t) + T(t) + R(t)

Then

dN

Taking 6 = 0

6 (Disease induced death) =0

So,

dN

dN A —uN

A

E+uN =A

lim N(o) = ﬁ+ CeHt

dN

ar AA+ /.LN

N(t) = ;
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This demonstrates that the various compartment solutions are non-negative at time (t) and
that the equation is adequately posed.

Existence of the Syphilis Equilibrium State
In the mathematical model, the existence of the syphilis equilibrium state denotes a
particular situation in which syphilis is either absent or completely eradicated.
S°#0,1,°=0,I° =0, I,°=0,I;°=0,T° = 0,R° =
Then equation (2) becomes
dN
A—uS°=0
These give
so==
u
We have the DFE point to be
(S°,1p°, I, 1,°, Ir°, T°, R°) = (ﬁ 0,0,0,0,0,0) (3)

Basic Reproduction Number R,

An infectious disease's ability to infiltrate and survive in a population is determined by the
basic reproduction number or Ry. In terms of biology, it is the mean number of secondary
infections that one diseased person introduces into a population that is entirely susceptible
during their infectious phase. R, offers important information on the potential for an
outbreak (Hussien et al., 2025).

We use the next-generation matrix approach put out by van den Driessche and Watmough
(2002) to determine Ry for the syphilis transmission model. With this approach, the model is
divided into two components:
F: The rate at which new infections arise in each compartment;
V: The rate at which people enter and exit each infected compartment as a result of all other
processes (e.g., progression, treatment, recovery, and death).
The model includes four infected compartments:
Ip (primary infection), Is (secondary infection), I; (latent infection) and I (tertiary infection).
The Jacobian matrices F and V are derived by evaluating the partial derivatives of F and V
at the disease-free equilibrium (DFE). The next-generation matrix is given by:

K=Fv!
Using Ry = p(FV 1) the new infection term F and the transition terms V of the system of are

respectively given as:
pS aps  bBs cBs

N N N N
F=/0 0 0 O (4)
0o 0 0 0
0o 0 0 0
—(w+n+u+o6) 0 0 0
_ n —(m+a+y+u+d) 0 0
V= 0 a —(p+u+9d) 0 ®)
0 y 0 —(t+tu+d)
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Fy—t
1
T@Hntu+o) 0 0 0
[BS aBS bBS cpS) n 1
¥y N W TGrar AR D@ F R ) TGraryaTs) 0 0
=[0 0 0 0 na P 1
8 8 g 8 TmHary+pu+ ) (@An+u+0)p+u+od) (mraty+u+6)(p+u+d) (p+u+o) 0
ny Y 1
T @taty+u+)@Antut+O)ET+u+d)  (@ra+y+u+d)T+u+to) 0 NCEYED)
Hence
R = | BS apsn
7 Nw4+n+u+8) Nr+a+y+u+8)(w+n+u+d)
bBSan
Nr+a+y+u+d)(w+n+u+8)p+u+d)
B cBSyn |
Nr+a+y+u+d)(w+n+u+8)(T+u+d)
R = 4 N apn
T (wHn+u+6) (@mHa+y+u+dw+n+u+o)
N bBan
m+a+y+u+d)(w+n+u+dp@+u+o)
N cByn |
mTt+a+y+u+dw+n+u+d)(c+u+o)
Ro = Rop) *+ Roug) + Roy) + Roy) (6)

Local Stability Analysis at Disease Free Equilibrium

Theorem 2: If the system's generated Jacobian matrix has negative real values, the disease-
free equilibrium point E, for model system (1) is locally symptomatically stable. This
proposition is achieved by |JE; — AI| = 0

Proof: The characteristic's equation is solved by the eigen values of the Jacobian matrices J
of the syphilis infection model (1) assessed to the disease-free equilibrium point.

—u -BS —afs —bfS —cfS 0 0
0 BS—(w+n+pu+d) aps bps cfS 0 o
0 n —(r+a+y+u+d) 0 0 0 0
J=1]0 0 a —(p+u+9 0 0 0
0 0 y 0 —(t+pu+0) 0 0
0 w s p 0 —T+p+96) 0
0 0 0 0 0 r —(u+o0)
J-1A=
—u—2 -BS —aps —bgs —cBS 0 0
0 BS—(w+n+u+é) -2 aps bp cBS 0 o
0 n —(r+a+y+u+8) -2 0 0 0 0
0 0 a —(p+u+6) -2 0 0 0 (@)
0 0 y 0 —(T+u+d) -1 0 0
0 w m p 0 —T+p+8) -2 0
0 0 0 0 0 r —(u+o)—2
The sole non-negative entry in the first column is —u — A = 0, so therefore 1; = —pu. Step by

step row operation on subsequent matrices (as exemplified in equation) gives
by =B—(w+n+u+d),

nap

/13 =—(n+a+y+u+6)—m,
Ada=—(p+u+8)+ wbp
4 (—(n+a+y+u+5)—ﬁ_(+niu+8))(ﬁ—((u+n+u+5)) !
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As = —(T+u+6)+ yucs _
((—(n+a+y+u+5)—73_(0)2:’7‘1“6))(ﬁ—(w+n+u+5))>
yn*bacB?
(et ary+ar8) -1V (p_(wotn+u+6))?)| —(o+u+6) anbp
(( (+aty+uts) B—(w+n+u+5)) (B~(w+n+u ))) (pruto) (_(”+“+y+”+5)_li’—(+n€-u+5))(B_(“’+n+”+5))
e =—T+pu+6), A7 =—(u+o0)
Theorem 3

The disease-free equilibrium is locally asymptotically stable when Ry < 1
By simplification,

Giventhat; 1, = —(w+n+u+96),

and RO(IP) =

(w+n+u+6)
Then
/12=—[1 m](w+7]+ﬂ+8)< [1 RO(IP)]((JJ+T]+,LL+6) (8)
Similarly,
Given that

naf

/13:_(n+a+y+u+6)_ﬁ—(w+n+u+6)

nap
A3 =—((n+a+y+u+8)+ﬁ_(w+n+u+6))
Also
R _ apn
0Us) ™ (wtn+u+8)(m+a+y+u+s)
Then

afn
B_(w+n+“+6)(1_(w+n+u+5)(n+a+y+u+5))

B—(w+n+u+9)

Ma=—@m@+a+y+u+o)

—(n+a'+y+,u+6)[ﬂ_(w+n+'u+6)(1 Ro(ls))]

—(w+n+u+d)

B (wtn+u+6)
s —(mraty+p+d) [B—(w+r]+u+6) B B—(w+n+p+8) a- RO(IS))] (9)

Similarly,
Aa=—(p+u+8)+ i :

4 (o +u ) (—(n+a+y+u+5)—ﬁ_(+,ﬁu+8))(B—(w+fl+#+5))
R bnap

W " mta+y+u+d)@+n+u+8)p+u+0)
Then

_ I4_ bfna -1 =

Ay = [1 (n+a+y+u+5)(w+n+u+6)(p+u+6)] (prut8)<—[1=Rolllp+u+0)

bnap
_ (n+a'+y+u+6)(w+n+u+5)(p+u+5)
= —(p+u+d) [

Y(T+a+y+u+6)(w+n+u+s)

(r+a+y+u+8) (- (w+n+p+8)) + anp
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Roqy) (mta+y+p+8)(w+n+u+6)
(m+a+y+p+8)(B—(w+n+u+6)) + anp
(m+a+y+u+8)(w+n+u+d)
(m+a+y+p+8)(B—(w+n+u+6)) + anp

do= —(p+u+o)|1-

da= —(p+u+o)|1-

a- RO(IL))] (10)

Similarly

As = —(T+pu+08)+ yneh =

<(—(n+a+y+u+5)—¢) (B—(w+n +u+6))>

B—(w+n+u+s)

yn®bacp?
2
—(mtaty+ut8) ———E N (p—(w+n+u+8))?)| —(o+u+8)+ anbp
(( ntaty+u B—(w+n+ﬂ+5)) (B w+N+u ))( ptu (—(ﬂ+a+V+ﬂ+5)—B_(+M)(B—(w+7l+ll+5))
R cBny
WD) " (mta+y+u+8)(w+n+u+d)(T+u+s)
(m+a+y+u+6)(w+n+u+s)
ﬂ, = — (’l’ + + 5) 1 - R a
5 U o(IT) ((_(n+a+y+y+6)—waw)(ﬁ—(w+n+y+6)) (
anbB(p+u+8) _ n?b%a?p? (11)
2
(—(7T+05+Y+M+5)—ﬁm)(ﬁ—(w‘*ﬂﬁLﬂ‘l‘(s)) (—(n+a+y+u+6)—ﬁ_(+nﬁ+ﬂ+6)) (ﬁ—(w+n+u+6))2

Global Stability of the Disease Free Equilibrium (DFE)

Theorem 4: The non-negative equilibrium point of the model system (1) is globally
asymptotically stable, if G° > 1.

Proof

To establish the global stability of this equilibrium E°, we construct the following Lyapunov
function.

G(S, I Is, I, I, T, R) = (5 = $° = 5010g %) + (1, — 12 — 18108 2) + (15— 12 -
I§ 108%) + (IL -1 log%) + (IT — 1919 logg) + (T _TO_T0 1ogT?°) n
+(R-RO —Rolog%)) 12)

The derivative of G along the solution path of (12) by direct calculation gives
G _ (S-5%\ds Ip—lg) dip (ls—lg) dig IL—I(L)) ai IT—I7Q) dir T—TO) dr
dt_(S)dt+(Ip dt+ Is dt+(1L dt+(17~ dt+(T dt+
R-R°\ dR
() 03)

We expand the above equation and collect the positive and negative term separately, where
the positive term is P and the negative term is N, then

C;—f:P—N

(1——)A+( )(/1+aR)+(1——)n+(1 O)a+(1—§)y+(1—%o)(p+‘r+
7T+a))+(1—?0)f‘ (14)
Similarly,

_c0)2 —19)? -19)° -19)*
N=0 5) A+ )+M(w+n+u+5)+%(n+a+y+u+5)+%(P+#+

5)+(T T)( +M+8)+( 0) (1"+‘u+6)+(_:0)2(,u+0') (15)
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If P <N, then Z—f will be negative definite along the solution path of the system. And thus,

implies that, only at syphilis free equilibrium E, would % < 0. This indicates that the system
is globally stable at the syphilis free equilibrium.

Existence of the Endemic Equilibrium (EE)
The endemic equilibrium points of model system (1) are defined (S*, I, Is, I ,Ir,
T*,R"), where the force of infection at equilibrium is:

Ag' = pS-PTHSTIET with N* = ST+ L+ [+ I+ 1+ T+ R
Simplifying the model system (1) accordingly, we have;
* __ A 3\
T (Astw) §
I* — A(AS‘I'O-)
P (w+n+u+8)(As+u)
Ir = nA(ds+o)
S (wW+n+u+6)As+p)(T+a+y+u+s)
[ = anA(As+o) [
L™ (w+n+u+8)Ag+w) (r+a+y+u+8)(p+u+8)
5= ynA(As+a)
T (w+n+u+6)As+u)(r+a+y+u+6)(t+u+s)
x _ Alds+a) ( pan n v + n + w)
T+u+8)As+u)(w+n+u+d) \(r+a+y+u+6)(p+u+sd) (m+a+y+u+8)(T+u+sd) (m+a+y+u+s)
R* = F'A(As+0o)(pan+tyn+nn+w)
(uto)(T+u+8)(As+u) (w+n+u+6) /
(16)

The Optimal Control Strategies for Syphilis Infection

There are some key components of optimal control for syphilis infection:

U, (t): Creating public health awareness about syphilis transmission (awareness, campaigns
and condom use).

U, (t): Implementing effective contact tracing.

U3(t): Regular STI screening and testing.

U,(t): Partner notification and treatment.

d: Possibility of infection.

By introducing control measures:

B = A ps — ps - LU 4 (1 — 1y (1))s )
Lo = ps. LetAlstDLreD) (1 — 1, (1))S + 0 (1 = Uy ()R — (@ + i+ 8)Ip = (1 = Uy ()]
9s — (1 - Up©)lp — a1 = Uy (©)ls — ¥(1 = Up(©)ls — G+ + 8)ls
%=0‘(1—Uz(t))ls—(p+u+6)1L—U3(t)IL b
U oy (1~ Up(O)ls — 4+ &)y — Us (Ol
% = ply + Us(O)I + tlp + Uz (O)Ir + ls + U, () s + wlp + Uy () Ip — (' + u + 6T — U, (DT
2 = U(OT +TT - 4R — o(1 — Uy ()R )
(17)

Mathematical Analysis of the Model with Optimal Control Measures

By using Pontryagin’s Maximum Principle, an objective functional is formulated and we
present the existence of the optimal control. The objective function (G) establishes the most
effective of the strategies which were presented. These measures are analytically presented
to be feasible in minimizing the transmission of syphilis in a finite time interval [0, T] with
U = {(Uy,U,, U3, U,) € U} Lebesgue measurable on [0,1], 0 < U;(t) <1 €[0,T],i = 1,2,3,4
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the objective functional (G) is defined by:
G(Uy, Uy, Us, Uy) = [ (A11P + Agls + Azl + Aylr +§(31U12 + B,U3 + BsU3 + B4U£)) dt
(18)
Which is subject to the system of equation (1)
S(0) > 0,1,(0) > 0,15(0) > 0,1,(0) > 0,1;(0) > 0,T(0) > 0,R(0) > 0.

Where U, (t) is creating public health awareness about syphilis transmission (awareness,
campaigns, condom use),U, (t) is implementing effective contact tracing, Us(t) is regular STI
screening and testing, U, (t) is partner notification and treatment. Moreover A,,A,, A3, A, are
weight constants corresponding to the minimized population Ip,Is, I, I, while By, B;, B3, By
are weight constants corresponding to each control. Optimal control time out is at an
interval 0 <t <T

To achieve the objective of the control problem, we implement the function such that:

G(Ul* (t), U; (t), U; (t), U;l»k (t)) = mln{G (Ull UZ' U3' U4-)' Ul' UZ' U3' U4- € U}

(19)

Existence of an Optimal Control

Theorem 5: If we consider the objective functional G (U;, U,, Uz, Uy) in (19) where the set of
control U is measurable subject to eqn (19) with the initial condition which is given at t = 0.
Then there exist an optimal control U*= (U{‘ (0),U5(t),U3(t), Uy (t)) such that
G(Uf (t), U; (t)' U; (t)l UZ (t)) = mln{G (U1; UZ; U3F U4)F Ul! UZF U3F U4- € U}

Proof:

Using the convexity of the integral of G to optimize control Uy, U,, U3, U, the positive region
of the model, boundedness of solution Lipchitz property of the system which contain the
state variables S, Ip, Is, I}, I7, T, R. Thus, the optimal control of the model exist.

We need to establish the Hamiltonian (M) and Lagrangian (L) for the control problem.

The Lagrangian can be written as:

And the Hamitonian function for the system is:

H=Ap + Ayl + A3l + Ayl + % (B U? + BUZ + B3U2 + BU2) + §,.S [A —uS—pBS-

Uprels D) (1 — Ul(t))S] +&,0p [BS e8I g (1 — Uy (1)S + o (1 - Us ()R —

(w+p+8)p—n1- Uz(t))lp] + & Is[n(1 = U (0)Ip — a(1 = U, ()15 — y (1 = U ()15 —
(m+up+ 5)15] + ELIL[a(l - Uz(t))ls —(ptu+dI, - U3(t)IL] + fLIT[V(l - Uz(t))ls -
(T+u+8)Iy—U; (t)IT] + & Tlpl, + Us(OI, + tlp + Us(O)I + mwls + U, () s + wlp +
Uyl — (T + p+ 8T — Uy (O)T] + &, R[UL(O)T +TT — uR — o(1 — U, (0)R] 1)

Where &,i,i € {S,1Ip,I5,1;,I7,T,R} are disjointed variables, we need to apply the required
conditions to the Hamitonian in the above theorem 5.

Theorem 6: by considering an optimal control U* = (U;(t), U;(t), U3(t), U;(¢)) and the
solution Z* = {S,Ip,Is,I;, I, T, R} of the existing model system (1), such that there will exist
an adjoint variable &;;, where i € {S,Ip, s, I;,I7, T, R} satifying

% _ _g_g‘ __ [ELS (—ﬁ ) (1P+a15JIer1L+c1T) d(l _ Ul(t)) _ #) n (lep (ﬁ ) (Ip+a15'|I'VbIL+CIT) d(l _
AGEM)]
(22)
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Bt = 2 = — 4+ 6S(=B - d(1 = U, (0)S) + &ulp (—(@ + 1+ 8) = (1 = Uo(®)) + &uls (n(1 -

Uz(t))) + fLIs((U + Uz(t))] (23)
Bhs = 2 = — |4, + &5(=ap - d(1 - U()S) + &ulp(aB - d(1 = U1(©))S) + Euls(=a(1 = U, () -

dt
r(1=U0(0) = G+ 1+ ) + &1, (a(1 = 1,©0) + &0t (y(1 - 1)) + &7(r + U1, ©))|
(24)
SLIL a
"7 = —i = —[4; + &S(=bB - d(1 = U, (D)S) + &1 (bB - d(1 — UL(D))S) + &1, (—(p + p + &) —
U3(t)) + ELT(,D + Us(t))] (25)

B = 27 = [+ 6,S(=cB - d(1 = U1(0)S) + &ulp(cB - d(1 = Us(©)S) + Eulr(= (e + 1+ 8) =

Us(t)) +6,.T(t + Us(1))] (26)
Bl = 2 = 6T~ + p+8) = Uy(t)) + &R(T + U, ()] 27)
B = 2 = —[edp (01 = Uy (OIR) + ER(—p — (1 = Uy (6)))] (28)

With transversality conditions ¢&;;i € {S,Ip,Is, I}, I, T,R} which imply that the control
functions are:
Uy = min{l, max{0, CI}}

U; = min{l, max{0, Cl}} (29)
U; = min{l, max{0, C3}} }
U; = min{l, max{0, C4}})
Where ;
u1p (BB 4 1y, (1))5-0R )~ R(oR) -8, 5(p BTSRRI g (1 -y, (1)) 30)
1= B
C, = ELIS(WP—als—Vls)+5L1L(0115)+fL1T(Yls)—fL'1T(15+1P)—fLIP(HIP) (31)
B,
C; = ELIL(IL)+5L1Tgr)—fLT(1L+1T) (32)
3
ELT(T)—ELR(T)
C4_ == 2k B, L (33)
RESULTS AND DISCUSSION

We constructed a mathematical model for the dynamics of syphilis infection illness spread
that included four prevention measures. We examined and talked about the mathematical
analysis of the model with and without optimal control strategies. The disease-free
equilibrium is locally asymptotically stable if R, > 1, according to the stability analysis.
Furthermore, we asserted the global asymptotic stability of the endemic equilibrium if Ry <
1. Using the MATLAB-ODE 45 software, we have succinctly illustrated the effects of the
optimal control strategies on each compartment. Tables 2 and 3 displayed the parameters
and status of the simulation.

Table 2: compartments of syphilis model

State Variable Symbol Description Initial Value Sources
Susceptible 5(0) Individuals at risk of infection 1500 Assumed
Primary 1p(0) Individuals in the primary stage of 1000 Assumed
Infection syphilis
Secondary I5(0) Individuals in the secondary stage of 800 Assumed
Infection syphilis
Latent Infection 1,(0) Individuals in the latent stage 400 Assumed
Tertiary Infection 17(0) Individuals in the tertiary stage 250 Assumed
Treated T(0) Individuals currently undergoing 150 Assumed
Individuals treatment
Recovered R(0) Individuals who recovered but may 70 Assumed

become reinfected
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Table 3: values for parameters of the model

Parameter Symbol Description Values Source
Recruitment rate A Rate of new individuals entering the 1.020x 1073 fitted
population
Natural  death u Natural mortality rate 0.00709 Farman et al.,
rate 2024.
Effective Contact B Contact rate of syphilis infection 3.6432 Assumed
rate
Infection rate A Force of infection 2 Calculated
Reinfection rate o Rate of reinfection from recovered class 0.03 Assumed
Treatment of 0] Rate of treating 0.5 Assumed
primary infection Ip individuals
Progression rate n Rate at which primary cases become 1.2 Assumed
to secondary secondary
Contact with a Probability of contact with Secondary 0.9408 Assumed
Secondary Infection
Infection
Contact with b Probability of contact with Latent Infection ~ 0.89 Assumed
Latent Infection
Contact with c Probability of contact with Tertiary 0.725 Assumed
Tertiary Infection
Infection
Progression  to y Progression rate from latent to tertiary 0.9626 Jing, et al,
tertiary 2021.
Treatment of T Treatment rate for tertiary infection 0.20 Assumed
tertiary infection
Progression rate a Rate at which secondary becomes latent 0.35 Assumed
to latent
Treatment of 1T Treatment rate of 0.12 WHO Africa
secondary Is individuals Report, 2020.
infection
Recovery rate r Rate of recovery after treatment 3.5 WHO Africa
Report, 2021
Disease-induced ) Mortality due to syphilis 0.06849/day Ifeyinwa, M.
death H. (2020).
Treatment of p Rate of recovery in secondary stage 0.25 Assumed
latent infection
Sensitivity Analysis
, Slansitlvlty lAnaIysis flor Syphilils ‘
' n—— ‘ '
Figure 2: Sensitivity Analysis of syphilis infection
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The most effective interventions are those that limit the size of the susceptible population
and reduce transmission such as testing, condom use, and awareness campaigns, since the
model is highly sensitive to the transmission rate, () and the recruitment rate, (A).
Increasing the disease-induced mortality rate, () or enhancing treatment (w) also leads to a
substantial decline in infection levels. In contrast, other parameters exert comparatively
smaller effects and are therefore less critical in shaping control strategies.

Numerical Simulation
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Figure 3: Transmission Dynamics of Syphilis Figure 4: The graph of transmission
in Human Population. dynamics in the infected compartment.

Figure 3: The seven compartments' mathematical modeling dynamics predict a quick initial
outbreak, followed by successful control through treatment and recuperation, leading to a
notable long-term decrease in infections.

Figure 4: Prior to the intervention, the best practices were determined by mathematically
modeling the dynamics of every infected compartment (Ip, Is, I, I7).
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Figure 5: The graph of the effect of optimal Figure 6: The graph of the effect of the optimal control
strategies on the susceptible. control strategies on the primary infected.

Figure 5: Demonstrates how the sensitive population is affected by the best control
measures. Partner notification and treatment U, are found to be the most successful
optimum control techniques in the susceptible population, as they interrupt the chain of
transmission and protect those who are not infected.

Figure 6: shows how the primary infected population is affected by the best control
strategies. It is found that when all the best control measures are put into place, the primary
infected population not only peaks lower but also decreases more quickly and stays at a low
level throughout the simulation.
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Figure 6: The graph of the effect of the optimal Figure 7: The graph of the effect of the optimal
control  strategies on  the  secondary  infected. control  strategies on  the  Latent  infected.

Figure 6: Demonstrates how the secondary infected population is affected by the best
control measures. Public health awareness has been found to be the most successful
optimum control measure in the secondary population.

Figure 7: Shows the effect of the optimal control strategies on the latent infected population.
It is screening and partner notification and treatment health awareness.
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Figure 8: The graph of the effect of the optimal Figure 9: The graph of the effect of the optimal
control strategies on the tertiary infected. control strategies on the treated population.

Figure 8: Demonstrates how the tertiary infected population is affected by the best control
measures. When all of the best control methods are put into place, it is found that the
Ir(t)curve is greatly suppressed and stays substantially lower over time.

Figure 9: The impact of the best control methods on the treated population is depicted.
Public health awareness has been found to be the most successful optimum control measure
in the treated population. It also guarantees that reinfection is reduced through partner
notification and treatment.
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Figure 10: The graph of the effect of the optimal control strategies on the recovered population.
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Figure 10: The results of this study showed that creating public health awareness,
implementing effective contact tracing, regular STI screening and testing and partner
notification with treatment greatly enhanced the recovered population while lowering
reinfection. This result is consistent with a study by Momoh et al., (2021), which found that
the greatest control against syphilis transmission is achieved by combining preventive and
treatment measures. In the same manner, Okuonghae et al., (2018) found that treatment
controls and focused intervention considerably lower latent-stage transmission and syphilis
prevalence.

CONCLUSION

To better understand the transmission dynamics of syphilis, this study employed a
deterministic mathematical model incorporating treatment, reinfection, and optimal control
strategies. The analysis revealed that the basic reproduction number, (R,) plays a crucial role
in determining whether the infection dies out or persists within the population. Numerical
simulations showed that the most effective strategy for reducing infection prevalence is a
combined intervention approach involving partner treatment, contact tracing, regular
screening, and increased public awareness. The findings highlight the importance of
coordinated public health measures in the effective control of syphilis. Furthermore, the
model provides a theoretical foundation for future research and policy formulation.
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