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Abstract

The Schridinger equation for the Manning-Rosen plus Hellmann potential under an Aharonov-Bohm
(AB) flux and external magnetic field was solved using the asymptotic iteration method (AIM), yielding
closed-form expressions for the energy eigenvalues and corresponding eigenfunctions. Furthermore, the
numerical energy spectra, partition function, and various thermo-magnetic properties of the TiH, CrH,
H: and HCI diatomic molecules were subsequently computed. The results reveal that the combined
influence of the magnetic and AB flux fields lifts the degeneracy present in the unperturbed energy
spectrum. In addition, temperature significantly modifies the magnetic susceptibility, causing a
transition of diamagnetic behavior in the molecules considered. Energy expressions for several special
cases were also derived and benchmarked against existing literature to validate the accuracy of our
analytical formulation. Overall, these outcomes provide valuable insights with potential applications
in condensed-matter, atomic, molecular, and chemical physics.

Keywords Thermo-magnetic Analysis; Diatomic Molecules; Manning-Rosen plus Hellmann
potential; Schrodinger equation

INTRODUCTION

The non-relativistic Schrodinger equation plays an essential role in quantum mechanics due
to the fact that its Eigen solutions provide essential insights into the behavior of quantum
systems for specific quantum problems (Inyang, et al., 2022; Mondal et al., 2022). Moreover,
analytical solutions to this equation serve as the theoretical foundation for understanding the
underlying characteristics of quantum systems (Inyang, et al., 2022). For many years,
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numerous researchers have explored the exact solutions of the Schrodinger equation (Ikot,
Okorie, Ngiagian, et al., 2020). However, since exact solutions exist for only a limited number
of potentials, approximate solutions have been extensively developed for a variety of potential
models. A considerable number of authors have derived approximate solutions to the non-
relativistic equation for different potentials model such as the screened Kratzer (Ibekwe et al.,
2021), Hulthén (manesh et al., 2024), Woods-Saxon (Woods & Saxon, 1954), and Yukawa
(Inyang, 2025) potentials, among others (Onate et al., 2022), employing diverse analytical
techniques including the asymptotic iteration method (AIM) (Kocak et al., 2012), super
symmetric quantum mechanics (SUSQM) method (Naafi'ah et al., 2023), Nikiforov-Uvarov
(NU) method and its extended form (Maksimenko & Kuchin, 2012), Laplace transformation
method (Arda & Sever, 2012), the NU-functional analysis (NUFA) method (Okon et al., 2022).

The Manning-Rosen (MR) potential (Okon et al., 2023a) is an important exponential-type
potential introduced in 1933 by Manning and Rosen to describe the vibrational behavior of
diatomic molecules (Ikhdair, 2011; Manning & Rosen, 1933). Numerous studies have
investigated approximate solutions of the Schrodinger equation for this potential model
(Ikhdair, 2012). The potential is expressed as (Sur, 2022).
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Where dyand 0, are potential depth, o represents the adjustable screening parameter, and

I' is the inter particle distance.

Similarly, the Hellmann potential, introduced by Hans Hellmann in 1935, serves as an
effective potential that simplifies the complex interactions arising from the motion of core
(non-valence) electrons and the nucleus in an atom (Hellmann, 1935). This potential has been
extensively applied in studying bound state problems using various advanced mathematical
techniques (Ertugay et al.,, 2025; Okon et al., 2022), and has also been used to analyze
approximate scattering states in relativistic regimes (Oluwadare et al., 2012). The Hellmann
potential represents a superposition of the Coulomb and Yukawa (screened Coulomb)
potentials and can be written as (Tazimi, 2024).
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Where 0, and 05 are potential strength parameters. By combining these two potentials, the

Manning-Rosen plus Hellmann potential (MRHP) is obtained by (Louis et al., 2019) as
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Owing to its extensive relevance of the MRHP, It is therefore necessary and crucial to analyze
the bound-state behavior of the two-dimensional Schrodinger equation when influenced
simultaneously by external magnetic and Aharonov-Bohm (AB) flux fields. These solutions
can then be used to analyze the thermodynamic and magnetic properties of diatomic
molecules such as TiH, CrH, H: and HCI. The motivation for merging two or more potential
models stems from the fact that, in molecular physics, potential energy functions with more
adjustable parameters generally provide better fits to experimental data and allow for wider
physical applications and comparative analyses with existing theoretical results (Akpan et al.,
2021; Edet et al., 2022). Several studies have investigated the non-relativistic wave equation in

V(r)=- ()
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two dimensions under external field conditions to explore various quantum mechanical
phenomena. For instance, Imrana et al. (2025) analyzed the Schrodinger equation for the
Varshni-Hellmann potential (VHP) under external magnetic and AB fields using the NUFA
method, obtaining magnetization, magnetic susceptibility, and other thermodynamic
quantities at both zero and finite temperatures. Ikhdair (2012) addressed the two-dimensional
Schrodinger wave equation (SWE) for a range of power-law interaction potentials, calculating
the energy spectra of diatomic molecules both with and without the influence of external
magnetic and Aharonov-Bohm (AB) flux fields. William et al. (2023) investigated the 2D-SE
for the Manning-Rosen plus inversely quadratic Yukawa potential under the same field
conditions using the NUFA method, while Edet et al. (2021) solved the 2D SWE for the
Hellmann potential with applied magnetics and AB fields to evaluate numerical energy
eigenvalues, thermal properties, and magnetic susceptibilities at both zero and finite
temperatures. Furthermore, Ikot et al. (2020) further investigated the thermodynamic
characteristics of pseudo-harmonic potentials under magnetic and AB fields using the
superstatistics formalism for selected diatomic molecules.

The present study, therefore, aims to achieve four main objectives. First, using the Asymptotic
Iteration Method (AIM), we provide comprehensive solutions of the 2D Schrodinger equation
via the MRHP under applied magnetics and AB flux fields. Second, the obtained energy
expression is employed to calculate the energy level of TiH, CrH, H. and HCl diatomic
molecules. Third, the obtained partition function is employed to determine thermodynamic
and magnetic features such as internal energy, entropy, free energy, magnetization, magnetic
susceptibility, and persistent current at finite temperatures. Finally, the effects of AB and
external magnetic fields on these properties are comprehensively analyzed.

Schrodinger equation with MRHP model under applied magnetics and AB flux fields

For a charged particle interacting through the Manning-Rosen plus Hellmann potential
(MRHP) and simultaneously exposed to external magnetic and Aharonov-Bohm (AB) flux
fields, the system Hamiltonian may be formulated in cylindrical coordinates. The resulting
Schrodinger equation describing the quantum dynamics of the system is therefore written as
follows (Okon et al., 2023b).

2
i('h§+g,&] w(r,p)=|Eym +
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where E signifies the energy eigenvalue, x denotes the effective mass. The vector

w(r,p) (4)

e — — —
potential, represented by A which can be decomposed into two terms A=A+ A,
characterized by azimuthal components along an applied magnetic field together with

VxA;=B, VxA,=0,where B corresponds to the magnetic field. We consider

—ar
;\1 = Be ¢ and AZ = (%jé) accounting for the externally induced magnetic flux
1-e@f 2ar

$pg resulting from a solenoid havingV-A, =0. The complete vector potential can be
expressed in the simplified form as;

A:(O Be ¢ +¢AB }b (5)
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To solve the system, we assume the wave function in cylindrical coordinates to be of the form

!,//(I’,(o): Moy nm(r), where M represents the magnetic quantum number. By

substituting this wave function into Eq. (4) and incorporating the vector potential given in Eq.
(5), the Schrodinger equation reduces to the following second-order radial differential
equation

608_0‘ M+ §1e_2“ ' 0y + 53e_“ '
Enm +
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where {pg = m, corresponds to the absolute value containing the flux in combination
0
with ¢g = 27?(: heC T = —%,and wg = _Br being the cyclotron frequency. Equation (6)

does not yield an exact solution under the potential model introduced in this study. To
simplify the inverse-square term, the Greene-Aldrich approximation is utilized (Greene &
Aldrich, 1976). This approach is effective only in the regime of small screening parameters
2
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Using Eq. (7) together with the transformations =¢~% " Eq. (6) reduces to the following form
2-9)
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To solve equation (8) we employed the radial wave functions of the form
Unm(s)=s*(1=5)7 fam(s) (11)
where
A =~J&nm =12 +116 (12)
1 1
O =2 g 0 T4t g (13)
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Equation (9) is subsequently transformed into a hypergeometric differential equation of the
form:

)_(2/1+20-+1)—(2}t+1) £ (S)_(ﬂ—o')z —(\/Enm —Mm =73 +7s5

)2
) s fam(S) =0 (14)

fam (s

To obtain the solution of Eq. (14), the Asymptotic Iteration Method (AIM) is utilized. The
method proceeds by first recasting Eq. (14) into the following canonical form.

fam (1) = Ag (s) fam (h) = Xo (s) fam(h) =0 (15)
Where

(2A+20+D)—-(24+1) Xo(s) = (2-0)? _(\/5nm —Mm—n3+15 )2
s(1-s) 0 s(1-s)

In Equation (15), the primes indicate derivatives with respect to the variable. For
sufficiently large values of y, the asymptotic form of the method is given as

X, () Xy
A6 Aya(s)

Ao(s) = (16)

a(s) (17)
Where
Ay, (s) =A% 1(s) + X, 1(8) + Ag(s)A,_1(s)
X, (s) = X)_1(s) + Xo(8)A ,_1(5)

Equation (14) is called the recurrence relations. Using the asymptotic iteration method AIM,
the equation we aim to solve is determined from the roots of the following relation

Ay(s) X, (s)
A7+1(S) X7+1(S)
Accordingly, Eq. (19) is reduced to:

(18)

v, ()= =0,for y=1,2,3 (19)

va(s) = 228 ;(2((:)) =0, Ay =-2-0+ \Jenn — 1~ 713+ 175
R N L R e T

Through appropriate algebraic manipulation of the nth term appearing in Eq. (20), together
with the incorporation of the expressions given in Egs. (9), (10), (12), and (13), one arrives at
the following expression

Enm =172~ +
- 12

1
772_773_771"‘775_776_[”"'2"'\/

2
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4 o =M * 1714 +15 776} 21)

N
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The energy is now obtained as follows;

2
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On setting M = 2| +1 in Equation (23), wherel, serves as the rotational quantum number. For
a three-dimensional system without magnetic and AB flux fields, the nonrelativistic energy
solutions are expressed as;

2 2
Enp =% 101 +1)= a5,

2u

2
2 (5 6= 21 1) net _ 2
| o) B n+2+\/(l+ j )| | o
- 8u 2
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Equation (25) is similar with Equation (26) according to Ref. (Louis et al., 2019), and these
results are applicable in comparable contexts outlined in the same reference.
Special cases

By setting &g = 01 =0 in Equation (23) and substitute into Equation (22), we obtained The
Hellmann potential energy eigenvalues influenced by external magnetic and AB flux fields;

2 2
h a > 1
Eom == ((m+§AB) ——j—a52
Y7, 4
2u R 2 i (26)
——(0p — 03 )+ —(m+ e UR S
Rk Za( 2-63) 12,2 (M+¢as) (n+x)
8u (n+x)
Where
_ 2, 2uog P of
K==+,(M+Jpg)" + (m+&pg)+ "5 (27)
ha a
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Equation (26) is in good agreement with Equation (10) of Ref. (Louis et al., 2019).The three-
dimensional nonrelativistic energy solutions of Hellmann potential without magnetic and AB

flux fields, when m = 2l +1 is express as;
2
24 2
12,2 A (65 —=83)-1(1+1)=(n+1+1)
Eni = - ha

2
11 +1)- a6, - -2

28
2u 8u (n+n+1+1) 28

The results of Equation (28) are in strong agreement with those presented in Refs. (Louis et
al., 2019).
By setting 67 =03 =0 in Equation (23) and substitute into Equation (22), we obtained the

Manning Rosen potential energy eigenvalues influenced by external magnetic and AB flux

fields.
2 .2
h a 2 1
Enm = [(m+§AB) __j

2u 4
_yza)é 2 101 2 1 A2_2 (29)
h20[2 hzaz _hzaz _(m+§AB) _Z_(n+77)
- 8u (n+7)

where

2 2
u-w

(M+¢ a8 )+ 28 (30)
h“a

_ 1 2 2 1@
ﬂ=§+\/(m+§AB)2—h2ﬂ2(50+51)+ s
(24

In three dimensions the energy solution of Manning-Rosen potential without magnetic and
AB flux fields, for m = 2| +1is obtained as;

Enm = hzzz (1 +1)
_”Z‘Ué _ 2Ho —|(|+1)—[n+1+\/(2|+1)2—2“(5 +65 )]2_2 (31)
1202 | 1202 1242 2 p2g2 0
Bu [n++1+\/(2I+1)2— 24 (5o+51)J
2 h2a?

Equation (31) is in good agreement with the results obtained in ref (Louis et al., 2019).

For completeness, we now determine the wavefunction of the system. Following the
asymptotic iteration method (AIM) formalism, the differential equation must first be
transformed into the standard form given below:
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G+1 G
X"(z)-2 & _H+1 X'(z) + P X(z)=0 (32)
1_bZG+2 z 1_bZG+2
Here, @, b, H and P are constants. The exact solutions for Equation (32) are given by:
x(z) = (-1)"K(G+2)"(@)p 2 Fl(— nt+n; @;bz*? (33)
where
'@ +n 2H+G+3 2H +1p +2a
(w)n:g; @ = ; _ b (34)
(@) G+2 (G+2)pb
From the comparison of Equation (14) with Equation (32), we deduce that;
z=s;, G=-1 b= H:j—%; a=J;, @=21+1
(35)
- [(24+1+n)
t=21+J} =
( ) (@)n F(Zﬂ +1)
Substitute equation (35) into (33) we obtain:
foo(S) = (—1)”K1F(M i ”)2 Fn 201+ 3)+nm 24+1;s) (36)

(22 +1)
Thus, one can straightforwardly obtain the unnormalized wave function by substituting
Equation (36) into Equation (11);

r(22+1+n) , =
Unm(s)=(-1)"Ky —=———7s*(1-s)7 ;R (-n,2(21+ )+ n; 22+1;s 37
nm()() 2F(22,+1) ( )21( ( ) ) (37)
Thermo-magnetic properties of Manning-Rosen plus Hellmann Potential (MRHP) Model
The partition function of the Manning-Rosen plus Hallmann Potential (MRHP) is derived by
direct summation over the system’s accessible vibrational energy levels. Using Equation (22),
the partition function Z (,B ) at finite temperature T is expressed as

2(p)-" S e PEm, g L )
= kgT

where
kg = Boltzmann constant and T is absolute temperature, E,,, is the nth bound state energy.
Equation (22) can take the form;

2
S -\2
Yl —-n+J
Enm =41-47 ( B ) (39)
n+J
To simplify the mathematical expressions, we define the following parameters:
2 72 2 2
ha“ o h“a
Ay = (Yo); Az = (40)
2u 8u
Put equation (39) into equation (38) we obtain
_2 Ry =
pPmax B {AZH +_ﬁ%+ Rl}
Z(p)= ) e (41)

p=0
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We define 1:[ = (n + j); ﬁo = A2YA12; Iil = —(2A2Yﬂl + Al)’ and

Pmax = -J+, A1 £\A1—Ay represent the maximum quantum number.

In the classical limit, the discrete summation in Equation (41) transitions to an integral of the
form,

pmax+j —ﬂ{A2ﬁ2+—f\’%+§1}
zp)= | e e Jdi

J
The limit of integral is given as: J < TT < pyax +J

(42)

We use Mathematica software to evaluate the integral of equation (42) to obtain the partition
function Z(f3):

—Erf[“ﬂRo—j —,BAz}eA'\'ﬂFEOVﬂAZEr{“%ROJJ —,3A2]

- e—ﬁﬁl—Z\/ﬁv—ﬂAz\/; ,ﬂﬁo _
z(p)=- T +Erf j+pmax—,/—,3A2(J + Prmax)

_WBRoV-B22 Er{j“f Ro +m(j+pmax)]
Pmax

(43)
It is well established that calculating the partition function, as given in Equation (43), is
essential for studying the thermodynamic characteristic of a system. In statistical physics, this
temperature-dependent function serves as the cornerstone of the distribution. Once Z(,B ) is
determined, others key thermodynamic quantities of the Manning-Rosen plus Hallmann
Potential (MRHP) including the Helmholtz free energy, entropy, internal energy, and specific
heat capacity can be derived from it. Here Erf denotes the error function (Imrana et al., 2026).

Free energy F(ﬂ) = —% In Z(,B) ;  Entropy S(ﬂ) =k, %p; Internal energy
U(B)= alna#ﬁ(ﬁ) ; Specific heat capacity Cy(8)=Kkg 6L;I(Bﬁ)’ Magnetization at finite
temperatures M (ﬂ ) = %[ﬁ]{aé—?], Magnetic susceptibility at finite temperatures
E
Ym(B)= oM gﬂ ); The magnetization at zero temperature M, =-— 88 ém ; Magnetic
oM
susceptibility at zero temperature y,, = ———="; Persistent current | (/3 ) = —iw;
oB hc Odpns

Numerical Computation of the Results and Discussion

The numerical computation of energy spectra and graphical results for four diatomic
molecules TiH, CrH, H> and HCI experiencing external magnetic and AB flux fields is
explained in this section. These diatomic molecules were employed in this research owing to
their significant relevance and widespread utilization in previous investigations. Table 1
shows the spectroscopic parameters of the chosen diatomic molecules as obtained from (Al-
Marzoug et al., 2013). We adopt the below conversions employed throughout the calculation

0o
process: hc =1973.29eV A and1amu = 931.494028 MeV/c?. Table 2, 3, 4 and 5 presents the
numerical energy eigenvalues of MRHP for the TiH, CrH, H, and HCI diatomic molecules.
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Across the cases considered, degeneracy appears at m==1, for 0<n<3in the energy
eigenvalues of the choosen diatomic molecules when both external magnetic and Aharonov-
Bohm (AB) flux fields(B =0, {,g = 0)is absent. The energy levels decrease gradually with
an increase inNwhich shows that the molecular system becomes less bound and less
attractive.

Subjecting the diatomic molecules only to a magnetic field(B =3, {5 =0), the energy

spectra continued to decrease with increasing value ofn; however, the degeneracy was
partially lifted atm = =1, indicating a slight energy changes between the two states. This
splitting shows that the partially absence of degeneracy is due to the magnetic effects, that
affects the energy levels through the Zeeman Effect. However, for a uniform magnetic
quantum number M, the individual diatomic molecule becomes less attractive functioning as
principal quantum number N increases. In the present of only the AB flux field
(B =0, {pg = 3), the system shows a similar trends, where the energy eigenvalues decrease
with increasing value of n. Hence, the AB flux shows a more appreciated shift in the energy
levels compared to the magnetic field only, showing that the flux parameter significantly
influences the molecular bound states and weakens the degeneracy further. By subjecting both
the external magnetic and AB flux fields simultaneously (B =3, g = 3), together, the two

fields exert a stronger effect than each does individually. The energy spectra indicate a
considerable shift, and the degeneracy previously observed is completely removed. This
shows that the interaction between the magnetic and AB flux fields exerts a stronger
perturbative influence on the system, resulting in distinct energy levels for different mmm
values and confirming the complete breaking of degeneracy.

Table 1 Spectroscopic Parameters Employed for the Diatomic Molecules Studied

0
Molecule MU (am u ) a ( A) -1
TiH 0.98737 1.32408
CrH 0.98897 1.52179
H. 0.5039 1.9426
HCL 0.9801045 1.8677

Table 2 Computed Energy Spectra (EV) of the MRHP for TiH diatomic molecule for
0, =0, =2.5MeV, 6, =75MeV, o5 =-2.5MeV

m n B=0, cap =0 B=3 Sag =0 B=0, Sag =3 B=3, Gag =3

0 -4588.71 -4556.66 -106.942 -106.751
0 1 -520.517 -519.326 -69.4489 -69.3592
2 -195.066 -194.808 -50.4756 -50.4265
3 -105.405 -105.311 -39.5689 -39.5392
0 -521.436 -519.056 -70.1821 -70.0913
1 1 -195.397 -194.883 -50.9707 -50.921
2 -105.575 -105.387 -39.9271 -39.897
3 -68.6164 -68.5281 -33.0043 -32.9847
0 -521.436 -523.838 -196.394 -195.876
1 1 -195.397 -195.916 -106.086 -105.898
2 -105.575 -105.764 -68.9279 -68.839
3 -68.6164 -68.7051 -50.1238 -50.0751

Table 3 Computed Energy Spectra (eV) of the MRHP for CrH diatomic molecule for
0y =0, =25MeV, o, =75MeV, o6, =-2.5MeV
m n B=0, ¢g=0 B=3 ¢4 =0 B=0, gps =3 B=3 =3

0 -5349.45 -5316.86 -124.778 -124.584
1 -606.802 -605.591 -81.0257 -80.9345

0
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2 -227.395 -227.134 -58.8857 -58.8357
3 -122.871 -122.775 -46.1595 -46.1293
0 -607.941 -605.521 -81.9365 -81.844
1 1 -227.807 -227.283 -59.501 -59.4503
2 -123.082 -122.891 -46.6049 -46.5742
3 -79.992 -79.9023 --38.5217 -38.5018
0 -607.941 -610.38 -229.043 -228.517
1 1 -227.807 -228.333 -123.716 -123.524
2 -123.082 -123.274 -80.3787 -80.2884
3 -79.992 -80.0822 -58.4486 -58.3991

Table 4 Computed Energy Spectra (eV) of the MRHP for H, diatomic molecule for
0y =0, =2.5MeV, 6, =7.5MeV, o5 =-2.5MeV

m n B=0, cap =0 B=3 Sag =0 B=0, Sag =3 B=3, Sag =3

0 -3345.67 -3337.54 -88.8792 -88.8299
0 1 -387.908 -387.607 -61.0251 -61.0019
2 -151.302 -151.237 -46.9486 -46.936
3 -86.134 -86.1103 -38.8771 -38.8694
0 -389.522 -388.916 -62.3593 -62.3355
1 1 -151.888 -151.757 -47.8594 -47.8463
2 -86.4365 -86.3888 -39.5442 -39.5363
3 -59.5234 -59.501 -34.3525 -34.3474
0 -389.522 -390.129 -153.652 -153.52
1 1 -151.888 -152.019 -87.3477 -87.2994
2 -86.4365 -86.4842 -60.0836 -60.061
3 -59.5234 -59.5458 -46.3059 -46.2935

Table 5 Computed Energy Spectra (eV) of the MRHP for HCL diatomic molecule for
Oy =0, =2.5MeV, 6, =75MeV, o6; =-25MeV

m n B=0, cig=0 B=3 5p3=0 B=0, gp5=3 B=3 ¢ =3

0 -6307.34 -6276.29 -148.374 -148.189
0 1 -716.311 -715.158 -96.6793 -96.5922
2 -269.036 -268.787 -70.5224 -70.4748
3 -145.816 -145.725 -55.49 -55.4612
0 -717.835 -715.53 -97.9033 -97.8149
1 1 -269.587 -269.089 -71.3503 -71.3019
2 -146.099 -145.917 -56.09 -56.0607
3 -95.2914 -95.206 -46.5276 -46.5086
0 -717.835 -720.157 -271.244 -270.742
1 1 -269.587 -270.088 -146.95 -146.767
2 -146.099 -146.282 -95.8105 -95.7244
3 -95.2914 -95.3772 -69.9348 -69.8877

Graphs of the energy eigenvalues for MRHP considering the effects of external magnetic and
AB fields against potential depth dyand ¢, for varying external magnetic field and AB flux

field can be seen in Figure 1. A distinct characteristic is observed in the two fields influence
on the energy eigenvalue of MRHP, as can be seen in Figure 1(a), 1(b), 1(c) and 1(d)

respectively, causing the energy eigenvalue to decrease when Jyand J; increases for
Mm=n=0andm=n=1. Figure 2 graphs the eigenvalues of MRHP affected by AB and
external magnetic fields as a function of the potential depths d,and 05 for varying external

magnetic field and AB flux field. Also, as both fields varied the energy eigenvalue of the
system changes significantly illustrated in Figures 2(a)-2(d), respectively. In the case, of
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m=n=0andm=n=1, we observed that the energy eigenvalue increase as J,and J;,

increases in all cases considered.

We illustrate a graphical representation of the partition function against external magnetic
field I§(T ), AB flux field { 55 , and inverse temperature § in Figure 3(a), (b), 3(c) and (d). In
Figure 3(a), the partition function for all the diatomic molecules is plotted as a function of
external magnetic field g(T) with varying . The partition function for all the diatomic
molecules decreases linearly as the magnetic field increased when 8 =0.002, f =0.004,
L =0.004and £ =0.008. The four diatomic molecules cases considered indicate a constant
effect of the temperature on the partition function. The partition function against AB flux field
¢ ag With varying £ for the four diatomic molecules in Figure 3(b) shows a similar trend in
Figure 3(a). In Figure 3(c) and 3(d), the partition function for the four diatomic molecules is
plotted temperature # varying the two fields I§(T) and { pg - The partition function shows an
invariant pattern when B =¢,g =4T andB =¢ g =6T .This means that the partition
function, is strongly affected by the two fields. Figure 4 illustrate the plot of Helmholtz free
energy against external magnetic field I§(T ), AB flux field { pg, and inverse temperature 5.
Figures 4(a) and 4(b) illustrate the plot of the Helmholtz free energy as function of external
magnetic field I§(T) and AB flux field {pg respectively with varying temperature 5. The
Helmholtz free energy is observed to be saturated for the cases of the diatomic molecules with
increases in both external magnetic field I§(T) and AB flux field { 5 ; that is, the Helmholtz
free energy is invariant. However, in Figure 4(c) and 4(d), the Helmholtz free energy is plotted
against temperature  with variation in external magnetic field I§(T) and AB flux field { pg -

The Helmholtz free energy progression in a monotonic pattern with an increase in
temperature. Furthermore, a constant effects pertaining to both fields regarding the

Helmbholtz free energy is observed at B=2.0T,B=4.0T,B=6.0T,&B =8.0T and Cag =2
;S =4, Cpg =6& 0 =8.
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Figure 1 Plot of energy spectra of MRHP combine with g(T ) and ¢ Ap fields against potential parameter,
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Figure 2 Plot of energy spectra of MRHP combine with g(T ) and ¢ ag fields against potential parameter, O and 51
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The entropy of the four diatomic molecules is plotted with respect to external magnetic field
|§(T) varying temperature § alongside a fix value of {55 in Figure 5a. The entropy decreases
monotonically with increasing value of external magnetic field B(T) when g =0.002,
£ =0.004, 4 =0.004and S =0.008. In the case where  =0.004,  =0.004and f =0.008

, the analysis reveals that the entropy belonging to the four diatomic molecules remains
constant yet exceeds the case of f#=0.002. It can also be seen that when the inverse

temperature is small the effects is constant as the effects indicate the same entropy when
p$=0.004, =0.004and S =0.008. The entropy of the four diatomic molecules is graphed

in terms of AB flux field { 55 varying temperature § for a fix value of E(T) in Figure 5b. The
result indicates the same trend as observed from Figure 5a. Figure 5(c) and 5(d) shows entropy
versus temperature f varying external magnetic field Ig(T) and AB flux field{ g,
respectively. When I§(T) = 2.0T, the entropy first falls and hence reduces in a wave pattern.

The same trends is seen when B(T )= 4.0T , B(T)=6.0T and B(T )=8.0T . Additionally, it is

observed that the entropy exhibits an irregular characteristic. This irregularity has the
potential to be linked to the Schottky behaviour which emerges within a little value of
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temperatures [65, 66]. These Schottky behaviour shows that there are little contribution of
entropy dominating the characteristic of the four diatomic molecules. Figure 6(a) depicts a

graph of internal energy relative to magnetic field I§(T ) for a fixed value of AB flux field { pg
varying temperature £ . The internal energy remains uniform and begins to rise in the region

40500 < B <800000 when, 8 =0.002, 8 =0.004and S =0.008extends to decrease upon
increasing the magnetic field. When £ = 0.004 the internal energy also decreases with surging
temperature but shifts slightly below = 0.002, 8 = 0.004and £ =0.008. In Figure 6(b) the

internal energy is plotted against AB flux field { 55 for a fixed value of magnetic field I§(T)
varying temperature . The internal energy for the four diatomic molecules decreases in a
uniform pattern and begins to rise in the region 6000 < ¢ 55 <80000 and extends to decrease
upon increasing the AB flux field. A plot of internal energy for the four diatomic molecules
against temperature f for various magnetic fields E(T)and AB flux field { a5 are shown in
Figure 6(c) and 6(d). Although the internal energy decrease with rising temperature when
B=20T,B=40T, B=60T&B=80Tand {ps =2, {as =4, {ap=6&ps =8.
However, it is observed that when the two fields increases, resulting in a rise in internal
energy and demonstrating a consistent pattern.
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Figure 5 Shape of the entropy against (a) E(T) across multiple values of é/AB &,3 i (b) é/AB across multiple values of
é(T)&,B ; (c, d) /3, across multiple values of é(T) and & pg
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Figure 7(a) shows a graph of specific heat capacity relative to magnetic field |§(T ) for a fixed
value of AB flux field {55 varying temperature . The specific heat capacity is invariant
when, f=0.004, S =0.006and S =0.008. The specific heat capacity begins to rise in the
region 60000 < B < 900000 when, 4 = 0.002, as the magnetic field is increased. In Figure 7(b)
the specific heat capacity is plotted against AB flux field { pg for a fixed value of magnetic
field I§(T ) varying temperature /3 . The specific heat capacity also shows an invariant pattern
as the AB flux field is increased. A graph of specific heat capacity for the four diatomic
molecules against temperature S for various magnetic fields Ig(T ) and AB flux field { g are
shown in Figure 7(c) and 7(d). Although the specific heat capacity decrease with rising

temperature when B=20T ¢ ag = 2. However, it is observed that when the two fields rises,

B=4.0T, B=6.0T &B=80Tand (a5 =2, {pg =4, {ag =6&( g =8 the internal
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energy increases with a pattern that remains unchanged. Figure 8(a) shows a plot of
magnetization at (,B # 0) in terms of magnetic fields magnetic field I§(T ) for a fixed value of
AB flux field{ a5 varying temperature . The magnetization of the diatomic molecules
reduces when the magnetic field is increased. Figure 8(b) illustrates a plot of magnetization at
(,6’ # 0) as a function AB flux field{ g for a fixed value of magnetic field E(T)Varying
temperature . However, the magnetization of the diatomic molecules also decreases with
increasing AB flux field. Figure 8(c) and 8(d) a plot of magnetization at (,B * 0) is depicted
against temperature f for various magnetic fields I§(T ) and AB flux field{ag. The
magnetization increases as the temperature increases. The magnetic susceptibility at (ﬂ # 0)
plots against the magnetic field E(T), AB flux field { 55 and temperature § are presented in
Figure 9(a), 9(b), 9(c) and 9(d) respectively. The magnetic susceptibility at (ﬁ # O)increases
with magnetic field I§(T ) and AB flux field § g in Figure 9(a) and 9(b). However in Figure 9(c)
and 9(d), the magnetic susceptibility at (ﬁ # 0) decreases with increasing temperature £ .
Figure 10(a) and 10(b), present the plot of the magnetization at (ﬁ = 0). In Figure 10(a), the
magnetization at (,B = 0) is depicted against magnetic field I§(T) under a variable AB flux
field  pg . The magnetization exhibits an upward trend with increasing magnetic field E(T)

in a steady monotonic manner, uniform for all diatomic molecules under consideration.
Furthermore, the magnetization at (ﬁ 20) becomes larger with stronger AB flux field.

Figure 10b dipict the plot of magnetization at (/3 = 0) with respect to AB flux field £ 55 with
varying magnetic field I§(T ) The magnetization increases with an increase in AB flux field.

The magnetic susceptibility at (,B = 0) plots versus the magnetic field I§(T) and AB flux field
¢ g is presented in Figure 11(a) and 11(b), respectively. For the four diatomic molecules, the
magnetic susceptibility at (ﬁ = 0) monotonically decreases as the magnetic field and AB flux
field rise indicating that the four diatomic molecules exhibit diamagnetic behavior at ( v < 0)
for all the cases considered (/3 # 0) and (8 =0). Figure 12(a) depicts a graph of persistence
current in terms of magnetic field I§(T) for a fixed value of AB flux field { pg varying
temperature . We discovered that the persistence current remain unchanged with increasing
magnetic field. A plot of the persistent current against the AB flux field {pg for a fixed
magnetic field I§(T), with varying temperature £, is shown in Figure 12(b). The persistent
current remains invariant as the AB flux field increases. Figures 12(c) and 12(d) depict the

persistent current as a function of temperature  while varying both fields. The persistent

current increases monotonically with increasing temperature. Furthermore, the persistent
current attains higher values when both fields are weak, even though the overall trend
declines. These results indicate that the persistent current can be maximized when both fields
are of lower intensity.
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CONCLUSION

In this study, we investigated the energy spectra and thermo-magnetic behavior of the TiH,
CrH, H: and HCI diatomic molecules subjected to external magnetic and AB flux fields. The
investigation was carried out using the Manning-Rosen plus Hellmann potential, and the
asymptotic iteration method (AIM) was employed to obtain the bound-state energy levels and
corresponding wave functions. The Greene-Aldrich approximation was applied to handle the
centrifugal barrier effectively. Using the derived energy expression, we computed the
numerical energy spectra, the partition function, and various thermo-magnetic quantities for
the selected molecules. Our results show that increasing temperature induces a transition in
the magnetic susceptibility of TiH, CrH, H> and HCI to diamagnetic behavior. Additionally,
the combined influence of the magnetic and AB flux fields erases the degeneracy in the
system’s energy levels. These result provide valuable insights and may find applications in
condensed matter, atomic, molecular, and chemical physics.
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