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Abstract 
This study presents the development of a Computational Linear Block Algorithm (CLBA) for the direct 
numerical solution of second-order ordinary differential equations, particularly those arising from 
oscillatory systems. Unlike conventional approaches that reduce higher-order equations to systems of 
first-order equations, the developed method solves the problems directly, thereby improving 
computational efficiency and reducing complexity. The CLBA is derived from the general linear 
multistep method, leading to a block formulation with multiple off-grid points. The numerical properties 
of the method, including order, consistency, zero-stability, convergence and region of absolute stability, 
are thoroughly analyzed. The method is shown to possess a uniform order of eight and is zero-stable and 
convergent. Furthermore, the region of absolute stability confirms that the method is A-stable, making 
it suitable for both stiff and non-stiff problems. The efficiency and reliability of the CLBA are 
demonstrated through its application to selected real-life oscillatory models, including mass-spring 
systems and the Betiss differential equation. The results show excellent agreement between the 
approximate and analytical solutions, confirming the robustness and accuracy of the CLBA method. 
 
Keywords: Linear Block Algorithm; Second-order ordinary differential equations; Linear 
multistep method; Numerical simulation; Block method; Initial value problems. 
 
 
INTRODUCTION 
Oscillatory differential equations present notable challenges in practical applications due to 
their smooth, nearly periodic solutions whose amplitudes and shapes evolve gradually over 
time. Traditional trajectory-tracking methods become inefficient, especially when long-term 
solutions over many cycles are required, prompting the use of approximation techniques or 
quasi-envelope computations to simplify analysis (Donald et al., 2021; James et al., 2022). These 
oscillatory behaviors often arise when eigenvalues lie close to the imaginary axis, producing 
wave-like solutions with slowly varying amplitudes. This study examines the direct solution 
of second-order initial value problems expressed as 
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Here,  0  signifies the initial condition, ( )u  represents the solution at a given time, and 

)',,( uuf   is continuous throughout the integration interval.  
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Higher-order ordinary differential equations are conventionally solved by reducing them to 
systems of first-order equations and then applying numerical methods in a step-by-step 
manner, computing solutions at one point at a time. Although widely adopted, this approach 
often results in increased computational burden, greater complexity, reduced accuracy due to 
error accumulation, and difficulties in implementation, as well as being time-consuming 
(Tumba et al., 2021). To overcome these limitations, a one-step block method was developed 
for the direct solution of higher-order initial value problems, offering improved efficiency and 
simplicity.  
 
Dynamic problems in mathematical modeling describe how systems evolve over time, often 
involving second-order oscillatory differential equations that exhibit periodic motion around 
an equilibrium point (Sabo et al., 2021a). These problems are prevalent across disciplines such 
as physics, engineering, and economics, where they model phenomena like mass-spring 
systems, structural vibrations, electrical circuits, and market or population fluctuations (Sabo 
et al., 2021b; Ogunniran et al., 2022). In many practical applications, such equations are 
transformed into equivalent first-order systems to enable the use of a wide range of numerical 
methods, as explored by Ramos et al., (2016), Yakusak and Adeniyi (2022), and Raymond et 
al., (2023a, 2023b). Despite its popularity and extensive study (Adeyeye & Omar, 2019a, 2019b) 
this approach is limited by its reliance on complex programming and high computational 
demands. 
 
To effectively analyze dynamic systems, it is essential to understand their responses to inputs, 
time evolution, and the influence of external factors using tools such as numerical simulation, 
analytical methods, and stability analysis (Alkali et al., 2023). Second-order oscillatory 
differential equations are central to modeling such systems, and numerical approaches like 
linear multistep methods provide efficient approximations of their solutions, supporting 
prediction and decision-making (Althemai et al., 2022).  
 
Subsequent studies have expanded and refined the LBA for various applications, including 
direct solutions of higher-order and oscillatory differential equations without reducing them 
to first-order systems. Researchers such as Adeyeye and Omar (2019a), Tumba et al., (2021), 
Raymond et al., (2023a), Aloko et al., (2024) and Sabo and Adeyeye (2025) developed improved 
block and hybrid methods that enhance computational efficiency, convergence, and stability. 
 
Derivation of Computational Linear Block Algorithm (CLBA) 
In this, derivation of Computational Linear Block Algorithm (CLBA) is carryout in this 
section. The following Proposition 1 were considered alongside with the general linear 
multistep method of the form  
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Proposition 1 
The general linear multistep method (2) exist only one numerical scheme from every one-step 
computational method. The linear block algorithm of the form 
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and the higher derivatives of (3) of the from 
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is consider, with = −1

j  and = −1

 j  where 
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Proof 
In order to obtain a new CLBA with six off-grid points, equations (3) and (4) are solved one 
by one to get a polynomial of the form 
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Where hn  +=  in the polynomial (5) and 
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The generalized algorithm (2.2) is expanded to give a new numerical scheme as 
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The higher derivatives of the new numerical scheme are 
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By simplifying = −1

j , the unknown coefficients of   in equation (7) are obtained as 

presented in appendix. Similarly, the = −1

 j
 are simplified to determine the unknown 

coefficients of the higher derivative   in equations (8) as shown in appendix. 
 
Results from Numerical Properties of Computational Linear Block Algorithm (CLBA) 
 The numerical properties of CLBA was analyzed in this section according to Skwame et al., 
(2024). That is the order and error constant, consistency, zero-stability, convergent and Region 
of Absolute Stability (RAS). 
 
Order and Error Constant of CLBA 

Consider the linear operator L  associated with the new numerical scheme defined as  

( )  ( ) ( ) ( ) ( ) 
=

+−+−+−+=
k

j

n

dd

n

d

j

d

nnj hhjhhhujhuhuL
0

;  
  (9) 

where ( )u  is an arbitrary test function that is continuously differentiable in the interval 

 ba, . We expand ( )jhu n +  and ( )jhu n

d +  using a Taylor series about n  and collecting the 

like terms in h and u  to obtain the expression; 

  ...)()()(...)(')();( 22

2

11

110 ++++++= ++

+

++

+  pp

p

pp

p

pp

p uhCuhCuhCuCuChu
    (10) 

 
We consider the linear operator ( ) huL n ;  in (9) with the corollary 1 and 2 below to 

determining the order and error constant of the new numerical scheme. 
 
Corollary 1  
The linear operator ( ) huL n ;  associate with the local truncation error of the CLBA defined in 

(7) and its higher derivatives (8) is given as 

( ) ( ) ( ) ( )090808

08

100808

08 0,0 huhChuhC nn ++  . 

 
Proof  
According to Skwame et al., (2024), the linear difference operator associated with the CLBA 
are given by 
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Corollary 2 
The local truncation error of CLBA assume ( )u  to be sufficiently differentiable and 

expanding equation (11) and (12) about n  using Taylor series to have 
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Proof 
Expanding equations (11) and (12) using Corollary 2 and subsequently grouping together 
terms with similar powers yields the following expression: 
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Consistency of CLBA 
Definition 1: First and Second Characteristic Polynomials 
Given the new numerical scheme, the first and second characteristic polynomials are defined 
as, 

( ) 
=

=
1

0j

j

j zzu 

          (13) 
and  

( ) 
=

=
1

0j

j

j zz 

           (14) 

where z  is the principal root, 01   and 02

0

2

0 +  . 

According to definition 1, the CLBA is consistent since it is of uniform order eight.  
 
Zero Stability of CLBA 
Definition 2: A new numerical method CLBA is said to be zero-stable if the roots 

, 1, 2,...,sz s n=  of the first characteristic polynomial ( )zp , defined by 

( ) ( ) EzAzp −= 0det          (15) 

satisfies 1sz   and every root with 1sz =  has multiplicity not exceeding the order of the 

differential equation as 0h → . Moreover, as 0h → , ( ) ( ) 1−= − zzzp r
,  where   is the 

order of the differential equation, r  is the order of the matrices (0)A and E . The main 

consequence of zero-stability is to control the propagation of the error as the integration 
proceeds (Sabo & Adeyeye, 2025). 
According to definition 2, the CLBA is said to be Zero-stable for any well behaved problem 
provided if 

i. all roots of ( )rg  lies in the unit disk, 1r  

ii. any roots on the unit circle ( )1r  are simple. 

Hence  

( )
65432

5432

13516310-151200-15124006048800+145157200-580608300

2639746746+468943196+1068480-916974240

gggggg

ggggg
gy

++

+
=  (16) 

Therefore, equating (16) equal to zero and solving for g gives 1=g , hence the CLBA is zero-

stable.  
 



Computational Linear Block Algorithm for Numerical Simulation of Modelled Differential Equations 

 

A. Bashiru et al, DUJOPAS 12 (3a): 403-416, 2026                                                                                           410    

 

Convergence of CLBA 
According to Dhalquist theorem, the necessary and sufficient condition for CLBA to be 
convergent is that, it must satisfy both consistency and zero-stability. Since the CLBA fulfills 
these two conditions, it can therefore be concluded that the CLBA is convergent.  
 
Region of Absolute Stability (RAS) of CLBA 

Definition 3: The region of absolute stability is a region in the complex z  plane, where z h=

. It is defined as those values of u  such that the numerical solutions of uu  −=  satisfy 

0→ju  as →j  for any initial condition. To determine the regions of absolute stability of 

new numerical method, a method that requires neither the computation of roots of a 
polynomial nor solving of simultaneous inequalities was adopted. This method is called the 
Boundary Locus Method (BLM).  

Using definition 3 on CLBA, The RAS of CLBA is the set of complex values h  for which all 

solutions of the test problem uu 2'' −=  remain bounded as →n . 

The concept of A-stability is discussed by applying the test equation 
( ) ( )uu kk =           (17) 

 
to yield  

( ) hYY mm  == − ,1
         (18) 

 
where ( )  is the amplification matrix of the form 

( ) ( ) ( )( ) ( ) ( )( )141110400 tttt  −−−−=
−

     (19) 

The matrix ( )z  has Eigen values ( )k,,0,0    where k  is called the stability function. 

The boundary locus method is adopted in generating the stability polynomial of CLBA as 
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The stability polynomial (20) is used to plot the CLBA as presented in figure 1. 

 
Figure 1: Regions of Absolute Stability (RAS) of CLBA. 
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The RAS in figure 1 is A-stable, since its region of absolute stability includes the whole left 
half of the complex planez − . 

 
Numerical Applications  
The CLBA derived in this research was used to implement second order real life initial value 
problems of ordinary differential equation of the form (1.1) without the need to reduce it to 
an equivalent system of first order ODEs. The results were compared with existing methods 
in terms of errors.. 
 
Problem 4.1: Consider the Second Order Oscillatory Dynamic Problem 

A 10 kilogram mass is attached to a spring having a spring constant of MN140 . The mass is 

started in motion from the equilibrium position with an initial velocity of 1 m/sec in the 
upward direction and with an applied external force ( )  sin5=F . Find the subsequent motion 

of the mass ( )00.110.0:    if the force due to air resistance is N
d

du










90 . 

Applying the procedure, where ( )  sin590,140,10 ==== Fandakm  

Problem 1 reduces to 

( ) ( ) ( ) ( )






















−===++ 10',00,sin
2

1
149

2

2

uuu
d

du

d

ud
dsolver 


    (21) 

with the analytical solution of (21) is given by,  

( ) ( )  cos9sin139990
500

1 72 −++−= −− eeu       (22) 

Source [Skwame et al., (2020); Sabo et al., (2021a)]. 

 
Problem 2: Consider the Second Order Oscillatory Mass Spring System 
A lb128  weight is attached to a spring having a spring constant of ftlb /64 . The weight is 

started in motion with no initial velocity by displacing it inches6  above the equilibrium 
position and by simultaneously applying to the weight an external force ( )  4sin84 =F . 

Assuming no air resistance, compute the subsequent motion of the weight at 10.001.0:  

. 
Now, we model this problem into a mathematical model and then apply our method to 
compute the motion on the weight attached to the spring. Here, 

( )  4sin8,0,64,4 4 ==== Fandbkm  

Thus, problem 2 boils down to 

( ) ( ) 00',
2

1
0,4sin216

2

2

=−==+ uuu
d

ud



      (23) 

Whose analytical solution of (23) is given by, 

( )  4cos
4

1
4sin

16

1
4cos

2

1
−+−=u       (24) 

Source: [Skwame et al., (2017) Sabo et al., (2021a)]. 

 
Problem 3: Consider the Second Order Oscillatory Betiss Differential Equation 

( ) ( ) ( ) 0',10,cos001.0
2

2

===+ 


uu
d

du

d

ud       (25) 

With analytic solution given as 

( ) ( ) ( ) sin0005.0cos +=u         (26) 
Source [Olabode and Momoh, (2016) and Lydia et al., (2021)]. 
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The following notations were used in Tables and figures below. 
Acronyms Meaning 
ECLBA Absolute Error in CLBA 
ESe17 Absolute Error in Skwame et al., (2017) 
ESe21a Absolute Error in Sabo et al., (2021a) 
ESe20 Absolute Error in Skwame et al., (2020) 
ELe21 Absolute Error in Lydia et al., (2021) 
EOM16 Absolute Error in Olabode and Momoh, (2016) 

 
Table 1: The Numerical Results of Problem 1  

  Analytical Solution Approximate Solution ECLBA ESe17 ESe21a ESe20 

0.1 -0.06436205154552458248 -0.06436205154535433077 1.7025e-13 1.2744e-08 2.0453e-10 4.4268e-09 
0.2 -0.08430720522644774945 -0.08430720522590385796 5.4389e-13 3.0442e-08 4.8485e-10 2.2383e-08 
0.3 -0.08405225313390041905 -0.08405225313309536373 8.0506e-13 4.1501e-08 6.6174e-10 3.5865e-08 
0.4 -0.07529304213333374810 -0.07529304213241707601 9.1667e-13 4.5385e-08 7.2649e-10 4.2157e-08 
0.5 -0.06357063960355798563 -0.06357063960264040310 9.1758e-13 4.4298e-08 7.1295e-10 4.2895e-08 
0.6 -0.05142117069384508163 -0.05142117069299140569 8.5368e-13 4.0466e-08 6.5550e-10 4.0288e-08 
0.7 -0.03993052956438697070 -0.03993052956362751690 7.5945e-13 3.5475e-08 5.7884e-10 3.6051e-08 
0.8 -0.02949865862803573900 -0.02949865862737909851 6.5664e-13 3.0285e-08 4.9808e-10 3.1287e-08 
0.9 -0.02021269131259124546 -0.02021269131203394434 5.5730e-13 2.5408e-08 4.2140e-10 2.6618e-08 
1.0 -0.01202699425403169607 0.012026994253564456220 4.6724e-13 2.1071e-08 3.5257e-10 2.2352e-08 

 

Table 2: The Numerical Results of Problem 2 

  Analytical Solution Approximate Solution ECLBA ESe17 ESe21a 

0.01 - 0.49959872021047678004 -0.49959872021047678004 0.0000e00 1.6621e-09 1.0000e-19 
0.02 - 0.49839019330974949646 -0.49839019330974949645 1.0000e-20 1.1586e-08  4.1000e-19 
0.03 - 0.49636836974027966301 -0.49636836974027966306 5.0000e-20 2.9743e-08 9.1000e-19 
0.04 - 0.49352852660817937130 -0.49352852660817937139 9.0000e-20 5.6076e-08 1.6600e-18 
0.05 - 0.48986728796894500998 -0.48986728796894501005 7.0000e-20 9.0504e-08 2.6200e-18 
0.06 - 0.48538264289709933476 -0.48538264289709933479 3.0000e-20 1.3291e-07 3.8000e-18 
0.07 - 0.48007396129056685722 -0.48007396129056685724 2.0000e-20 1.8317e-07 5.2000e-18 
0.08 - 0.47394200736436189072 -0.47394200736436189078 6.0000e-20 2.4110e-07 6.8500e-18 
0.09 - 0.46698895079202783994 -0.46698895079202783999 5.0000e-20 3.0653e-07 8.7500e-18 
0.1 - 0.45921837545722401274 -0.45921837545722401279 5.0000e-20 1.6621e-09 1.0850e-17 

 

Table 3: The Numerical Results of Problem 3 

  Analytical Solution Approximate Solution ECLBA ELe21 EOM16 

0.1 0.09978366643856425102 0.09978366643856425102 0.0000e00 1.2567e-12 1.0170e-12 
0.2 0.19857132413727709130 0.19857132413727709130 0.0000e00 2.1140e-12 1.4285e-11 
0.3 0.29537690618797073421 0.29537690618797073419 2.0000e-20 2.3764e-12 4.9557e-11 
0.4 0.38923413010984991465 0.38923413010984991464 1.0000e-20 3.4242e-12 1.0161e-10 
0.5 0.47920614296373040709 0.47920614296373040706 3.0000e-20 3.3944e-12 1.7416e-10 
0.6 0.56439487271056245371 0.56439487271056245368 3.0000e-20 3.3436e-12 2.6425e-10 
0.7 0.64394999247214148272 0.64394999247214148269 3.0000e-20 4.2949e-12 3.7579e-10 
0.8 0.71707740821578389546 0.71707740821578389540 6.0000e-20 4.2574e-12 5.0602e-10 
0.9 0.78304718514176158945 0.78304718514176158938 7.0000e-20 5.2344e-12 6.5904e-10 
1.0 0.84120083365496243679 0.84120083365496243670 9.0000e-20 6.2265e-12 8.3225e-10 
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DISCUSSION  
The derivation of the Computational Linear Block Algorithm (CLBA) is based on the general 
linear multistep method, where Proposition 1 establishes the existence of a unique numerical 
scheme for each one-step computational method (Sabo & Adeyeye, 2025). By considering the 
linear block formulation alongside its higher derivatives, a system of equations is constructed 
and solved sequentially to obtain an interpolating polynomial representation (Sabo & 
Adeyeye, 2025). This polynomial forms the basis for generating a new numerical scheme with 
multiple off-grid points, enhancing accuracy and flexibility. Through expansion and 
simplification of the generalized algorithm and its derivatives, the unknown coefficients are 
systematically determined, resulting in a fully defined block method capable of directly 
solving higher-order ordinary differential equations without reduction. This approach 
improves computational efficiency by avoiding transformation into first-order systems while 
preserving the structure of the original problem (Sabo & Adeyeye, 2025). 
 
The numerical properties of the CLBA confirm its reliability and effectiveness. Using Taylor 
series expansion, the method is shown to possess a uniform order of eight, ensuring high 
accuracy. The consistency of the scheme follows directly from this order, while zero-stability 
is established by verifying that the roots of the characteristic polynomial satisfy the required 
conditions within the unit circle. Consequently, by Dahlquist’s theorem, the method is 
convergent since it satisfies both consistency and zero-stability. Furthermore, the Region of 
Absolute Stability (RAS), obtained the Boundary Locus Method, demonstrates that the 
method is A-stable, as its stability region covers the entire left half of the complex plane. This 
implies that the CLBA is well-suited for solving both stiff and non-stiff problems, maintaining 
bounded numerical solutions over long integration intervals. 
 
The results presented in Table 1 correspond to Problem 1, which models a second-order 
oscillatory dynamic system involving a mass–spring setup with damping and external 
forcing. By solving the governing differential equation directly using the Continuous Linear 
Block Algorithm (CLBA), the computed approximate solutions align very closely with the 
analytical solutions at all selected points. This close agreement indicates that the method is 
capable of accurately capturing the oscillatory behavior of the system over the interval 
considered. Compared with the existing methods, the CLBA demonstrates a more consistent 
and stable performance, making it highly suitable for solving real-life damped oscillatory 
problems without reducing them to first-order systems. 
 
In Table 2, the numerical results for Problem 2, which represents an undamped mass-spring 
system, further validate the effectiveness of the proposed method. The approximate solutions 
obtained using the CLBA are virtually identical to the analytical solutions throughout the 
integration interval. This shows that the method preserves the natural oscillatory pattern of 
the system and maintains high computational precision. When compared with other existing 
methods, the CLBA provides more reliable and consistent results, confirming its efficiency in 
handling second-order differential equations that describe ideal oscillatory motion without 
energy loss. 
 
Table 3 presents the numerical outcomes for Problem 3, the second-order oscillatory Betiss 
differential equation. The application of the CLBA to this problem yields approximate 
solutions that are in excellent agreement with the exact solutions at all evaluated points. This 
demonstrates the robustness of the method in handling more complex oscillatory equations. 
In comparison with previously developed methods, the CLBA maintains superior consistency 
and accuracy across the interval.  
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CONCLUSIONS  
This study presents the development of a Computational Linear Block Algorithm (CLBA) for 
the direct numerical solution of second-order ordinary differential equations, particularly 
oscillatory systems, without reducing them to first-order systems. The method was derived 
from the general linear multistep framework and formulated into a block structure with 
multiple off-grid points, enabling higher computational efficiency and improved accuracy. 
The numerical properties of the CLBA were thoroughly analyzed, including order, 
consistency, zero-stability, convergence, and region of absolute stability. The method was 
shown to possess a uniform order of eight, satisfy zero-stability and consistency conditions, 
and therefore be convergent. Furthermore, stability analysis using the boundary locus method 
confirmed that the CLBA is A-stable, making it suitable for both stiff and non-stiff problems. 
The method was tested on several real-life oscillatory models, including mass–spring systems 
and the Betiss differential equation, where it consistently produced highly accurate 
approximations that closely matched analytical solutions. 
 
The results obtained demonstrate that the Computational Linear Block Algorithm is a reliable, 
efficient, and highly accurate method for solving second-order oscillatory initial value 
problems. Its ability to solve problems directly, without transforming them into first-order 
systems, significantly reduces computational complexity while improving precision. Across 
all tested problems, the CLBA consistently outperformed or matched existing methods in 
terms of error reduction and stability, confirming its robustness for long-term numerical 
simulations. The A-stability property further enhances its applicability to a wide range of 
practical problems, including stiff systems commonly encountered in engineering and 
physical sciences. Overall, the proposed method provides a strong alternative to traditional 
techniques, and future work may focus on extending it to nonlinear systems, higher-
dimensional problems, and adaptive step-size implementations for further efficiency gains. 
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