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Abstract

This study investigates nonlinear wave propagation phenomena characterized by diffusion and
dispersion using fractional-order models. Specifically, the fractional Whitham-Broer-Kaup and
Burgers equations are analyzed through a hybrid analytical framework that combines the Laplace
Transform with Differential Transform Method in Caputo sense. The proposed approach generates
both analytical and semi-analytical solutions under prescribed initial conditions. Compared with
established techniques such as the Adomian Decomposition Method, Homotopy Perturbation Method,
and Variational Iteration Method, the present method demonstrates improved convergence behavior
and computational efficiency. The results highlight the capability of the approach in accurately
capturing complex dynamics in nonlinear fractional systems and reinforce its suitability for modeling
physical processes involving memory and hereditary properties.

Keywords: Fractional Differential Equation (FDE), Laplace Differential Transform Method
(LDTM), Nonlinear PDEs, Burgers equation, Whitham-Broer-Kaup Equations (WBKE).

INTRODUCTION

In more than three decades, Fractional Differential Equations (FDEs) have garnered
considerable attention, which are positive due to FDEs effectiveness in improving
mathematical modeling of complex physical phenomena & its other associative usage across
various disciplines in Engineering & Applied Sciences. Fractional Calculus (FC) is effectively
applicable in diverse areas such as Fluid Mechanics, Biologiological Sciences, Organic &
Inorganic Chemistry, Economics, & Image processing. A feat which has significantly
advanced research developments in these fields (Ahmad, Mushtaq and Sajjad, 2015; Bairwa
and Karan, 2021; Carpinteri and Mainardi, 1997; Gorenflo and Mainardi, 1997; Mainardji,
1997).

Currently, Fractional Calculus continues to undoubtedly play essential role in numerous
scientific investigations, FC has impacted solutions in Fluid Flow Dynamics, Signal & Image
Processing, Optics, Diffusion & Transport Systems, Self-similar & porous structures. In
recent times, FC have being successfully applied in Probability & Statistics, Biochemical
Physics, Viscosity, Viscoelasticity, & Electrochemical Corrosion (Zhou, 1986; Arikoglu and
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Ozkol, 2007; Kilbas, Srivastava and Trujillo, 2006; Li, Pintus and Viglialoro, 2019; Li and
Viglialoro, 2021). Which have given Fractional Calculus growing research interest & more
acceptability arising from the fact that Fractional-Order Differential Equations (FODE) often
yields more accurate representations of physical systems than their classical integer-order
counterparts.

The effective application of FODE has offered enhanced stability, memory effects, &
convergence of physical system properties. In view of this, a reliable numerical method for
solving Fractional-Order Nonlinear Partial Differential Equations (FONLPDEs) has been
developed, while becoming a major research focus. The description of Complex Dynamical
processes occuring in real-world system, which also serves as indispensable models are
driven by Nonlinear PDEs in fields of Fluid Dynamics, Dynamical Systems, Plasma Physics,
Hydrodynamics, Solid-state physics, Ionospheric Physics, Optic Fiber Communications &
Acoustics.

In this work, we uniquely employ Laplace Transform coupled with Differential Transform
Method (LDTM), formulated in the Caputo Fractional sense, subject to appropriate initial
conditions, to obtain semi analytical solutions for two important systems namely: the
Fractional-Order Whitham-Broer-Kaup (WBK) Equations & the Fractional-Order Burgers
Equations.

The Whitham-Broer-Kaup equations (WBKEs) effectively describe the nonlinear evolution
of shallow water waves in fluid dynamics. Originally developed by Whitham, Broer, and
Kaup (Whitham, 1967; Broer, 1975; Kaup, 1975), this coupled system characterizes the
propagation of shallow water waves exhibiting specific diffusive behaviors, where the
parameters ppp and qqq represent constants associated with different dissipative forces. The
WBKEs describe the velocity and surface elevation deviations from the fluid’s equilibrium
state and have become an important model in nonlinear wave theory. Various analytical and
computational approaches have been introduced to determine exact or approximate
solutions for nonlinear systems of this kind. For instance, Aminikhah and Biazar (Biazar and
Aminikhah, 2009) applied the Perturbation techniques to the coupled Brusselator Burgers
equations, while Noor and Mohyud-Din (Mohyud-Din and Noor, 2009) used HPM to
investigate PDEs of various classical orders. Similarly, Ahmad et al. (2015) analyzed a
coupled form of the WBKEs using the Adomian Decomposition Method (ADM). Other
researchers have employed a variety of analytical and semi-analytical techniques to study
the WBKEs, including the Homotopy Perturbation Method (HPM) (El-Sayed, Rida and
Arafa, 2009), Exp-Function Method (Zheng, 2013) and the Homotopy Analysis Method
(HAM) (Hassan and El-Tawil, 2011).

The Burgers equation serves as a fundamental model for describing nonlinear phenomena
involving dispersion and diffusion, and it is extensively used in fluid flow approximation
theory, shock wave theory, soil-water dynamics, unsaturated oil flow, seismology,
cosmology, and debris flow modeling with nonlinear kinematics (Al-Jawary, Azeez and
Radhi, 2018). Beyond its physical significance, the Burgers equation also provides a valuable
framework for evaluating the effectiveness of analytical and numerical techniques. Various
mathematical methods have been applied to obtain its solutions, including the Adomian
Padé technique (Dehghan, Hamidi and Shakourifar, 2007), Differential Transform Method
(DTM) (Veeresha and Prakasha, 2019), tanh-function method (Soliman, 2006), Homotopy
Analysis Method (HAM) (Alomari, Noorani and Nazar, 2008), Natural Decomposition
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Method (NDM) (Abazari and Borhanifar, 2010), and the Chebyshev Wavelet Method (Orug,

Bulut and Esen, 2019).

Definitions

Basic definition of the generalized Laplace transform (LT), Riemann-Liouville and Caputo
fractional derivatives are given below:

Definition 2.1: Let g(x) be a function defined for x > 0. The Laplace transform of g(x)
denoted by G(s) = {g(x)}is defined as (Ivanescu, 2003; Khatib, 2016; Gihan et al.,
2017; Kadam, 2017)
600 = (g0} = | e g,
0
G(s)={gx)}= f e 5% dx,
0
a

= lim | e ¥ g(x)dx.

a—oo 0
Also, the Laplace transform inverse denoted by L™*{G(s)} is equal g(x) if and only if G(s) =
{g ()}

Table 1: The Laplace transform of some functions calculated with the help of definition 2.1.

g(x) G(s)
1 s
n!
xMn=12,.. s +1
1
obx oS>«
b
sin (bx) 4B
s
cos (bx) s? + b?
sinh (bx) b
b2
cosh (bx) S
SZ — b2
L{g' ()} sL{g(x)} = g(0)
L{g™ )} s"L{g(x)} — s""*g'(0) — s""%g"'(0) — - = sg "M (0) — g™ (0)

Definition 2.2: Let ae(0,1) and suppose g € L'(0, o0; R). The Riemann-Liouville Fractional
integral of order a for the function g is given by (Jafari and Daftadar-Gejji, 2006; Ali, Shah
and Khan, 2018)

1 t
J%g() = %fo (t —s)* 1 g(s)ds,

For t > 0, Provided that the integral exist and converges pointwise on the integral (0, ©).

Definition 2.3: Let The g be a sufficiently smooth function defined on (0, ) X (0, ), and
let <> 0. The Caputo fractional derivative of order « is defined by (Jafari and Daftadar-Gejji,
2006; Ray, 2008)

D%g(x,t) = a)f (t —s)n e 1—g(x s)ds,
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Where n = [a] + 1 and [a] denotes the greatest integer less than or equal to a. In the special
case where 0 < a < 1, this expression simplifies to

D N = 1 t 1 0 4
960 = | Gy 9 s
Provided that the integral is well defined.

Definition 2.4: The Laplace transform of Caputo derivative defined as (Alomari, Noorani
and Nazar, 2008)
n-1
LIDeg(x, 0] = s%g(x,5) = ) s+ g®(0),
k=0
n—1<a<n, neN

In this study, the fractional derivative is defined using Caputo formulation, primarily
because it provides a more convenient framework for handling initial and boundary
conditions in a physically meaningful way. An important property of this definition is
derivative of a constant function is equal zero, provided the function remains bounded.

The concept of Laplace Differential Transform Method
Following the framework introduced by George Adomian (1994), a general differential
equation can be formulated in an operator-based representation as
Lu(x,t) — {—Ru(x,t) — Nu(x,t)}
=g9(x,1) €y

In this scheme, L taken as invertible operator, R represents linear differential part, while N
captures the nonlinear terms of the system. The function g(x, t) represents prescribed source
or forcing term.
Taking Laplace transform of two sides of (1) gives;

L{Lu(x, t) — {—Ru(x,t) — Nu(x, t)}} =
L{g(x 1)} (2)

Let L denote the LT operator. The Laplace transform of the term involving the invertible
operator L can be written as
L{Lu(x,t)} = s™u(x,t)
n-1
=) TSI (), 3)

r=0
Putting (3) into (2) and rearranging the resulting expression, one obtains

U(x,t) = s‘"L{—{—Ru(x, t) — Nu(x, t)}} +s™"L{g(x,t)}
n-1

+ ) 57 g7 (o), @
=0

Taking Laplace transform inverse to (4), yields

n-1
u(x, t) = L1 {s‘"L{g(x, )} + Z s~ g7(0) }
=0

+ L Ys™"L [—{—Ru(x, t) — Nu(x, )}]}. (5)
Finally, the solution is assumed as an infinite series
u(x,t)
= Z u, (x,t). (6)
n=0
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The nonlinear term in equation (5) is resolved in term of DTM.
Consider the nonlinear function w(x, t) = u(x, t)v(x, t) corresponding transformed
component can be written as
Wi
k
=t (6 ey (), @

r=0
Also, consider the nonlinear function w(x, t) = u?(x, t) corresponding transformed
component can be written as

Wi
k
= ) e (5 Dugen (6. 8), ®
=0
From equation (5), the zeroth component of the solution is obtained as
n-1
(e t) =17 {s‘"L{g(x. D} + Z s~ g7 (0) } €
r=0
The remaining terms of the solution are generated through the recursive relation
un+1(x: t) = L_l{s_nl’ [Run (x; t) + An}r (10)

Heren = 0,1,2, .., and A,. Thus, the analytical expression u(x, t) can be represented as an
infinite series, which in practice is approximated by truncating after a finite number of
terms, that is,

u(x, t)
N

= Z u, (x,t). (11)

n=0
4.0 Laplace Differential Transform Scheme on Fractional Differential Equations

Following the formulation presented by Elzaki (2018), the fractional differential equation
Dou(t) + a,uP(t) + ap_uP~1(t) + -+ au'(t) +
aou(t) + N(u®),v'(t)) — g =0, t>0,

p—1<8§<p. 4.1)
With the given initial conditions,
u®0)=b;, i =0,1,2,.. (12)

Where a;, b; are given real constants, N denotes operator of nonlinear, and g(t) is a
prescribed function.
The expression can equivalently be written as
DOu(t) + a,uP(t) + a,_uP~H(t) + -+ agu'(t) +
aou(t) + N(u(t),u’(t)) —gt)=02=>0, (13)

With the associated initial conditions
u®0) =b;, i
=012,..,p— 1. (14)
Taking LT of (13), lead to
L{Dou(®)} + anL{uP ()} + an_ LIWP 1O} + - + ay L{u' ()} +
aoL{u(t)} + L{N(u(t),u’(t))} = L{g(t)}. (15)

Moreover, the LT of the fractional derivatives is
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L{D%u(t)}
=59G(s)
p—1
— Z s8-k=1 4K (). (16)
Substituting (16) intok;(;uation (15), we obtain
p-1
L) = ) 5P 1u®(0) - L) - anL{u? (9} — an 1L (0} = = L ()
k=0
— aoL{u(®)} — L{N(u(®),u' (1))}, (17)

Within the framework of the Laplace Differential Transform Method (LDTM), the solution
u(t) is expressed as an infinite series

u(t)
k
= w@®. (18)
r=0
Similarly, the expanded nonlinear term using differential transform concepts is
Nu®u'®) =) 4. @), (19)
r=0
Where the component A, (t) are defined by
T
A(®) = ) ' o (©) 20)

k=0
Substituting (18) - (20) into equation (17), yields

k p-1
L {z U, (t)} = Z s~k K (0) + s7L{g(t)}

r=0 k=0
K K k
+s578 anL{ upr(t)} -y L{ u, P~V (t)} ——a L{ u’r(t)}
K K
—aylL ur(t)} — L{ Ar(t)} 21)

The iterations scheme for computing the solution component is then defined recursively.
The first term is given by
p-1
Litp(®} = ) s™ 6D uk(0) + 57 L{g(0)} (22)

k=0
While the subsequent terms satisfy

L{u, ()} = —=s~%{anL{uP,_1 (O} + - + ay L{u' 1 ()} — agL{u,—1 (O}} — sT°L{A,_1 (D)},
r=123.. (23)

Application
The above developed scheme is now employed to determine approximate solutions of
selected fractional-order differential equations.

Illustration 1: The nonlinear fractional Whitham-Broer-Kaup (WBK) system, originally

introduced by Gerald B. Whitham (1967), L.J.F Broer (1975), and David ]J. Kaup (1975). The
coupled system of FPDE is given as
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a% g Mg LN}

e+ 0 o+ 24q2 =0, 0<&ys1 -
0221 9204 p20 _q2% g, 0<oy<1
ata + 6x71 ax'rl + p 9x31 —q 921 — Y, < IS

Taking the particular casep = 0,q = % and n = 1, the system reduces to

%0 (x,t) _ —Q)(x t) aa)(x t) ago(x,t) _ lazq)(x,t)

atd ax 2 0x2 ’2 (25)
3%p(x,t) _@( t) 6<p(x £ ( t) O(D(x t) 10%p(x,t)
ats 2 dx?

The initial conditions correspondmg to the problem are defined as

@(x,t) = w — k coth {k(x + h)},

o(x,t) = —k?cosech?®{k(x + h)} (26)
For classical case § = 1, choosing the parameter values k = 0.1, » = 0.005,h = 10,p = 0,q =
0.5, the system admits the following exact solution

@(x,t) = w —coth coth {(x — (—h) — wt)k} k,
o(x,t) = —{cosech?k(x + h — wt)}k? 27)

Using the proposed method, equ. 25 gives.

2
( D(x,t) = %— 8 tanh tanh(—2x) — L1 [S%L {Ak + 00k, ) + 070k (x, t)}] ]

0x d0x? 28)
1 030, (x,t) 0%, (x,t
@(x,t) = 16 — 16tanh?(—2x) — L™t L—SL {Bk +Cp+3 akx(3 ) _ (fakx(z )}]

The nonlinear components appearing in equation (25) are denoted by Ay, By and C. These
terms are evaluated using the Differential transform Method (DTM) as follow:

() = 00, = )" 8, (Bt () 290)

Ag = ¢oDox
Ay = $1Dox + PoD1x
Ay = 92005 + P101x + Do Dox

Bi(®) = 0gy = ) 0r (a2, (295)
=0

By = ¢o®ox
By = ¢p1¢00x + doP1x
By = ¢2¢00x + P1P1x + Do P2x

Ce= 902 = ) 0r (DByier) () (296)
r=0

Co = @oDox
Ci = @100x + PoP1x
C2 = 9200x + P101x + PoP2x
Using the initial expression from equation (26), the zeroth-order are derived as

Do(x,t) = w — k coth coth{k(x + h)} } 30
@o(x,t) = —k?cosech?{k(x + h)} (30
Furthermore, from equation (26), the first-order approximations are derived as
1 6<p0(x, t) 0%0q(x,t)
< 1 30o(x, 1) 0%@y(x,t) (1)
- olX, PolX,
\<P1(x, t) =-L7" {5_5L {Bo tCo+3 ox3  9x2 }}
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substituting (30) into (31) and the values of nonlinear terms and simplifying

—k2wtd (coth(k(x + h))2 - 1)

1

Ql(xl t) = [‘(6‘ n 1)
2 0) = 22 ”’?foif (G + mk) wt?

(32)

Continuing in the same manner, the second-order terms are given by

r

Bo(x,t) =

26

(—2k3w?)coth(k(x + h))(t*®)[coth?(k(x + h)) — 1]

[+ 1)?
(%) th*w(1 + 3coth (k(x + m)* + 2 (w(coth(k(x + )" — 1)
#2(8) = Fo5 7 |k (1 + 3coth((kx + kh)) + 2wcoth?(kx + kh) ) — K)esch(kx + kh)?
—4coth(kx + kh)?)

> (33)

)

Therefore, the approximate solution of the fractional WBK system can be expressed as the

sum of the series components:
D(x,t) = Po(x, t) + D1(x, ) + Do (x, t) + -
(p(x; t) = (pO(x; t) + (P1(x; t) + (Pz(x; t) + -
—k2wt® (coth(k(x + h))2 - 1)
@(x,t) = w — coth[(kx + kh)] k +

ré¢+1)
—2coth(k(x + h))(£8)’ w2k (coth(k(x + ) — 1
N cot ( (x + ))(t ) W (cot ( (x + )) ) (330)
I'(6 +1)2
B —2coth(k(x + h))csch(k(x + h))2k3wt5
@(x,t) = —k? cosech?[k(x + h)] + rGT D
(%) tk*w(1 + 3coth (k(x + M)* + 2 (w(coth(k(x + h))* — 1)
+2(—3coth(kx + kh)? + 2)coth(kx + kh) + 2k — k)csch(kx + kh)?
—4coth(kx + kh)?)
+ T (33b)

Table 2: Shows the absolute error between the exact and computed solutions obtained via
Adomian Decomposition Method, Homotopy Perturbation Method, Variational Iteration
Method and Laplace Differential Transform Method for @ (t,x) of fractional Whitham-
Broer-Kaup equation

(t,x) |@® Exact — @ ADM| |PExact — QHAM | |@ Exact — @VIM|  |@Exact — QLDTM|
(0.1,0.1) 8.02989 x 10-¢ 3.17634 x10 -5 1.23033 x 104 3.0 x 10-10
(0.1,03) 7.38281 x10-¢ 2.69597 x104 3.69597 x 104 2.0 x 10-10
(0.1,0.5) 6.79923 x 10-6 1.59274 x10-4 49278 x 104 1.0 x 10-10
(0.2,0.1) 297172 x10- 9.29725 x10-5 1.69274 x 10-5 1.0x 109
(0.2,03) 273673 x10-5 1.55176 x10+4 1.8921 x 104 8.0 x 10-10
(0.2,0.5) 2.73672 x 105 1.55176 x10-4 1.55176 x10-4 8.0 x 10-10
(0.3,0.1) 7.32051 x10-5 3.01549 x105 1.12345 x10-5 2.1 x10°
(0.3,0.3) 6.73006 x10-5 9.05935 x10-5 6.55176 x10-5 2.0x10°
(0.3,0.5) 6.19760 x 10- 1.51204 x10+4 2.12346 x10-5 1.8 x10°
(04,01) 131032x 104 2.93874 x105 7.36153 x10-5 3.7 x10°
(0.4,03) 1.20455 x10+4 8.82871 x10-5 9.5016 x10-5 3.5x10°
(04,05) 1.10919 x104 1.47354 x10+4 8.23160 x10+4 3.2x10°
(0.5,0.1) 2.06186 x10-4 2.86433 x10-5 5.551760 x10-5 5.7 x10°
(0.5,03) 1.89528 x104 8.60509 x 105 3.21715 x10-6 54 x108
(0.5,0.5) 1.74510 x 104 1.43620 x10+4 2.00176 x10-5 51 x10°
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Table 3: Shows the absolute error between the exact and computed solutions obtained via
ADM, HPM, VIM and Laplace Differential Transform Method for ¢ (t,x) of Whitham-
Broer-Kaup equation

(t,x) | Exact — @ ADM| |pExact — pHAM | | Exact — @VIM| |pExact — oLDTM]|
(0.1,0.1)  4.81902 x 104 8.29712 x 10-6 1.23033 x 10-4 8.19 x 10-10
(0.1,0.3)  4.50818 x 104 2.49346 x 105 1.7600 x 104 7.68 x 10-10
(0.1,0.5)  4.22221 x 104 416299 x 10> 2.69597 x 10-4 7.20 x 1010
(02,01) 9.76644 x 104 8.04063 x 10-6 2.69597 x 10-4 6.846 x 10-°
(0.2,0.3) 9.13502 x 104 241634 x 104 2.69597 x 10-4 6.412 x 10-°
(0.2,0.5)  9.13502 x 104 4.03419 x 105 2.69597 x 10-4 6.008 x 10-°
(0.3,0.1) 8.55426 x 104 7.79401 x 10-6 2.69597 x 10-4 2.3432 x 10-8
(0.3,0.3)  1.48482 x 104 2.34220 x 105 2.69597 x 10-4 2.1940 x 10-8
(0.3,05) 1.38858 x 103 3.91034 x 105 2.69597 x 10-4 2.0559 x 10-8
(0.4,0.1)  1.30009 x 103 7.55675 x 10-6 2.69597 x 10-4 5.5932 x 10-8
(0.4,0.3)  2.00705 x 103 2.27087 x 10-6 2.69597 x 10-4 5.2365 x 10-8
(0.4,05) 1.87661x 103 3.79121 x 105 2.69597 x 10+ 4.9064 x 10-8
(0.5,0.1) 1.75670 x 103 7.32847 x 10-6 2.69597 x 10-4 1.09695 x 107
(0.5,03) 2.37815x 103 2.20224 x 105 2.69597 x 10+ 1.02694 x 107

(05,0.5)  2.22578 x 103 3.67658 x 10-5 2.69597 x 10+ 9.6216 x 10-8

Tables 2 and 3 display how the proposed technique performs relative to the Homotopy
Perturbation Method (HPM), Adomian Decomposition Method (ADM), and Variational
Iteration Method (VIM) for solving the fractional Whitham-Broer-Kaup equation at the
classical case where a=1\alpha = 1a=1. The results clearly show that the Laplace Differential
Transform Method (LDTM) achieves a higher level of accuracy when compared with the
other methods. This improvement highlights the method’s strong capability in producing
reliable solutions with better convergence and computational efficiency.

Approximate

Figure 1. Graph of @ (x,t) of Whitham-Broer-Kaup equation at <= 1.
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Figure 2. Graph of ¢(x, t) of Whitham-Broer-Kaup equation at «= 1.

Figures 1 and 2 illustrate the graphical profiles of both the exact solution and the
approximate solution of the fractional Whitham-Broer-Kaup equation in the classical
integer-order case corresponding to a=1. These figures serve as a visual validation of the
numerical performance of the proposed method by presenting a point-wise and global
comparison between the analytical benchmark and the semi-analytical approximation. From
the plotted results, it can be clearly observed that the solution curves generated by the
proposed approach exhibit an exceptionally high degree of overlap with the exact solution
over the entire spatial-temporal domain considered. The graphs are nearly
indistinguishable, with no visible deviation in amplitude, wave structure, or propagation
pattern, even at critical points where nonlinear effects are typically dominant.

Clearly seen from the above, is a strong agreement that excellent convergence behavior of
the proposed technique is confirmed. It also demonstrates its capability to capture the
underlying dynamics of the model without any distortion. The almost identical trajectories
indicates that the method maintains consistent approximation stability as the computation
progresses, reflecting its robust recursive formulation.

Furthermore, the method reliably treats nonlinear terms, uniform alignment between the
exact and approximate results substantiating the numerical precision of the scheme. It also
reveals that the truncation and transformation processes inherent to the technique do not
compromise solution fidelity.

The graphical findings, quantitative error comparisons as provided earlier, and the concept
visualization verifys that the proposed method achieved superior accuracy, rapid
convergence, and computational efficiency, thereby reinforcing its applicability for solving
nonlinear wave equations of both integer and fractional order.

Conclusively, the figures demonstrate the effectiveness, reliability, and efficiency of the
proposed method, confirming that it produces highly accurate approximations that
converge optimally to the exact analytical solution.

Illustration 2: Let us examine the nonlinear fractional-order system corresponding to the
Burgers equations. The system is described by
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(D u = zua_u+2v8_u+6‘2_u+62_u
t dx dy 0x? 0y?
D@y = 2 6v+2 8v+62v+62v
t U= ua U@ W a—yz
The associated initial conditions are given as
u(x,y,t) =1+ (— tanh tanh {—x + 2y + 1})
v(x,y,t) =1— (=2tanh tanh {—x + 2y + 1}) (35)
The exact solution for the give equation is
u(x,y,t) =1+ (— tanh tanh {—x + 2y + 1})
v(x,y,t) =1 — (=2 tanh tanh {—x + 2y + 1}) (36)
Using the proposed method, the (34) becomes
u(x,y,t) =1+ (— tanh tanh {—x + 2y + 1})

1 ou, 02
- L‘l{s—aL{ZAk + 2B + — + y""}},

(34)

0x 0x?

v(x,y,t) =1— (-2 tanh tanh {—x + 2y + 1})

1 ou, 072
—I? {S—5L {zck + 2Dy + — + y"}}, (37)

0x d0x?

where the nonlinear component Ay, By , Cxand Dy are computed using the Differential
transform method relation using eqn. (9) & (10) respectively.
The corresponding values of u's, and v's were generated

uo(x,y,t) =1+ (— tanh tanh {—x + 2y + 1})

vo(x,y,t) =1 — (=2 tanh tanh {—x + 2y + 1} ) (38)
Oy, 0) = 2(t")
Lyt = I'(a + Dcosh(x + (=2y) — 1)2
( t) = G 39
Vilh bt = I'(a + 1)cosh(x — (+2y) — 1)? (39
64(t%)?%sinh (x — 2y — 1)(=3e*72Y71 4 2¢~*+2y+1)
uy(x,y,t) = [(a+ 1)2(ex2y-1 f g-x+2y+l)a
128(t%)%sinh (x — 2y — 1)(3e*~2V~1 — 2¢=*+2y+1)
v2(x,y,t) = 2(px—2y—1 4 ,—x+2y+1)4 (40)
IF'a+1)?(e*x2v-1+e y+1)
The approximate solution is
u(x,t)
=1+ (—tanhtanh (—x+2y+ 1)) + 267
- (= tanh tan xTey ) I'(a + 1)cosh(x + (—2y) — 1)?
64(t%)? sinh sinh (x — 2y — 1) (—3eX2Y~1 4 2¢X*2y+1)
(41a)

I'(a + 1)2(ex~2y—1 4 g—x+2y+1)4
v(x,t)

4t
I'(a + 1)cosh(x — 2y — 1)?
128(t%)? sinh sinh (x — 2y — 1) (3e*72Y71 — 2¢~*+2y+1)

[(a+ 1)2(ex~2y—1 y g-x+2y+1)4

=1—(—-2tanhtanh (—x +2y +1)) + —

(42b)
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Figure 3. Graph of u(x, t) of fractional Burger equation at <= 1.
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Figure 4. Graph of v(x, t) of fractional Burger equation at o«c= 1.
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Figures 3 and 4 display a graphical comparison between the exact analytical solution and the
approximate numerical solution of the fractional Burgers equation in the classical integer-
order case where a=1. This case is employed as a baseline model to assess the consistency,
convergence, and computational reliability of the proposed Laplace Differential Transform
Method (LDTM). The plotted solution curves reveal a remarkably close alignment, with the

approximate profile almost perfectly tracking the exact solution throughout the considered
spatial-temporal domain.

Clearly, the method achieves excellent convergence due to the absence of observable

divergence in wave behavior, gradient formation, or dissipative structure. This indicates
that, even in regions where steep transitions characteristic of Burgers-type nonlinear
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dynamics are dominant, the method usually challenge iterative or decomposition based
schemes. Reflecting the stability and reliability of the transformation framework, verifying
that the nonlinear and fractional operators are handled with high numerical precision.
Consequently, these results provide compelling graphical evidence of the accuracy,
efficiency, and rapid convergence of the proposed method.

Figures 5 and 6 extend the validation by presenting the approximate solutions obtained
using LDTM alongside the classical solution for a=1, while also displaying additional
fractional solution profiles computed for various values of a within the interval 0< a <I1. This
set of figures highlights the dynamic behavior of the solution as the fractional order varies,
offering a deeper understanding of how the model transitions from fractional to classical
form. The results demonstrate that the fractional solutions generated via LDTM preserve the
essential physical characteristics of the system including viscosity driven diffusion,
nonlinear damping, and monotonic shock-free dissipation while consistently remaining in
close proximity to the exact classical benchmark. It is further observed that as the fractional
order approaches unity (a—1), the fractional solution profiles smoothly and reliably
converge to the integer-order solution, confirming not only analytical consistency but also
the method’s structural robustness under fractional-order limits.

CONCLUSION

This study developed an efficient semi-analytical approach based on the Laplace Differential
Transform Method (LDTM) for solving nonlinear fractional partial differential equations
associated with wave and transport phenomena. The effectiveness of the method was
assessed by comparing its results with exact solutions and established techniques such as the
Homotopy Perturbation Method (HPM), Adomian Decomposition Method (ADM), and
Variational Iteration Method (VIM).

The results presented in the tables and figures showed that LDTM provides highly accurate,
stable, and rapidly convergent solutions across different spatial and temporal points. The
method demonstrated excellent agreement with exact analytical solutions for both the
fractional Whitham-Broer-Kaup and Burgers equations, particularly at the classical order
a=1.

In addition, the fractional-order solutions smoothly converged to the classical integer-order
solutions as a—1, confirming the consistency and reliability of the method. LDTM achieved
these accurate results without requiring linearization, perturbation assumptions, or
expensive iterative corrections.

Overall, the study establishes LDTM as a reliable, computationally efficient, and
mathematically robust technique for solving nonlinear fractional and classical differential
equations. Its accuracy, stability, and simplicity make it a promising tool for applications in
engineering, physics, and applied sciences, with strong potential for extension to more
complex fractional dynamical systems.
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