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Abstract

In this paper, we formally introduce the Generalized Ambiguous Quadruple Degree Membership Logic
(GAF-DL) as an extension of the foundational principles of fuzzy logic and neutrosophic logic,
incorporating Belnap's four-valued logic to provide a binary structure for truth evaluation. This paper
explores a discrete intermediary system of Four-Degree Membership Logic. It presents a formal
definition of a standard set of logical operators (Negation, Conjunction, Disjunction, Implication, and
Equivalence). It analyzes their key properties, including associative laws, the Law of Contradiction, De
Morgan's Laws, distributive laws, and commutative laws. Our study demonstrates that GAF-DL offers
a computationally efficient and semantically rich approach for modelling phenomena where truth is not
merely partial but also context-dependent and subject to multiple interpretations.
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INTRODUCTION

This paper proposes formal definitions for a logical framework, the Generalized Ambiguous
Four-Degree Membership Logic (GAF-DL). Extending the foundational principles of fuzzy,
intuitionistic, and neutrosophic logics, GAF-DL introduces a fourth dimension to capture the
inherent ambiguity of complex systems and natural language. The framework assigns to each
element a quadruple of values representing its degree of truth, partial truth, partial falsity,
and falsity. Also presents the mathematical formalisms for GAF-DL, defines its key operators
(Negation, Conjunction, Disjunction, Implication, and Equivalence), and proves their
fundamental properties. By formally distinguishing between partially true and partially false
statements and indeterminacy, GAF-DL provides a more fundamental tool for modeling
phenomena where truth is not merely partial but also context-dependent and subject to
multiple interpretations.

The decision to choose these values is based on developing a logical connective with four
degrees of truth, which offers a significant advantage in terms of simplicity and
interpretability compared to the continuous spectrum of truth values in standard fuzzy
(Zadeh, 2013) and neutrosophic logic (A.A.Salama, 2012) at the same time, providing more
expressiveness than the binary truth of classical logic. Additionally, GAF-DL enables the
explicit modeling of intermediate states of truth in real-world situations involving conditions

*Author for Correspondence
Ali A. et al, DUJOPAS 11 (4c): 84-98, 2025 84


mailto:ali.aji32@gmail.com

Formal Examination of Operators and Properties of Generalized Ambiguous Four-Degree Logic

that are neither definitely true nor false. The inclusion of partially true and partially false
statements enables a more accurate representation of these nuanced states (Singh, 2023),
which can be particularly valuable for modelling human reasoning or systems that operate
with discrete but multivalued states. For example, the likelihood of an event that we may
naturally think in terms of impossible, unlikely, likely, and inevitable.

Belnap (1977) introduced four-valued logic, which forms a logical lattice under the lattice
ordering, with four elements: True (T), False (F), None (N), and Both (B). Discuss some of the
main themes in medieval modal logic. It provides a high-level overview of various aspects of
modal logic, and modal propositions allow one of the terms in a proposition to be a modal
expression (Johnston, 2021). (2001) employed four-valued logic in their paper to prove several
theorems from relevance logic related to computer science. They extended it to logical
connectives conjunction and disjunction, which do not distribute over each other, thereby
formulating mathematical semantics. Jakl (2025) provides logical connections via the
representation of a bilattice, allowing the use of a large class of models of linear logics based
on the Belnap-Dunn logic.

In fuzzy logic, membership degrees were assigned a precise truth degree, u, € [0,1], to a
proposition. However, a limitation arises when the membership grade p, (x) is inherently
vague and cannot be accurately defined by a single, crisp value (Zadeh, 2013). Mares (2006)
represents a paradigm shift by introducing the concept of fuzzy sets, which incorporate
membership functions and continuous truth values. The operators are typically defined using
t-norms (for AND) and t-conorms (for OR). Serrano-Guerrero et al. (2021) and Iancu (2012)
introduced fuzzy logic controllers and their extensions that operate on linguistic terms and
crisp data inputs, and discussed their applications in online shopping. Fuzzy Implication
yields more desirable results across all forms of decision theory; the repercussions are
modelled in many different ways, especially the most appropriate can be evaluated either
empirically or axiomatically. Liang et al (2000) present the theory and design of interval type-
2 fuzzy logic systems, which efficiently simplify the computation of the input and its
antecedent operations using a general inference formula. Also deals with the concepts of
upper and lower membership functions. Zimmermann (2010) uses three topic-neutral
elements to identify logics as the foundations of reasoning: truth values, vocabulary
(operators), and reasoning processes (tautologies and syllogisms). Truth values in dual logic
can be either "true" (1) or "false" (0). Truth tables A and B represent two sentences or
statements that can be true (1) or false (0), and operators are defined using these truth tables.
Operators can be used to combine these statements. Considering one tautology, fuzzy
reasoning relaxes these presumptions. Giordano (2021) investigates the properties of fuzzy
logic by extending the fuzzy logic typicality operator and defines fuzzy multi-preference
semantics for multiplayer perception. Pusztahazi et al (2025) examined symmetric difference
operators within logical systems generated by nilpotent t-norms and t-conorms, specifically
addressing their behaviour, functionality in bounded and tukasiewicz fuzzy logic systems,
and analysing their fundamental properties.

Intuitionistic fuzzy logic, as introduced by Atanassov, (2017) represents facts using two
values: a degree of truth and a degree of falsity. These values range from 0 to 1 and must add
up to 1 or less. This two-part approach enables the system to manage uncertainty and missing
information effectively. Smarandache (2025) The definitions and operators of various forms
of Neutrosophic sets, standard and non-standard Neutrosophic logic, which are analyzed
using the three-degree membership function, are constructed on the mathematical framework
of Neutrosophic N-norms and N-conorms, which are widely used in decision-making and
artificial intelligence. Sai et al. (2025) imposed a constraint that combined the truth and falsity
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membership values to at most one and created a new membership that contradicted
indeterminacy, spanning 4 degrees of membership, operators, and properties. Singh (2023)
introduces an ambiguous four-degree set, ambiguous norms, and ambiguous conorms that
satisfy commutativity, monotonicity, associativity, and boundary conditions.

The Generalized Ambiguous Four-Degree Membership Logic (GAF-DL) was a theoretical
framework for developing a logical system capable of capturing ambiguity, which is essential
for advancing fields such as natural language understanding, legal reasoning, and advanced
computational decision-making. For any given element, we assign a quadruple value: a
degree of truth (a,), a degree of partially true (8,), a degree of partially false (y,), and a
degree of falsity (17,). This framework is a conceptual generalization of existing neutrosophic
logic. It incorporates Belnap's four-valued logic, providing a comprehensive model for a more
nuanced reality in which a statement's truth or falsity is not only a matter of degree but also a
function of multiple possible interpretations. The inclusion of a degree of partially true (SA)
and a degree of partially false (yA) enables the explicit formalization of the distinction between
having insufficient information to judge a statement with multiple conflicting interpretations
of a valid statement.

Methodology

The methodological approach involves defining the GAF-DL set structure, establishing the
mapping to the dual lattice space, and deriving the operational laws necessary to maintain the
dual-lattice properties. The GAF-DL is proposed based on the axiomatic foundation of ambig-
uous A-norm and A-conorm, which are the genesis of uncertainty logical operators.

Four-value logic
The four-valued logic Belnap (1977) forms naturally logical lattice ordering into a set of four
(true T, false F, none N, and both B) as listed in the table below:

Table 1: Negation of four-valued logic

N F T B
- B T F N
Table 2: Disjunction of four-valued logic

A N F T B
N N F N F
F F F F F
T N F T B
B F F B B

Table 3: Conjunction of four-valued logic

Table 4: Implication of four-valued
V N F T B .
logic
N N T T
F N F T B — T B N F
T T T T T T T B N F
B T B T B B T B T B
N T T N N
F T T T T
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Neutrosophic logic

Neutrosophic Logic Smarandache (1999): A logic in which each proposition is estimated
to have the percentage of truth in a subset T, the rate of indeterminacy in a subset I, and
the percentage of falsity in a subset F, where T, I, and F are called Neutrosophic logic.

Standard Neutrosophic Logic Smarandache (1999): If in the above definition of general
neutrosophic logic all neutrosophic components, T, I, F, are standard real subsets,
included in or equal to the standard real unit interval, T, I, F € [0, 1], where

0 <y infT + infl + infF <y supT + supl + supF < 3

We have a standard neutrosophic logic.

Nonstandard Neutrosophic Logic Smarandache (2025): If in the above definition of
general neutrosophic logic at least one of the neutrosophic components T, I, F is a
nonstandard real mobinad subset, neutrosophically included in or equal to the
nonstandard real mobinad unit interval]—0,1 +[yg or T,I,F, Sy ]—0,1 4+[y5.

General Neutrosophic logic Smarandache (2025): is a multivalued logic in which each
proposition P has a degree of truth (T), a degree of indeterminacy (I), and a degree of
falsehood (F), where T, I, F are standard or nonstandard real mobinad subsets of the
nonstandard real mobinat unit interval |—0,1 +[yz with T,I,F,Sy ]-0,1 +[yp where

—0 <y infT + infl + infF <y supT + supl + supF < 3 +

Definitions Smarandache (2025): the set of formulas (well-informed formulas) let
(ty,i1,f) or (Ty, 14, F1) And (ty,1p,f3) or (Ty, I3, Fy) be the element of Neutrosophic logic
where the sum of elements of the triplet logic connectives of Negation, conjunction,
disjunction, implication, and equivalence (-, A,V , =, <) can be defined in the following
ways:

Neutrosophic negation:
=ty iy, 1) = (fy, i1, t)
Aty i, ) = (F, 1=y, 1)
(T, 1, F)= (F, 1 - 14, Ty)

Neutrosophic conjunction:

(ty,iq, 1) A (ty, iy, ) = (t = min{t,, t,},i =1 — (t + ), f = max {f;f,})
(t1,iq, 1) A (ty, 15, f2) = (t = min{t, t,},i = max(i;iy), f = max {f;f,})
(Ty, I, Fy) An (Ty, 13, Fp) = (Ty Ap To, Iy VE I, Fy VEF)

Neutrosophic disjunction:

(ty, i1, f)V(ty, 1z, f2) = (t = max{t; t,},i =1 — (t+ £),f = min {f; ,})
(t1,iq, f)V(ty, iy, fy) = (t = max{t; t,},i = max(i;i,), f = {min (f;f,)}
(Ty, 11, F1) VN (To, I, F2) = (Ty VE To, Iy VE I, F1 Ap Fa)

Neutrosophic implication:

(Ty, 11, Fp) —n (T, 15, Fp) = (Fy, 1 =14, Ty) vy (T, 12, F)

=(Fy, 114, T1)VN(T2; iz, f3)

Ay (Ty, 1y, Fp) —n Ax(Ty, I, Fp) = —|NA1(T1» I1,1:1) VN Az (T, 15, Fy)
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Neutrosophic equivalence:

A1(Ty, 11, Fy) oy Ay (T, 1, Fy) is neutrosophically is equivalent with

Ay (T, 1, Fy) —y Ay (To, I, Fy) and Ay (T, I, Fy) —n Ay (Ty, 1y, Fr)

N - norms Smarandache (2001): let N,,: (]—0,1 +[ X ]-0,1 +[ x ]-0,1 +[)? — ]-0,1 +[ x
=01 +[x]-01+[  and Np(x(Ty, I, F1), y(Ty, Iz, F2)) = (Ny TG yINaI (6, y)NGF G, y))
Where N, T(:), NuI(:,"),NyF (") are the truth membership, indeterminacy, and falsity
membership, components respectively, N, have satisfied for any x, y, z in the
neutrosophic set/logic set M of the universe of discourse U the following axioms:

i. Boundary condition: N,,(x,0) = 0, N,,(x,1) = x

ii. Commutativity: N, (x,y) = N, (y, x)

iii. Monotonicity: if x <y then N, (x,y) < N, (¥, x) and Ny, (x,z) < N,(y, z)

iv. Associativity: N, (N, (x,y)z) = Nn(x(Nn(y, Z)).

N, represents the AND operator in neutrosophic logic, and respectively the intersection
operator in neutrosophic set theory.

N - conorms Smarandache (2001): (]-0,1 +[ X ]-0,1 +[ X ]-0,1 +[)? —
]-0,1+[x]-0,1+[ X ]-0,1 +[ and

Nc(x(Tl' Ill Fl)' }’(Tz' 12; FZ)) = (NCT(X, }’)Ncl(x, }’)NCF(X, }’))

Where N, T (), NpI(5,), N, F(-,7) are the truth membership, indeterminacy, and respective
falsehood membership components. N, have satisfied, for any x, y, z in neutrosophic
logic/set M of the universe of discourse U, the following axioms:

i. Boundary condition: N.(x,1) = 1, N.(x,0) = x

ii. Commutativity: N.(x,y) = N.(y, x)

iii. Monotonicity: if x <y then N.(x,y) < N.(y,x) and N.(x,z) < N.(y, z)

iv. Associativity: N.(N.(x,y)z) = N, (x, N.(y, z))

Ambiguous Norms and Ambiguous Conorm

Ambiguous conorms (A-conorms) Singh (2023b): is an operation p: (X x)? on the interval
[0.1], a function A:([0,1] % [0,1] x [0,1],[0,1])? — [0,1] x [0,1] x [0,1] x [0,1] if A, =
(a1, Ba1, Yar,Ma1)

Ay = (aa2, Baz Yaz Naz2) Az = (a3, Baz, Yas, Nasz)such that

A(A1,A,) = (min(oy, ay), min(By, B2), max(yq,y2), max(n,n,)) for V Ay, Ay, A; € A A- Conorms
satisfied the following conditions:

i. Commutativity: A(A1,A;) = A(A3,Aq)

ii. Associativity: A(A;A(Az, A3)) = A(Az, A(A,Az))

iii. Monotonicity: A(A;,A;) < A(Ay,Az) if and only if A; < Az

iv. Boundary Condition :A(A;,X * min) = A;

Ambiguous-norms (A-norms) Singh (2023b): is an operation A:: (X*)? - [0,1] on the
interval [0.1], a function A: ([0,1] x [0,1] % [0,1],[0,1])? - [0,1] x [0,1] x [0,1] x [0,1] if A; =
(ata1, Ba1 Va1, A1)

A; = (aa2, Baz Yaz Na2) Az = (a3, Baz, Yaz, Naz)such that

A(A4,A,) = (max(ay, az), max(fq, B2), min(yy,y,), min(my,m,)) for V. A, Ay, A; € A A- norms
satisfied the following conditions:

i. Commutativity :A(A1,A;) = A(Ay,Aq)

ii. Associativity: A(AlA(AZ,A3)) = A(AZ,A(Al,A3))

iii. Monotonicity : A(A1, A;) < A(A1,Az) if and only if A; < Aj

iv. Boundary Condition: A(A;, X * max) = A,
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The Quadruplets membership degree function: with closed unit interval [0,1] let a,b be the
sub interval of A € [0,1] Let U be a universe of discourse. An Ambiguous set A be defined
by a membership function A: U—4 such that A € [0.1], the membership is represented by the
four-tuple: A = (ap, Ba, Ya Na ) with the truth degree of membership function (a,), partially
true degree of membership function (8,), partially false degree of membership function (y,),
and falsity degree of membership function(n,).

Mapping GAF-DL to the Continuous Bilattice Space: The algebraic structure of Belnap's
four-value logic (Jakl, 2025) is based on the twist-product defined over a fundamental
lattice L = (min, max). To map the four degrees of GAF-DL into this structure, it is necessary
to identify the core positive and negative evidence measures, A+ and A-. (Belnap
Components A+ and A-) For a GAF-DL membership vector: A = {aa,a,Ya,Na), the
corresponding positive (A+) and negative (A-) degrees of evidence are defined as: A+= a, +
Ba and A—=m, +vya The inclusion of partially true membership and partially false
membership in both A+ and A- is justified by the Jakl, (2025) interpretation. The value both
represents maximal information about the proposition, precisely because the conflicting
evidence for truth and falsity is maximal. Therefore, partial membership contributes to both
the positive and negative evidence base. Conversely, (indeterminacy/none) represents the
absence of evidence for both ay and n,, and thus if we set A+ and A — as (a, b) respectively,
it acts as a residual measure of overall incompleteness, distinct from 3, and y,. Where:
max(a, b) = (max(infa, infb), max(supa, supb)) and
min(a, b) = (min(infa, infb), min(supa, supb))

Defining the Continuous Bilattice Orders in GAF-DL Space: In the GAF-DL, the space is
four-structured by two distinct partial orders, which generalize the discrete orders of
Belnap's four-value logic. Let A; = (aa1, Ba1, Ya1,Na1) and A, = (x: ataz, Baz, Va2, Na2)

Definition Logical Order (<): The logical order defines the flow of truth inference. A; is log-
ically less than or equal to A,, (A; < A;) if A, supports truth at least as strongly as A;, and
supports falsity no more strongly than A;. A} < A, & (a1 < app andnyg = N,pz) then [a,b] =
[(infa, infb) (supa, supb)] and a < b = infa < infb < supa < supb, where which form the logical
order, which determines the degree of certainty in the proposition’s veracity, is defined solely
by the definitive components a, and n,. The ambiguous components, partially true (84) and
partially false (ya), do not impact the core logical inference defined by <. The structure of this
order is derived from the requirement that A, must be a state of greater overall information
than A;. Information increases when definitive evidence (a, and n,) increases, or when the
explicit recognition of partially true ($,) or partially false y, increases. Conversely, Infor-
mation interpreted as acquiring more facts about the contradictory nature of the subject aligns
with Belnap's four-value logic, in which both states are informationally maximal.

Operational Laws for GAF-DL: The operational laws must satisfy the dual lattice axioms. We
define the standard logical connectives (negation, conjunction, and disjunction) and the
informational connectives (meet and join) using generalized A-norms and A-conorms (Singh,
2023a) for algebraic simplicity. For this purpose, the minimum (min) and maximum (max)
operators are used as the standard A-norm and A-conorm, respectively.

Generalized Ambiguous Four-Degree Logic

Definition Ambiguous Four-Degree Logic (GAF-DL): is a four-degree membership function
which has a true degree membership oy, partially true degree membership function B4,
partially false membership degree function y,, and a falsity degree membership function 1y,
with standard unit interval [0,1] where a,3,y,andn € [0,1] and
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0~ < infay + infBy + infy, + infny < supay + supPa + supys + supny < 1%,

Generalized Ambiguous Prepositional Calculus

In the case of generalised ambiguous logic, we set a prepositional with letters
denoted by Aj,Ay,and A; and with the following connectives: conjunction, disjunction,
negation, implication, and equivalence denoted by V,A, =, — and <> respectively.

Sematic of Generalized ambiguous of preposition calculus we have (aa, Ba, Ya,Na) € [0,1]
A4, A; and Az are subsets of A. The formula for the operators of the Generalised ambiguous
prepositional logic is:

i. If A; is a formula, we have (=4,)

ii. (A1 AA)

iii. (A1 V Ay)

IV.(A; — Ay)

V.(A; < Ay)

Operation of Generalized Ambiguous Four Degree Logic (GAF-DL)
Negation of GAF-DL (—A,): If the negation of A; denoted by (=A;) and
Ay ={(aa1,Ba1,Ya1,Na1) then =A; is defined as:

—A = (X' Naw Yat BAl' o(A1>-

Example: consider the generalized ambiguous logics:

A, = (0.6,0.2,0.3,0.7)

—A; = (Na, Y, Bar aa)
-A; =(x,0.7,0.3,0.2,0.6)

Definition of Conjunction of GAF-DL (A): The Generalized ambiguous conjunction logic
defined as: A; = (a1, Pa1,Ya1(X),Ma1) and Az = (a2, Baz, Va2, Naz), then
A1 ANAg = ( ap1, Bat YanMa1) A{®az, Baz, Yaz) Naz)

= (min(aa1, aaz), min(Ba1, Paz), max(ya1, Yaz), max(Mas, Naz))
Example: consider the two generalized ambiguous logics:

A; =(0.7,0.3,0.2,0.8) and A, = (0.9,0.5,0.6,0.1)
min(oaq, 0o ), Min )
AL AA, = (a1, 0a2) (Ba1,Baz)

B max(Ya1,Yaz) max(Mai,Naz)
A; ANA, =(0.7,0.3,0.6,0.8)

Definition Disjunction GAF-DL (V): The ambiguous conjunction of logic A; and A, is
defined as:

A1 = (&a1,Ba1,Ya1,Na1) and

Az = (®a2, Bz, Yaz2,Naz) then

~ A1 VA; = (max(apas, aa2), max(Bar, Baz) min(ya, Yaz) min(nas, naz))
Example: consider the two generalized ambiguous logics defined over:

A, =((0.7,0.3,0.2,0.8)) and A; = (0.9,0.5,0.6,0.1)
max(oaq, @az), max(Bag, Baz)

min(yas, Yaz), min(ma1,Naz)
A VA, = A, = (x,009,0.5,0.2,0.1)

A1 VA2 =

Definition Implication of GAF-DL (—): The generalized ambiguous implication of set A;
and A, is defined as: if A; = (ocAl, BA1:YA1»‘1A1,> and

A; = (a2, Ba2, YAz, Naz), then;
Al _)AZ = _lAl VAZ
= (Ma1,Ya1, Ba1, %a1) V(a2 Baz, Yaz Naz2)
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= (max(Ma1, ®a2) , max(yas, Baz), min(Ba1, vaz), min(aa,naz)).
Example: if A; = ((0.7,0.3,0.2,0.8)) and A; = (0.9,0.5,0.6,0.1)
max(Nas, ®a2), max(Yay, Baz)
A]_ — Az ==

|\ min(Bas, Yaz), min(aas,naz)
A, — A, = A, =(0.9,0.5,0.3,0.1)

Definition Equivalence of GAF-DL (<>):A;and A; are said to be generalized ambiguously
equivalent if and only if A; = A, thatis, if A; = (ocAl, BAleAl’rlAl,) and

Az = (a2, Ba2, Ya2, Na2), then

Ay < Az = (a1, Va1 Ba ®a1) — (Xaz, Baz, Yazi Naz)-

= (a2, Baz, Yaz:Naz) — (Ma1, Va1 Ba1, Aaz)
Example:

A, =((0.7,0.3,0.2,0.8)) and A, = (0.9,0.5,0.6,0.1)
max(May, Aaz), max(yas, Baz)

min(Bay, Yaz) min(aaq,Naz)

A — A, =A; =(0.9,0.5,0.3,0.1)

max(nNaz, Aa1), max(yaz, BA1)>

Al_)A2:<

min(Baz, Ya1), min(aaz,na1)

A, — A, =A,=(09,05,0.3,0.1)

Since A, — A, = A, — A, =(09,0.5,0.3,0.1)
A1 «—> A2

Az_)A1:<

Definition: logical Truth of generalizing ambiguous logic as the function membership value
A(as) = (1,0,0,0) and falsity logical value as A(ma) = (0,0,0,1) such that A € [0,1]
Theorem 1: A; = (ap; + 0+ 0+ 1 —an) = 1and a,q is any variable in generalised
ambiguous logic, and F: aq; — (aa1 + 0+ 0 + 1 — au;) is a homomorphism of sub subset of
generalised ambiguous logic.

Proof: if ap; and oy, are variables in Generalised Ambiguous Logic, the sum of

Ap +0+0+1—o0py =1
Let the mapping f: (aa1) — (axp; + 0+ 0+ 1 —au;) and
fiapgy — (Apz +0+ 04+ 1 —apy)
fi(mopa1) =f(1 —ap1) = (1 —ap + 04+ 0+ apq) and
fi(map1) =—(ap, +0+0+1—0ay,)

=(1—-ap +0+0+auq)

f: (mota1) = =f(aaq)

Also
f(aar A agy) = (Min(aag, @p2), Min(0,0), Max(0,0), 1 — Min(aaq, 0a2))
flaar Aapz) = (Min(am, apz(x)), 1 — Max (aAl,(X): oA (X))> 1)

flaas) Af(aaz) = (aa1,0,0,1 — aa1 (X)) A{aaz, 0,0, 1 — aap)

= (Min(aaq, 0ta2), Min(0,0), Max(0,0), Max(1 — apaq, 1 — 0pz))
flaa1) A flaaz) = (Min(aay, aaz), Max(l — apq, 1 — aaz)) )
= From equations 1 and 2 we have
Min(aag, apz) + (1 — Min(agg, az)) = 1
Min(oaq, aaz) + Max(l —apq, 1 —apy) =1
~Max(1l —apq, 1 —0y,) = (1 — Min(a,,, O(Az))
= f(aa1) A(aaz) = flaar) Af(aaz)
Similarly
flapg V agy) = (Max(opq, 0p2), Max(0,0), Min(0,0), 1 — Max(apq, daz))

= (Max(aa1, @p2), 1 — Max(aaq, aaz))
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o~ 1 =Max(opq,0pz) + ( 1 — Max(apq, ocAz))
= Max(aay, aa2) + Min(aaq, aa2)
= 1 — Max(aay, 0a2) = Min(aay, aaz)
= f(aa1) V flaaz) = flaar) vV fag,)
The mapping in f is a homomorphism since {ata1,0,0, 1 — aa1) = (xtp2,0,0, 1 — apz)
= a1 = 0pp; then fisaone — to — one mapping.
Proposition 1: If A; =,A; = (aAZ, Baz, Yaz,M A2,> and a, B, v, yand | are elements in generalized
ambiguous logic where A € [1,0] then
i.=A1 = (Ma1, Va1, Ba1, %a1)
ii. Ay A Ay = (a1, Ba1, YauNa1) A{aaz, Baz, Yaz Naz)
. Ay VA, = (O(A1: BA1,YA1»T]A1> V{2, Baz, Yaz, Na2)
Are they also elements in generalized ambiguous logic and closed under the logical
operations
Proof:
i. From Theorem 1, we have:
aa1 +Bar+vartnar =1
ifag; =aa;, Ba1 =0, va1 =0, nar =1—ap
= (0a1,0,0,1 —apq) =1
A; = (0a1,0,0,1 — apq)
“1l=o0p1 +1—apq

AISO _lAl = (1 - aAl’ 0;0; aAl)
A 1 — aAl + aAl = 1 (2)

From equations 1 and 2, the elements are closed.

ii. Ay AAy = (a1, Bar YarMa1) A {@az, Baz, Yaz, Naz)
= (min(aay, apz), min(Bay, Baz), max(ya1, Ya2), max(Na1, Naz))
If min(Ba1, Ba2) = 0 and max(ya1,vaz2) =0
(min(aAli aAZ) ’ mln(0,0) ) maX(O'O) ’ maX(nAli rlAZ))
We prove that (min(asq, aaz) + max(nag,naz)) < 1
if we assume that, (min(aaq, 0p2) + max(Maq,Naz)) > 1
when min(aay, @a2) = ax; and max(Nag,Naz) = a2
since apq + app > 1 it follows that that ap, < apq this is contradiction from the assumption
that ap; < apn
s~ (min(aaq, daz) + max(Maq,Maz)) > 1 is correct
~ (min(aag, aaz) + max(Nag,Naz)) <1
This means the conjunction is closed.
iii. The proof of A; V A; = (a1, Ba1, Ya1,Na1) V (a2, Baz, Yaz, Naz) is obviously similar to (ii)
above.

Properties of Generalised Ambiguous Logic

We observed some of the basic properties of generalised ambiguous logic
Ay ={aa1,Ba1, Yar,Na1)

Ay = (x:aa2, Ba2, VA2 NA2)

Az = (a3, Baz a3, Na3z) with A € [0,1]

Theorem 2:If A}, A, and A3 are variables under Generalised Ambiguous logic, then they
satisfy the following operations :

i. Commutative law

a. Ay AA, = A, AA,

b.A; VA, =A, VA,

Proof:

A AA, = A, AA,
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Ay ANA; = {{aa1, Ba1, Yar,Na1) U (aaz, Baz, Yaz Na2)
= (min(aay, aa2), min(Baq, Baz), max(ya1, Yaz), max(aq,Naz))
= (min(aaz, aa1), Min(Baz, Ba1), max(yaz va1), max(az,Na1))
=A, ANA
=>ANA, C A ANA (1)
Also, if
Ay ANA; = {{aaz, Baz, Yaz:Naz) A{a1, Ba1, Ya1,Na1)}
= (min(aaz, aa1), Min(Baz, Ba1), max(yaz va1), max(az,Na1))
= (min(aa, ®a2), min(Baq, Paz), max(ya1, Yaz), max(Maq,Naz))
= A AA,
S A, AA; C A AA, 2)
~ From equations 1 and 2 we proved that A; AA, = A; AA;.
b. We prove that A; VA, = A, V A; similar to ‘a” above.
ii. Associative law
a. ALV (A, VA;) = (A; VA, VA,

If
(a1, Ba1 Yar,Man) VY
AV (A2 VA <{(0‘A2, Baz, Yaz:Na2) U (ays, BA3:YA3:T]A3)}>
_ < (a1, Ba1 Yar,Na) Y )
{{max(aaq, apz), max(Bas, Baz) min(yas, Yaz) min(naq,Naz))}
_ (maX(O(Ap a2, ap3) max(Bay, Baz, BA3)>
min(ya1,Yaz Ya3), min(Maz,Naz Nas)
<<maX(aA1; aaz), max(Bag, Baz) min(yas, Yaz) min(nay, T]Az))>

U (a3, Bas Yasz Naz (X))

= (A1 VAy) VA3
= [A1 V(A2 VA3) € (A1 VAy) VA;] 1)
Similarly;
_ [{@a1,Ba1, YA, NA1) U (®a2, Ba2, VA2, NA2)
f (ALUA2) U As = < U (aas, Baz Ya3, Na3z) )
_ [{max(aay, aaz), max(Ba1, Baz) min(ya1, Yaz), min(na1,Naz))
U (a3, Baz, Va3, MA3)
_ <max(aA1, ®a2, Aa3), max(Bai, Paz, BA3)>
min(Ya1, Yaz, Ya3), min(Ma1, Naz, Naz)
_ <({maX(GA1» aaz), max(Ba, Baz) min(vai, Vaz) min(ﬂAlvﬂAZ)))
U (aas, Bz Yaz, Naz)
=(A1V Ay)VA;
= [A;1 V(A2 VA3) € (AL VAy) VA;] 2
- from equations 1 and 2
A V(A VA3) = (A VA VA;3.
b. we prove that A; A (A; AAz) = (A; AA;) A Az similar to “a” above.
Theorem 3:If A;, A, and A3 are variables under generalised Ambiguous logic, the following
properties are satisfied under the operations:
i. Distributive law
a. A1 V(A ANA3) = (AL VA A(ALVAR)
b.A;A(A; VA3) = (A1 AA) V(AL AA3)
ii. Absorption law
a. AV (A AAy) = A,
b.A; A (AL VA, = A,
proof:
a. A1 V(A ANA3) = (A1 VAY) A (A V Az). We consider the left-hand side of the equation:

Ali A. et al, DUJOPAS 11 (4c¢): 84-98, 2025 93



Formal Examination of Operators and Properties of Generalized Ambiguous Four-Degree Logic

(a1, Ba1, YarNa1) v >
{(oaz, Baz, Yaz Naz) A a3, Bas, Ya1,Nas)}
(a1, Ba, Yar,Na1) vV
= ({min(aa,, aa3), min(Baz, Pasz)
max(Yaz, Yas) max(Naz,Nas}
_ (max(am, min(aaz, Aa3)), max(Bag, min(Baz, BA3))> (1)
min(yaq, max(yaz, Yas)), min(may, max(Maz, Nas))
Also, we consider the right-hand side of the equation:
{{aa1, Bat, Ya1,Ma1) V (xaz, Baz YAz, Naz)}
A VA A(AL VA3 = A
(Au VA2 A (v As) {(aa1, Ba1, Ya1,Ma1) V (a3, Bas Yaz Nas)}

Ay v (A, AA) =

A
(max(apy, ap3) max(Bag, Bas), min(yas,Yaz), min(mas,Naz))

<<maX(O‘A1» aaz) max(Baq, Baz), min(yas, Yaz) , min(may, T]Az))>

min[max(aaq, 0az), max(aaqg, da3)],
min[maX(BAl, ﬁAz), maX(BAlf BA3)] (2)
max[min(yas,Yaz), min(yas,vas)]

max[min(na,Naz), min(Ma1,Na3)]
From equations 1 and 2, we consider the following cases:

Case i: consider ap; = apz and a3, Par = Bazand Baz Ya1 < Yazand ya3 Na1 < Nazand n,s,
~ Equation 1 becomes:

(a1, Ba1, Va1, NA1) (3)
Also, equation 2 becomes;
(aa1,Ba1, Va1, NA1) (4)

Case ii: consider ap; = aap = a3, Bar = Baz = Basz, Ya1 = Yaz < Va3, Na1 < Naz < Nag,
=~ Equation 1 becomes:

= (max(aas, ap3), max(Bai, Baz), min(yas,vaz), min(nas, Nasz))

= (aa1, Ba1, Ya1,Na1) ®)
Also, equation 2 becomes;

= (min(aay, 0a1), max(Bag, Ba1) , min(ya1, va1), min(mas,Na1))

= (x: a1, Ba1, Ya1, NA1) (6)
Case iii: consider ap; = apy < ap3, Bar = Baz < Baz Ya1 < Yaz = Ya3, Na1 < Naz = Naz
=~ Equation 1 becomes:

= (max(aas, aaz), max(Bai, Baz), min(yas, vaz), min(mas, Na1))

= (x: aa1, Ba1, Ya1, NA1) (7)
Also, equation 2 becomes;

= (max(aay, apz), max(Bag, Baz), min(yas, vaz) , min(mag, Naz))

= (aa1, Ba1, Ya1,Na1) )
Case iv: consider ap, = a1 = a3, Baz = Ba1 = Bas, Yaz < Va1 < Va3, Naz < Na1 < Nas,
~ Equation 1 becomes:

= (max(aay, ap3), max(Bag, Baz), min(yaq, vasz) , min(nag, Naz))

= (aa1, Ba1, Ya1,Na1) )
Also, equation 2 becomes;

= (min(aay, axp), min(Bas, Baz) , max(ya1,Yaz), max(Nag, Naz))

= (aa1, Ba1, Ya1,Na1) (10)
Case v: consider ap3 = a1 = a2, Bas = Ba1 = Baz, Yas < Ya1 < Yaz, Nasz < Na1 < Naz,
=~ Equation 1 becomes:

= (max(aaq, aaz), max(Bai, Baz), min(ya, vaz) , min(May, Naz))
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= (x: aa1, Ba1, YA, Na1) (11)
Also, equation 2 becomes;

= (min(aaq, @p3), min(Bay, Baz), max(ya1, vaz) , max(Nai, Naz))

= (aa1, Ba1, Ya1 Na1) (12)
Case vi: consider ap; = ap3 = a1, Baz = Bas = Ba1, Yaz < Yas < Yag, Naz < Naz < Nagy,
=~ Equation 1 becomes:

= (max(aaq, ap3), max(Bay, Bas), min(yas, vaz), min(nas, Naz))

= (aa3, Baz Y3, Nas) (13)
Also, equation 2 becomes;

= (min(ap, aa3), min(Baz, Baz) , max(yaz, Yas) , max(Maz,Nasz))

= (®a3, Baz, Yaz Naz) (14)
In all the above cases, they have duplicate entries of both the right-hand side (equation 1)

and the left-hand side (equation 2); therefore, the distribution law holds for union over
intersection, that is

AV (A AAS) = (A VA A (AL VAS).

b. Similarly we can prove that A; A (A; VAz) = (A; AA) V (A; AA3) as in (a) above.

a. AV (A AAy) = A,

IfA; V(AL AAY)

{{aa1, Ba1, Ya1, Na1) A{az, Baz, Yaz:Na2)}

— < (xa1,Ba1,YA1MA1)
(min(aa1,0p2),min(Ba1,Ba1)max(yas,vai)max(nainas))

A1, , ’ \%
ALV (A AA,) = < (a1, Ba1, Va1, Na1) >

_ maX(OCAp min (otpq, OCAz)) ,max(Baq, min (Bas, BAZ))
max(y A, min (Yas, fXAz)) ) maX(T]Ap min (Nas, T]Az))
= (aAll BAI' Ya1, nAl)
=A;
A, cA V(AL AAY) 1)
If
A.l = (a1, BA}:YAl;T]Al)
in each case if ap; < app, fa1 < Paz,Ya1 < Ya2,Ma1 < Nap OF
aaz < aa1,Baz < BawY a2z < Ya1,Maz < Naz then

A = max(oaq, min (s, apz)), max( Bas, min((Bay, Baz))
17| min(na;, max (Nag,Naz)), min(yas, max(Ya1, Yaz))

(aa1,Ba1,Ya1,Ma1) vV
= <min(O(A1' apz), min(Bag, BA2)>
max(Ya1,Yaz), max(Ma, Naz)

— < (aa1, Ba1, YA, Na1) vV >
{

(a1, Bat, Ya1,Na1) Aoz, Baz, Yaz, Naz)}
=A; V(A AAR)

=>A; cA; V(AL AAY) (2
From equations 1 and 2, we conclude that A; V (A; AAy) = Ay

b. A; A (A1 V A;) = A we can prove it similarly to “a above.

Theorem 5: De Morgan’s law

The following properties of generalised Ambiguous logic are satisfied under the operations
if A; and A, are variables, then:

a.=(A1 VAy) = =4, A=A,
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b. ﬂ(Al AAZ) = —|A1 \ —|A2
Proof:
alf —(A1VAy) =-({aa1, Bar, Ya1Na1) V (@2, Baz, Yaz Na2))
= —((max(aay, daz) , max(Ba, Baz), min(ya1, Yaz) , min(mas, Naz)))
(min(na1,Naz), min(ya1, Yaz) , max(Bai, Baz) , max(aag, az))
= ((Ma1 Yaw Baw @a1) A (Naz, Va2, Baz) @a2))
= =4, A4,
=-A; V-4, C —|(A1 A AZ) (1)
141 A =4z = (a1 Yar Ba1@a1) A (Maz, Yaz, Baz, ®a2))
= (min(na1,Na2), min(ya1, Yaz) , max(Bai, Baz) , max(aay, daz))
= ~(max(aay, asz), max(Bas, Baz) , min(yas, vaz) , min(mas, Naz))
= =({aa1, Bar, Yar Na1) V {@az, Baz, Yaz, Naz))
= (A1 VAy)
=> (A1 VAy)) € -4, N4, (2)
From equations 1 and 2, it has been clearly shown that (A; V A;)¢ = A§ A A$ holds.
Similarly, we can prove that (A; A A;)¢ = A] V A5 asin (a) above. a.(A; V Ay)¢ = AT AAS
If
(A1 V Az) = 7({aa1, Ba1, Ya1 Na1) V (@az, Baz, Yaz, Naz))
= ~((max(aa1, 0a2) , max(Bag, Baz), min(ya1, Yaz) , min(nay, naz)))
= (min(ay,Na2), min(yay, Yaz) , max(Bai, Baz) , max(aay, aaz))
= ((Na1, Ya1 Baw, ®a1) A (Maz, Yaz, Baz, ®a2))
= —|A1 A —|A2
= —|A1 N —|A2 c —|(A1 \ AZ) (1)
If 2A; N =42 = 7(Na1, Va1, Ba1, @a1) A 7Maz, Yaz, Baz, Qa2)
= (min(na1,Na2) , Min(ya1, Yaz), max(Bay, Baz) , max(aay, aaz))
= —~(max(aay, @az), max(Bay, Baz), min(yas, Yaz), min(as, Naz))
= (a1, Bar, Yar, Na1) V (xaz, Baz, Yaz Naz2))
= (A1 VAy)
= —|(A1 V) AZ) C -4, N =4, (2)
From Equations 1 and 2, it is clear that (4, U 4,)? = AS N A
b. Similarly, we can prove that (A; N A;)¢ = A] N A as in (a) above.
Theorem 6: Involution Law:
If A;is a variable under generalised Ambiguous logic, then:
a(-Ay) = Ay
Proof:
If Ay =(aa1,Ba1 Yar Na1)
also =A; = (Na1, Ya, Ba, @) then
(=A1) = =((Ma1 va, Ba @a1))
= (aa1, Ba1, Ya1, NA1)
a(=Ay) €Ay @
let Ay = (a1, Ba1 YaiNa1)
A1 = ~(—(aa1, Bar, Yaina)
~ A C —|(—|A1) (2)
From equations 1 and 2, we conclude that =(—=A;) = A
Theorem 7: In generalised ambiguous positional logic, the following equivalence holds;
i —|—|A1 Ad A1
ii. —|(A1/\A2) — —|A1V—|A2
iii. —|(A1VA2) — —|A1/\—|A2
proof: All the proof is clear from the above properties
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Discussion
Table 5: Comparison Between the operation of Neutrosophic logic and Generalized
Ambiguous logic

S/N Operators Neutrosophic Logic Generalized Ambiguous logic
1 Negation (—) Aty iy f) = (f, 1 — g, ) —A{(aa1, Bar YA, Nar)
) ) . ) = (Ma1 Ya1 Baw ®a1)
2 Conjunction (A) (t1, 11, f1) A (t2,12,f2) A AA = min(nay, ®az), Min(yas, Baz)
= min(t; tz), max(isiz), 1772 7 1 max(Bay, Yaz), max(ay, Naz)
max (f;f;)
3 Disjunction(V) (t1, i1, f1) A (tg, 12, 5) A VAL = max(Maq, 0az), max(ya, Baz)
= max(t; tz), min(isiz), 1772 7 I min(Bay, Yaz), min(oay, az)
min (f;f,)
4 Implication (=) A1(Ty, I, Fy) —n Ay (T, 15, Fy) Al > A=A > A, =-A, VA,
= AL (Ty, 13 Fy) Vi Aa(To, I, F2)

The generalization Neutrosophic Logic (Smarandache, 2025) creates the Introduction of
generalized Ambiguous Logic (GAF-DL), which has four sound membership degrees: truth
membership degree, partially true membership degree, partially false membership degree,
and falsity membership degree which addresses the Problem of inconsistent in indeterminacy
membership degree which was extended to (partially true and partially false membership
degrees) as shown in table 4 above. Therefore, handle incomplete uncertainty in real-world
scenarios and address issues in paraconsistent neutrosophic logic.

Table 6: Comparison between the uncertainty Logic Properties

S/N Properties Fuzzy Neutrosophic logic Generalized Ambiguous Logic
logic
1 Associative laws yes yes yes
2 Distributive Laws yes yes yes
3 Commutative Laws yes yes yes
4 Absorption Laws yes yes yes
5 Involution Laws yes yes yes
6 De-Morgan laws yes yes yes

According to Table 6, the Generalized Ambiguous Logic (GAF-DL) properties with respect to
operators are clearly demonstrated. This shows that the proposed uncertainty logic, GAF-DL,
represents a comprehensive generalization of the multi-valued logical frameworks. Fuzzy
logic can be seen as a special case of a GAF-DL where the degrees of falsity membership,
partial falsity, and partial truth are all zero, and the degree of valid membership is the only
value considered. An intuitionistic fuzzy logic can also be viewed as a constrained version of
a GAF-DL, where the partially true and partially false values are always zero, and the proper
degree and falsity degrees are the residual values of the actual degree and falsity degrees,
respectively. Neutrosophic logic, a closer conceptual predecessor, decouples the degrees of
truth and falsity. Still, the GAF-DL framework extends this by providing a specific, formally
defined dimension of ambiguity separate from indeterminacy. This distinction is critical
because it prevents conflating a lack of knowledge with a multiplicity of valid interpretations.

CONCLUSION

The proposed Generalized Ambiguous Four-Degree Membership Logic (GAF-DL) has
formalized a mathematical system Framework that extends the lineage of four-valued logics,
four-degree membership uncertainty logic, true degrees of membership, partially true degrees
of membership, partially false degrees of membership, and falsity degrees of membership as
a new, distinct dimension for ambiguity. This framework formally distinguishes ambiguity
from other forms of uncertainty, a critical conceptual leap for modeling complex human
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cognition and language. We have also proposed a new set of operators for this framework
and demonstrated how it generalizes and subsumes fuzzy, intuitionistic, and neutrosophic
logics.
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