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Abstract 

This research was conducted to study a class of four-step modified backward differentiation formula 
(MBDF) for solving second-order ordinary differential equations, with one super-future point. A block 
method was constructed for the solution of problems of second-order ordinary differential equations. 
Adopting a step-number, 𝑘 = 4, we obtained a number of discrete methods in block. The stability 
properties of the block method were investigated using Maple application. In order to ascertain its 
suitability, the method was tested on some initial valued problems of second-order ordinary differential 
equations. The numerical solutions of the problems were compared with the respective exact solutions 
and of other existing methods, and are presented in both tables and graphs. 
 
Keywords: Interpolation and Collocation method, Modified Backward Differentiation 
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INTRODUCTION 
Frequently, the general problem of second order ODEs originated in the field of engineering, 
dynamic system and sciences. The reduction of these problems to a system of first order ODEs 
are associated with lot of human efforts and many functions to be evaluated per iteration may 
jeopardize the accuracy of the method, Kuboye et al., (2018). Collocation as an approach to 
develop block method is adopted in this work. The method has shown to bypass the 
disadvantages of computational time wastage associated with conventional methods, 
Adeyeye and Omar (2020).  In this and many other researches, the solution for initial valued 
problem of second order ODEs of the form: 

          𝑦′′ = 𝑓(𝑥, 𝑦(𝑥), 𝑦′(𝑥)), 𝑦(𝑎) = 𝑦0, 𝑦′(𝑎) = 𝑦1, 𝑥 ∈ [𝑎, 𝑏]   (1)  
is examined. 
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In order to find the most accurate method for the solution of problems of the form (1), a 
number of researches have been done. A block extended trapezoidal rule of the second kind 
(Etr2) for the direct solution of second order initial value problems of ODEs has been 
developed in Atsi and Kumleng (2021). Using the multi-step collocation approach, a single 
block method for step-number, k=3, has been derived. Adopting Taylor’s series expansion in 
Adeyeye and Omar (2016), a 3-step second derivative numerical method to approximate (1) 
has been presented. In Anake et al., (2012), a continuous one-step implicit hybrid block method 
for the direct solution of initial value problems (1), using power series were presented. A 
multistep collocation technique is used in Ehigie (2011) to develop 3-point explicit and implicit 
block methods, which has presented as suitable for generating solutions of the general second-
order ordinary differential equations of the form (1). A four-point block method is proposed 
in Ukpebor (2019), with the use of Legendre polynomial as basis function in generating the 
continuous linear multistep for the solution of (1). A Continuous Two Step Trigonometrically-
Fitted Second Order Method (TSTSOM) is used to solve an oscillatory second order problem 
of ordinary differential equations in Kayode et al., (2021). Similarly, in (Abdelrahim and Omar, 
2016; Awoyemi et al., 2011; Obarhua 2019), numerical block methods have been adopted for 
solving problems of the form (1). 
 
Interpolation and collocation technique is seen to be adopted in (Atsi and Kumleng, 2020; 
Kumleng et al., 2013; Chollom et al., 2007), for construction numerical methods in solving other 
problems. 
 
As in the cases of the technique adopted in (Adeyeye and Omar, 2016; Anake et al., (2012); 
Chollom et al., 2007), a new four-step Modified Backward Differentiation Formula has been 
presented in this research for developing the method, used in block for the solution of (1).  
 
METHODOLOGY 
 
Derivation of the Methods 
The new block method is constructed from a class of Modified Backward Differentiation 
Formula of step number four, k = 4, with one superfuture point, denoted by: 
∑ 𝛼𝑗(𝑥)𝑦𝑛+𝑗
2
𝑗=0 = ℎ[𝛽3(𝑥)𝑓𝑛+3 + 𝛽4(𝑥)𝑓𝑛+4] + ℎ

2[𝛾3(𝑥)𝑓𝑛+3 + 𝛾4(𝑥)𝑓𝑛+4 + 𝛾5(𝑥)𝑓𝑛+5] (2) 

where, 
𝛼𝑗(𝑥) and 𝛽𝑗(𝑥) are called the continuous coefficients, and  

h is the step size. 
Adopting the interpolation and collocation technique, the D matrix for the method is obtained, 
as: 
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        (3) 

 
Some algebraic manipulations yield the proposed continuous scheme of the form (2). Hence, 
the continuous scheme is: 
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(4)

 

 
 
 
 
 
 
 
 
 
 
 
 

 
We now interpolate (4) at 𝑥𝑛+3, 𝑥𝑛+4, 𝑥𝑛+5, and collocate the first and second derivative of (4) 
at 𝑥𝑛, 𝑥𝑛+1, 𝑥𝑛+2, 𝑥𝑛+5 and 𝑥𝑛, 𝑥𝑛+1, 𝑥𝑛+2, to obtain the following equations: 
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}
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

   (5) 

 
Stability Analysis of Block Scheme 
The schemes (5) are represented in block form as:    
   𝐴𝑌𝑚 = 𝑎𝑦𝑚 + ℎ𝐵𝐹𝑚 + ℎ𝑏𝑓𝑚 + ℎ

2𝐶𝐺𝑚 + ℎ
2𝑐𝑔𝑚         (6) 

where, 𝑌𝑚 = [𝑦𝑛+1, 𝑦𝑛+2, 𝑦𝑛+3, 𝑦𝑛+4, 𝑦𝑛+5]
𝑇 , 𝑦𝑚 = [𝑦𝑛]

𝑇 , 𝑓𝑚 = [𝑓𝑛]
𝑇 , 𝐹𝑚 =

[𝑓𝑛+1, 𝑓𝑛+2, 𝑓𝑛+3, 𝑓𝑛+4 , 𝑓𝑛+5]
𝑇, 𝑔𝑚 = [𝑔𝑛]

𝑇 and 𝐺𝑚 = [𝑔𝑛+1, 𝑔𝑛+2, 𝑔𝑛+3, 𝑔𝑛+4, 𝑔𝑛+5]
𝑇. 

𝐴, 𝐵, 𝐶 and 𝑎, 𝑏, 𝑐 are 10 by 5 and 10 by 1 matrices respectively. 
 
Order and Error Constant 
As it has been employed in Atsi and Kumleng (2021), the order and error constant of the new 
block method are presented thus: 
the order is,  
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𝑝 = [7 7 7 7 7 7 7 7 7 7]𝑇 
with error constant, 
𝐶𝑝+1 =

[−
1240237

479271870
, −

143197

133131075
, −

151607

152149800
,
16591

5306040
, −

8037893

57939840
, −

19760569

328550040
, −

111152819

2520
, −

157303543

2520
,
1241837

120
, −

1602141

20
]
𝑇

  

 
Consistency 
The new block scheme is consistent, since 𝑝 ≥ 1, see Atsi and Kumleng (2020). 
 
Zero Stability 
The root of the first characteristic polynomial satisfies |𝑟| ≤ 1, are, |𝑟| = [0, 0, 0, 0, 0, 0, 0, 0, 1] or 
[1]. Hence, the new block method is zero-stable, see Chollom et al., (2007). 
 
Convergence 
As exploited in Atsi and Kumleng (2020), the new block scheme is convergent, since it is both 
consistent and zero stable. 
 
Numerical Implementation 
The proposed method was tested in the following examples: 
Example 1: see Atsi and Kumleng (2021) 

𝑦′′ = −1001 𝑦′ − 1000 𝑦, 𝑦(0) = 1, 𝑦′(0) = −1, ℎ = 0.1 
Exact Solution:  𝑦(𝑥) = 𝑒−𝑥  
The numerical results of this problem and comparisons are presented in Table 1.  
Example 2: see Ukpebor (2019) 

   𝑦′
′
= 𝑦′, 𝑦(0) = 0, 𝑦′(0) = −1, ℎ = 0.1 

with the exact solution 𝑦(𝑥) = 1 − exp (𝑥)  
 
RESULTS AND DISCUSSION 

 
Table I Comparisons of errors in the solutions of example 1 

𝒙 Absolute Error in Atsi and Kumleng (2021) Absolute Error in New MBDF Method 

𝟎. 𝟏 
𝟎. 𝟐 
𝟎. 𝟑 
𝟎. 𝟒 
𝟎. 𝟓 
𝟎. 𝟔 
𝟎. 𝟕 
𝟎. 𝟖 
𝟎. 𝟗 
𝟏. 𝟎 

8.0𝑒 − 10 
4.1𝑒 − 9 
9.3𝑒 − 9 
3.2𝑒 − 9 
7.0𝑒 − 10 
2.3𝑒 − 9 
6.0𝑒 − 10 
3.5𝑒 − 9 
6.6𝑒 − 9 
3.3𝑒 − 9 

6.9867𝑒 − 12 
1.0029𝑒 − 12 
7.8587𝑒 − 12 
1.0472𝑒 − 11 
6.3223𝑒 − 11 
1.0047𝑒 − 11 
9.3665𝑒 − 12 
2.6451𝑒 − 12 
1.0685𝑒 − 11 
2.3268𝑒 − 11 
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Table II Comparisons of errors in the solutions of example 2 
𝒙 Absolute Error in Ukpebor (2019) Absolute Error in New MBDF method 

0.1 
0.2 
0.3 
0.4 
0.5 
0.6 
0.7 
0.8 
0.9 
1.0 

3.354884𝑒 − 009 
3.304564𝑒 − 008 
1.233789𝑒 − 007 
3.155858𝑒 − 007 
6.588997𝑒 − 007 
1.211782𝑒 − 006 
2.043321𝑒 − 006 
3.234818𝑒 − 006 
4.881592𝑒 − 006 
7.095032𝑒 − 006 

1.0950𝑒 − 10 
2.8252𝑒 − 10 
4.6576𝑒 − 10 
6.6236𝑒 − 10 
9.2662𝑒 − 10 
1.5125𝑒 − 09 
2.2458𝑒 − 09 
3.0430𝑒 − 09 
3.9143𝑒 − 09 
4.9548𝑒 − 09  

 

 
 

Figure I showing the exact solution and numerical solution for example 1 
 

 
Figure II showing the exact solution and numerical solution for example 2 

 

 
 
 



On A Class of Four-Step Modified Backward Differentiation Formula (MBDF) For Solving Second-Order Ordinary 

Differential Equations  

 

K. Atsi, P. Tumba, E. Suleiman, DUJOPAS 9 (4b): 44-54, 2023                                                                    53 

 

DISCUSSION OF FINDINGS 
Two problems of IVP of ODEs were solved with step size, ℎ = 0.1, in each example. In the 
tabulated error (exact/numerical) results, it can be seen that the new four-step modified 
backward differentiation formula (MBDF) method presents minimum errors in comparison 
with the errors in Atsi and Kumleng (2021) and Ukpebor (2019) for example 1 and 2, 
respectively. The new MBDF method demonstrated a good accuracy with the exact solution 
as seen in figure 1 and 2 for example 1 and 2, respectively. Hence, the new MBDF method may 
be suitable for solving initial valued problems of ODEs. 
 
CONCLUSION 
In this research Step number 𝑘 = 4, was considered, resulting to ten discrete methods used in 
block for solution of two different second-order ODEs. The construction, analysis and 
implementation of the method were done in Maple and Matlab mathematical applications. In 
comparison of results, the new method competes better than other existing methods. The 
authors in the next work will work on the construction methods using higher step numbers 
and establishing the A-stability of the method. 
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