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Abstract

The contraction mapping theorem is a powerful and most useful method in constructing the solution of
linear and nonlinear systems. The principle of Banach fixed point guarantees that a self-contraction
mapping of a complete metric space has a unique fixed point which can be obtain using the limit of
iteration technique defined by repeated images under mapping of an arbitrary starting point in space.
In this paper, we propose a Bi-commutative (II-commuting) digital maps for Kannan and Reich
contraction mapping theorem and analyze the existence and uniqueness of the fixed point in the
framework of digital metric spaces. We applied the contraction and commutative maps methods in
proving our results. The results obtained satisfies the existence and uniqueness condition of the Banach
contraction principle for a digital contraction mapping in digital metric space.
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INTRODUCTION

The contraction mapping principle plays a very vital role in the study of dynamical system,
linear and non-linear differential and integral equations. The principle was first stated and
proved by Banach, and also around the same period, the notion of abstract metric space was
established which gave rise to the general background for the principle of contraction
mappings in a complete metric space (Nawab & Iram, 2019). A contraction map is self-
continuous map defined in a metric-space by a pair (M, d) satisfying the condition that, there
exist some positive real number L € R such that 0 < L < 1and for a,b € M, then we define a
metric function d( T (a), T(b)) < L d(a, b). Where L is a Lipschitz constant of the map T. Hence,
this implies that every contraction map is a Lipschitz continuous function and it is also
uniformly continuous. The Banach contraction principle states that for every self-continuous
map defined on metric function that is complete, there exist a unique point, and that for every
element in a metric space, the iterated functions sequence of such element converges to a fixed
point (Asha et al., 2016). The notion of contraction is very important and practicable for
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iteration of functions where mappings are frequently used in a complete metric space.

The theory of fixed points in topological space involves rigorous study of spaces that contains
the necessary conditions for its existence and uniqueness. Digital topology is a topology that
studies the properties and attributes of two or three dimensional digital images that conform
to a topological feature (Choonkil, 2019). Over the years, researchers in the field of pure
mathematics have shown the uniqueness and existence of a fixed point using different types
of continuous mapping and methods. Ozgur et al. (2020) proposed commutative and
compatible type mapping in the framework of digital metric spaces and established some fixed
point results using the property of commutative mappings. They also proved some common
fixed point results for compatible mappings and their variants in the area of digital metric
spaces. Deepak (2018), proposed intimate mappings in metric space and in digital metric space.
The author further established a common fixed point result for two corresponding intimate
mappings in digital metric spaces. Sang-Eon (2016), proposed a Banach contraction mapping
result for digital images. The author also extends the concept of contraction map and Banach
fixed point theorem to image processing and limited to only single type contraction mapping.
Roa et al. (2019), obtained some results for bi-mapping and quadruple self-mappings by
modifying distances of sub-compatible functions in five variables and deficit functions with
generalization of only contractive type mapping condition. Karim et al. (2021), introduced
some results and graphical representation for Chatterjea principle type contraction map in a
generalized metric-space but limited to single type mapping.

Definition 1.1 (Digital image) (Kalaiarasia and Jain, 2022, Sridevi et al., 2016)
An order pair (X, ) with p-adjacency and X as a finite subset of Z" for some positive integers
is called a digital image.

Definition 1.2 (Digital metric space) (Kalaiarasia and Jain, 2022)
Let (X, u) € Z™ and p be a metric function on Z" such that p: X x X — Z" by

1
p(r,s) = Q10 — si)%)z (1.1)
Then, the following properties holds for x,y,z € X

L plxy)=0p(xy) =0iffx =y.
I pley)=p»x)

L p(x,y) <p(x,2) +p(zy)

The pair (X, u) with the metric function p define as (X, p, ) is called digital metric space.
Definition 1.3 (Fixed point) A self-mapping T:X — X on a set X with a point x, € X is a fixed
point on the map T, if Txy = x,.

METHODOLOGY

Lipschitz condition (Christiana, 2023)
Let f(x, t) be a vector value function. It is said to satisfy a Lipschitz condition in a region R in
space (x, t), if, for some constant say L such that

[IfGet) = f DI <L |x—yl (21)
Where L is known as Lipschitz constant and whenever (x,t) € R, (y,t) € R?

Digital contraction mapping (Asha et al., 2016)
Let (X, p, ) be any digital metric space and that T: (X, p, u) = (X, p, u) be a self-digital map. If
there exist L € (0,1) such that Vx;,x, € X,
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d(T(x), T(x3)) < L d(x1,x5) (2.2)
Then T is known as digital contraction map, and T has a unique point fixed point « € X for
each ¢ € X, lim T" ¢ = a. This implies that, for every digital contraction map on a digital metric

n—-oo

space has a unique fixed point.

Lemma 2.1 (Asha et al., 2016)

Suppose M € Z" and let (M, p, u) be a digital metric space. Then there exist a sequence {r,}
sequence in the set M such that p(7y,41, 1) < P, Tm-1). m = 1,2 ...

Remark: p(ry,75) = v/n, where n is a nonnegative integer in as much as p is a metric in M < Z™.

Theorem 2.1 (Kannan contraction) (Adeyemi, 2021)
Let X be a metric space and let T: X — X be a mapping, then there exist 0 < L < %, VxyeX,
such that

d(Tx,Ty) < L[d(x,Tx) +d(y,Ty)] (2.3)
Then T has a unique fixed point a € X and for every x € X, the sequences {x,} iterates {T™x)
by
Xpy1 = Tx™

Contraction conditions theorems for digital metric space by Choonkil et al., 2019
The authors Choonkil et al., 2019, worked on fixed point theorems of different type contraction
conditions for digital metric space and proposed the following

Corollary 2.1 (Choonkil et al., 2019)
Let T be a contraction mapping on a complete metric space X and L be a contraction constant
with a fixed point a,. Then, for every x, € X, with T-iterates {x,}, the following estimate holds:

n

p(xn, ag) < P(xo'T(xo)).

1-L
p(xn' aO) <L P(xn—pao)'

And

pCin,80) < 7 P13,
Theorem 2.2 (Reich fixed point) (Choonkil et al., 2019)
Let (M, p, u) be a digital metric space with a mapping H into itself satisfying the following
p(Hw), HW)) < lp(u, Hw) + qp(v, Hv) + rp(w,v), Yu,v € H (2.4)

And all the positive real numbers [, q,r satisfies | + g + r < 1, then H has a unique fixed point
inH.

Commutative Mapping (Asha and Kumari, 2016)

Let (X,d, p) be a complete digital metric space and T;,T,: X — X be two maps defined on X.
Then T;,T, are said to be commutative if
T1 o Tz(x) == T2 o Tl(.x),vx eEX (2.5)
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Corollary 2.2 (Asha and Kumari, 2016)
Let H and G be two mappings of a complete digital-metric space (M, p, 1) into itself. Suppose
that H is continuous and G (u) € H(u). If there exists L € (0,1) and a positive integer r such
that

p(Gr(u), Gr(v)) <L p(H(u),H(v)),v u,veEM
Then H and G contains only one point that is common.

Theorem 2.3 (Asha and Kumari, 2016)

Suppose H is continuous and is a self-map in complete digital metric space (M, p, i), then the
map H contains a unique point that belong to M if and only if there exist an L € (0,1) such
that a mapping G: M - M commutes with H and G(u) € H(u) satisfies

p(G(w),G()) < L p(H(w),H(v)) (2.6)
For every u,v € M. Itis true that H and G have a common fixed point that is unique if equation
(2.6) holds.

RESULTS AND DISCUSSION

Results

Theorem 3.1 (Kannan contraction with two-commuting maps) Let (M, u) be a digital image
and u an adjacency relation between the objects of M, where M c Z™. Let (M, p, u), be a digital
metric space. Suppose ¥ and ¢ be two mappings each maps to itself on M satisfying the
following

p(¥ (W), ¥ ) <glp(u,¥ W) +p(v,¥ )}
p(e W), e (V) < glp(u,@ ) +p(v.¢ (V)}, and
Y(u) € @(u)

For every u,v € M and g € (0, %), that ¥ and ¢ have a common fixed point in M and its unique,
provided ¥ and ¢ commute on M.

Proof: Suppose p(¥ (0), ¥ (v) < g{p(u, ¥ (W) + p(v, ¥ (v))} and
p(e (), (V) < glp(u,@ (W) + p(v, @ (v))}. Since ¥(u) € ¢(u) and
p(¥Y (W), ¥ (v) < p(e (W), ¢ (v)). Then

p(¥ (W, ¥ V) < glp(u¥ W) +p(v.¥ W)}

< p(e (W, (V) < glp(u,@ (W) +p(v, @ )}
It implies that p(¥ (u), ¥ (v) < p(@ (0), @ (V)
Let u, € M and consider the iterate of sequence W(uy,1) = ¢(u,), forn = 0,1,2,3, ...
And ¥Y(¥(up)) = W(up) such that

Y(uy) = @(uo)

Y(up) = ¢(uo)
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LIJ(un+1) = @(up)

By theorem 2.2, we obtained
(¥ (ur), W) < gp(¥(up), ¥(ur)) < glp (P(o), W(¥(uo))) + p(¥(uy), ¥(¥(u1))))
< g{p(¥(uo), W(uy)) + p(¥(uy), ¥(u,)))
< gp(W(up), ¥(uy)) + gp(¥(uy), ¥(uz))
p(¥(uy), ¥(uz)) — gp(¥(uy), ¥(uz)) < gp(¥(up), ¥(us))
(1= g)p(¥P(uy), ¥(uz)) < gp(¥(up), ¥(uy))

pCP(un), W(u2)) < 77 p(¥(u), W)

g 2
p(W(uy), ¥(uz)) < (E) p((uo), ¥(up))

PP, W(unen)) < (722) A(P(u0), W)

g n+1
PP i), W (i) S (T22) (P (o), W)

Letv = 1‘%9, then from the above inequality we obtained

p(¥(un), ¥(uni1)) < v"p(¥(uo), ¥(ur))
p(¥(un+1), ¥ (Uns2)) < v (¥ (o), ¥(ur))
The last inequality above and the following holds by corollary 2.1,
p(P(un), ¥(unsr)) < p(¥(un), W(Une1)) + p(W(uns1), P(ung2)) + -+ + p(¥Unsr—1), ¥ (Unsr)
< @+ v 4+ ™MD (W (), P(uy))
<"1 +v+v2+-)p(WP(uy), ¥(uy))
Note that (14 v+ v% +--) is an infinite geometric series i.e. S, = % where u; =1landr =

u 1
v, then — = —. Therefore,
1-r 1-v

PP (), W (nir) < v () p(W (o), W(uy)) < 22 p(W(u), W(uy))

Since 0 <v <1, %p(W(uO),‘P(ul)) -0 as n— o it implies that {¥(u,)} is known as
Cauchy sequence in (M, p, u), because of the completeness of the digital metric space (M, p,u),
the sequence {¥(u,)} converges to a point [ in (M, p,u) and ¢ (u) = ¥(u,1) also converges to
a point [ in (M, p,u). Since (u,u) — continuity of ¥ implies (u,u) — continuity ofg then
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{o(W(uy,) )} converges to ¢(l). Nevertheless, since ¥ and ¢ commute on M and ¢(¥(u,)) =
W(p(uy)) then {¥(p(uy,))} converges to W(1). This implies that W(I) = ¢(1). Since the limit
of both sequence are unique, it implies that

Y(W(1)) = ¥Y(e()). By corollary 2.2 and theorem 2.2, we obtained
pleD), o(p()) < vp(PD), YY) < pleD), p(e(D)))
We can write (1) = ¥(¥ (1)), and that
e =) =¥(e®)

This shows that ¢ (1) is a fixed point between maps ¥ and ¢. To show the uniqueness, we shall
assume two points of the maps ¥ and ¢. Let the points be r and s respectively and r # s, for
allr,s € M. Then ¥(r) = r = ¢(r) and @(s) = s = W(s) such that

p(r,s) < p(9(1),9(s)) < vp(W(r), ¥(s)) < vp(r,s)
p(r,s) —vp(r,s) <0
(1 -v)p(r,s)<0
1-v<0
1<v
Which implies that v = 1 and v > 1 which is a contradiction because 0 < 1. Supposer = s
p(r,5) < p(9(), 9(5)) < vp(¥(), ¥(s)) < vp(r,s) = 0
Therefore p(r,s) = 0. Hence r = s which shows the fixed point is unique.

Theorem 3.2 (Reich contraction theorem with two-commuting maps)

Suppose ¥ be a map in a digital metric space (M, p, u) onto itself, then the following holds
p(¥(W), ¥()) < fp (Pw), ¥(¥w)) + gp (P, ¥(¥@))) + hp(¥ (), ¥ (1))
For allu,v € M. Let ¢ be another self map satisfying the following

p(0@), o)) < fp (@), o(@())) + gp (W), 9(@()) ) + ho(@(w), ()

For all non-negative real numbers f, g, h with f + g + h < 1. Then ¥ and ¢ have a fixed point
in M and its unique, provided ¥ and ¢ satisfied commutative property in M

Proof: Let ¥(uy) € M. Suppose the sequence W(u,+1) = ¥(¥(u,)) and ¥(u,) = ¥Y(u,-1), since
Y(u) c ¢(u) by theorem 2.3 we have that

p(¥w), ¥(¥)) < p(p(u), ¢(v)). Hence,
p(¥(w), ¥ () < fp (), ¥(PW))) + gp (P@), ¥(¥(®))) + ho(¥(w), ¥(v))
< p(o), o)) < fp (@), 0(0W)) + gp (0 (), 9(@))) + hp(0(w), 9(v))
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Since W (u) c ¢(u) it implies that W(u) < ¢(u) by corollary 2.2. Therefore, p(‘P(u),‘P(v)) <

ple(w), () < fp (‘P(u),‘P(‘P(u))) + gp (‘P(v), ‘P(l}’(v))) + hp(¥(u), ¥(v)). Let u = u; and
vV =1U,

(¥ (), (1)) < fp (Wo), ¥(¥(uo))) + gp (W), W(¥(w)) ) + ho(W (o), W(uy))
< fp(¥(uo), ¥(wy)) + gp(¥(wy), ¥ (wa)) + hp(¥ (uo), ¥ (y))
Subtract gp(¥(u),¥(uy)) from both sides of the later, yields
p(P(ur), ¥(up) — gp(¥ (W), Y (o)) < fp(¥lug), ¥(uy)) + ho(W¥(uo), ¥(uy))

(1= 9p(Pu), ¥()) < (f + Wp(¥ (o), ¥(uy))

f+h

We have p(¥(w,), ¥(uy)) < g

P(qj(uo);Lp(UQ)

Similarly p(W(u,), ¥(u3)) < ({_LZ)Z p(¥(uo), W(uy)) By corollary 2.1,

h n
(¥ ), PCun) = (F25) o) W)

n+1

h
p(¥ s W) < () PG, W)

Letv = %andv < 1. Then

p(P(un), W(uni1)) < v"p(Pluo), W(uy))
P(qj(unﬂ)'qj(unn)) < v”"'lp(lp(uo),w(ul))

By theorem 2.2, the following holds

p(¥ (un), ¥ (Unyir))
< p(‘-]—’(un)’ lP(un+1)) + p(l{’(un+1), LIJ(un+2)) + ot p(Lp(unH"—l): Lp(un+r))

< @M+ ™ 4 ™ (W (), Wuy))
< V(14 v+v2 4 )p(P(ug), Y(wy))

Where (1+ v+ v?+ ) is an infinite geometric series, and series i.e. S, = 1—_1T where u; =1

and r = v, implies L Therefore, the following holds
1-v

1
p(‘P(un)'qj(unw)) sv" (m

) p(¥ (o), W)

PP (), W(itns) < T p(W(wo), ¥(wy))

Since 0 < v <1, then %p(‘{’(uo),‘}’(ul)) — 0 as n - o which shows that {¥(u,)} is a
Cauchy sequence in (M, p,u). Due to the completeness (M, p,u), the sequenced {¥(u,)}
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converges to a point ¢ in (M, p,u) and ¢ (u) = ¥(u,1) also converges to a point c in (M, p, u).
Since (u,u) — continuity of W implies (u,u) — continuity of ¢ then {@p(¥(u,))} converges
to ¢(c). Since ¥ and ¢ commute on M and ¢(¥(u,)) = ¥Y(p(u,)) then {¥(p(u,))}
converges to W(c). This implies that ¥(c) = ¢(c).

Since the limit of both sequence are unique, it implies that W(¢(c) ) = @(¥(c))

By theorem 2.3, we obtained p(¢(c), 9(¢(c))) < vp(¥(c), ¥(¥())) < p(@(c), p(¢(c)))
With the fact that ¢(c) = ¥(¥(c)) and ¢(c) = ¢(¢(c)) = P(¢(c))

This means that ¢(c) is a common fixed point of maps ¥ and ¢.

Finally we are to show that the fixed point is unique. Suppose q and w are the fixed points of
the two commuting maps ¥ and ¢, respectively. Letq # w, for all g, w € M. Then

W(q) = q = (q) and @(w) = w = ¥(w). This follows that
p(g,w) < p(@(@), o)) < vp(¥(g), ¥(W)) < vp(q,w)
p(q.w) —vp(q,w) <0
1-v)p(qw) <0
1-v<0
1<v

With v =1 or v > 1 which is a contradiction because 0 < 1. Then, suppose g = w

p(q,w) < p(@(q@), o)) < vp(¥(q), ¥YW)) < vp(q,w) =0
Therefore, p(q,w) = 0. Hence ¢ = w which shows the uniqueness of the fixed points.
Discussion

The contraction conditions for digital metric spaces was proposed by Choonkil et al., 2019. In
this study, we have proposed a bi-commutative maps for Kannan and Reich contraction fixed
point theorem for digital image and metric spaces. We have shown the commutativity of the
pair maps in the digital contraction mappings and established a unique and common fixed
point of the mappings. The unique and common fixed point is established by assuming two
different points say r,q and s, w for both maps ¥ and ¢ in theorem 3.1, and 3.2. If these two
points are not equal, the result will contradict the Lipschitz constant, but we have shown that
the two assumed points are equal (r,q = s,w). Hence, q = w is a unique and common fixed
point.

CONCLUSION

In this paper, we study bi-commutative maps for various contraction conditions in digital
image and metric spaces. We proposed a Dual Commutative maps for Kannan contraction
theorem and Reich contraction theorem for digital image and metric spaces and established
the existence and uniqueness of the fixed point. We applied the contraction and commutative
maps methods in proving our results as shown in section 3.1. The results obtained satisfies
the existence and uniqueness condition of the Banach contraction principle for a digital
contraction mapping in digital metric space.
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