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ABSTRACT

In this paper we establish some new fixed point results for self-mappings satisfying certain
contractive conditions in the setting of dislocated quasi-metric spaces. Our established
results extend and generalize some existing fixed point results in the literature. We also
provide appropriate examples for the usability of the established results.
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INTRODUCTION

Fixed point theory is one of the most
dynamic research subjects in nonlinear
analysis and can be used to many discipline
branches such as; control theory, convex
optimization, differential equation, integral
equation ,economics etc. In this area, the
first important and remarkable result was
presented by Banach in 1922 for a
contraction mapping in a complete metric
space. Dass and Gupta (1975) generalized
the Banach contraction principle in a metric
space for some rational type contractive
conditions. Hitzler and Seda (2000)
investigated the useful applications of
dislocated topology in the context of logic
programming semantics. Furthermore,
Zeyada et al. (2005) generalized the results
of Hitzler and Seda (2000) and introduced
the concept of complete dislocated quasi
metric space.

Aage and Salunke (2008) derived some
fixed point theorems in dislocated quasi
metric spaces. Similarly, Isufati (2010)

proved some fixed point results for
continuous contractive condition with
rational type expression in the context of a
dislocated quasi metric space. Kohli et al.
(2010) investigated a fixed point theorem
which generalized the result of Isufati. In
2012 Zoto (2012) gave some new results in
dislocated and dislocated quasi metric
spaces. For a continuous self-mapping, a
fixed point theorem in dislocated quasi
metric  spaces was investigated by
Shrivastava et al. (2012). In 2013, Patel
and Patel constructed some new fixed point
results in a dislocated quasi metric space.
In 2014, Sarwar et al. and in 2017 Li et al.
established fixed point results in dislocated
quasi metric spaces.

In the present paper, we establish some
fixed point results in the setting of
dislocated quasi-metric spaces for single
and a pair of continuous self-mappings
which extend and generalize the results
reported in the cited papers.
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MATERIAL AND METHODS
Preliminaries
Definition 2.1. Zeyad et al. (2005): Let X be a non-empty set, and let d : X x X —[1"

be a function satisfying the following conditions:

dy) d(x,x)=0;

d,)d(x,y)=d(y,x)=0, implies that x = y;
d,)d(x,y)=d(y,x) forall x,ye X;

d)d(x,y) < d(x,z)+d(z,y) forall x,y,ze X.

If d satisfies the conditions from d1 tod 4» then it is called a metric on X, if d satisfies
conditions d, to d,, then it is called a dislocated metric (d-metric) on X, and if d

satisfies conditions d, and d,, only then it is called a dislocated quasi metric (dq-metric)

on X

Definition 2.2. Zeyad et al. (2005): A sequence {xn} in a dg-metric space (X ,d ) is

called Cauchy sequence if for all & > 0 there exists a positive integer N such that for all
m,n=>N,we haved(xn ,xm) <& ord(xm ,xn)< E.

Definition 2.3. Zeyad et al. (2005): A sequence {xn} is dislocated quasi-converges (dg-

converges) to X if

limd (x,,x)=1limd (x,x,)=0.

n—>0 n—>0

In this case, X is called a dg-limit of sequence {xn} and we can write

X, —>X as n—»oo,

Dentition 2.4 Zeyad et al. (2005): A dq-metric space (X ,d ) is called complete if every

Cauchy sequence in it is dq-convergent.

Lemma 2.1 Zeyad et al. (2005): A dg-limits in a dq-metric space are unique.
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Definition 2.5. Let (X, d) be a dq-metric space. A self-map 7 : X — X is called

contraction if there exists 0 <k <1 such that
d(Tx,Ty) < kd(x,y)
forall x,y eX.

Theorem 2.1. Zeyad et al. (2005): Let (X ,d) be a complete dg-metric space and let
T : X — X be a continuous contraction function. Then 7" has a unique fixed point in X .

Theorem 2.2. Aage and Salunke (2008): Let (X, d) be a complete dq-metric space and
T : X — X be a continuous self-mapping satisfying

d(Tx,Ty) < B [d (x,Tx)+d (y,Tv)]

1
forall x,y eX,whereQ)< f8< E .Then T has a unique fixed point.

Theorem 2.3. Aage and Salunke (2008): Let (X, d) be a complete dq-metric space and

T:X — X be a continuous self-mapping satisfying
d(Tx,Ty) < ald(x,y)+a2d(x,Tx)+a3d (y,Ty)

forall x,y €X,wherea,,a,,a, €[l "and 0<a, +a, +a, <1. Then T has a unique
fixed point.

Theorem 2.4. Shirvastava ef al. (2012): Let (X ,d ) be a complete dg-metric space and
T : X — X be a continuous self-mapping satisfying the following condition:

d(x,Tx)d(y,Ty)
d(x,y)
forall x,yeX satisfyingd(x,y) #0, wherea,,a, €[] "and 0 <a, +a, <1.Then

d(Tx,Ty)<ad(x,y)+a,

T has a unique fixed point.

Theorem 2.5. Shirvastava ef al. (2012): Let (X ,d) be a complete dg-metric space and
T : X — X be a continuous self-mapping. If

d(x,Tx)d (y,1)
d(x.y)
+a4[d(x, Ty)+d(y, Tx)]

d(Tx,Ty)<ad(x,y)+a, +ay[d (x,Tx)+d (y,Ty)]

forall x,yeX satisfyingd(x,y) #0,where q,,a,,a;,a, €1 " and

0<a, +a,+2a,+2a, <1, then T has a unique fixed point.
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Theorem 2.6. Zoto et al (2012): Let (X ,d ) be a complete dq-metric space and

T : X — X be a continuous self-mapping. If
d(x,Tx)d (y,T)
d(x,y)
+a4[d(x,Ty)+d(y,Tx)] +ad (x,Tx)+d(x,y)]

d(Tx, Ty) < ald(x,y)+a2

+ay[d (x,Tx)+d (y,Ty)]

forall x,y € X satistying d(x,y) #0,where q,,a,,a;,a,,a, €1" and

0<a, +a,+2a,+2a,+2a, <l,then T has aunique fixed point.

Theorem 2.7. Panthi ez al. (2013): Let (X ,d ) be a complete dq-metric space and
T : X — X be a continuous self-mapping. If

d(x,Tx)d (y,Ty)
d(x,y)

+a4[d(x, Ty)+d(y, Tx)] +ad (x, Tx)+d(x,y)]
+a6[d(y,Ty)+d(x,y)]

forall x,y e X satisfyingd(x,y) #0,where q,,a,,a,,a,,as,a, €[] " and

d(Tx,Ty)<ad(x,y)+a,

+a3[d(x,Tx)+d(y,Ty)]

0<a,+a,+2a,+4a,+2a,+2a, <1, then T has a unique fixed point.

Theorem 2.8. Li ez al. (2017): Let (X, d ) be a complete dq-metric space and
T : X — X be a continuous self-mapping. If

d(x,Tx)d (y,Ty)
d(x.y)

+a4[d(x, Ty)+d(y,Tx)] +ad (x, Tx)+d(x,y)]

+ag[d (y, Ty)+d(x,y)] +a,[d (x, Ty)+d(x,y)]

forall x,yeX satisfyingd(x,y) #0,where a,,a,,a;,a,,as,a,,a, €17 and

d(Ix,Ty)<ad(x,y)+a,

+a3[d(x,Tx)+d(y,Ty)]

0<a,+a,+2a,+4a,+2a,+2a,+3a, <1.Then T has a unique fixed point.

Theorem 2.9. Patel and Patel (2013): Let (X, d ) be a complete dq-metric space and

T : X — X be a continuous self-mapping satisfying
d(Tx, Ty) <ad (x,y)+a2d (x,Ty)+a3d (y,Tx)+a4[d (x,Tx)+d(y,Ty)]

+as[d (x, Ty)+d(y, Tx)]
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forall x,y € X,whereq,,a,,a,,a,,a;€l]* and 0<a, +a, +a, +2a, +2a, <1.

Then T has a unique fixed point.

Theorem 2.10. Aage and Salunke (2008): Let (X, d) be a complete dq-metric space and
S,T: X — X be two continuous self-mappings satisfying

d(Sx,Ty)<ad(x,y)+ad (x,5%)+a,d (y,T)

forall x,y €X,wherea,,a,,a, €[] and 0<a,+a, +a, <1. Then S and 7T have
a unique common fixed point.

Theorem 2.11. Sarwar et al. (2014): Let (X, d) be a complete dq-metric space and
S,T: X — X be two continuous self-mappings satisfying

d(Sx,Ty) Sald(x,y)+azd(x,Sx)+a3d(y,Ty)+a4[d(x,Sx)+d(y,Ty)]
+a5[d(x,Ty)+d(y,Sx)]
forall x,y €X,whereq,,a,,a,,a,,a;€l]* and 0<a, +a, +a, +2a, +2a, <1.

Then S and 7 have a unique common fixed point.

Theorem 2.12. Li et al. (2017): Let (X ,d) be a complete dq-metric space and
S,T: X — X be two continuous self-mappings satisfying

d(Sx,Ty)Sald(x,y)+azd(x,Sx)Jra3d(y,Ty)+a4[d(x,Sx)+d(y,Ty)]
+as[d(x,Ty)Jrd(y,Sx)]+a6[d(x,Sx)+d(x,y)]
forall x,y € X,whereq,,a,,a,,a,,as and a, €[] and
0<a +a,+a;+2a,+4a,+2a,<1.

Then S and 7 have a unique common fixed point.

RESULTS AND DISCUSSION

Theorem 3.1. Let (X, d) be a complete dislocated quasi metric space and T : X — X be
a continuous self-mapping satisfying the following condition:
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d(x,Tx)d(y,Ty)

d(x.y)
+a4[d(x, Ty)+d(y, Tx)]+a5[d (x, Tx)+d(x,y)]
+a6[d(y,Ty)+d(x,y)]+a7[d (x,Ty)+d(x,y)]
+a8[d(y,Tx)+d(x,y)]

a’(Tx,Ty)Sald(x,y)Jra2 +a3[d(x,Tx)+d(y,Ty)]

forall x,y e X with d(x,y)¢0,whereal,az,a3,a4,a5,a6,a7,a8 > 0and

0<a +a,+2a,+4a,+2a,+2a,+3a,+3a; <1.Then T has a unique fixed
point.
Proof: Let X, € X and define a sequence {X,} in X as follows:

Ix =x _, forn=0,1,2,3,... ,whered(xn_l,xn);t().Set xX=x,andy=x,.

n n+l
2

By using (1), the triangle inequality and d (xn ,xn) <d (xn_1 X, ) +d (xn "xn+l)

we have

d(x, T )d(x, )
d(x,]
rafd(n T J+d (x, T vadd(x T )+d(x 0, )]

rad (x, T J+d(x o JJad(x, T ) +d(x )
rafd(x, T )+d(x )]
d(x,_,x,)d(x,,x,,)

n—1°>"n

a’(x x)

n—1°>"n

+a,ld (xn_l,Txn_l)+d (x I, )]

n+l n-12"n n

d(x,x,,)=d(T I, ) <ad(x, 3, 40,

+a,[d (xn_l,xn ) +d (xn,xn+1 )]

= ald(xn_l,xn ) +a,

+ a4[d(xn_1,xn+l)+ d (xn,xn )] +a,d (xn_l,xn ) +d (xn_l,xn )]
+agd (x,,x,,, ) +d (x_,x, )] +a,[d (x, . x,..)+d(x,.x, )]
+a8[d(xn,xn)+d(xn71,xn)]

< (a+a,+2a,+2a5+a,+2a,+2a;)d (x, ,x,)
+(a, +a,+2a, +as+a, +a8)d(xn,xn+1).

Hence, we have:

(1)
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a,+a,+2a,+2a,+a,+2a, +2a,
d(x,,%,,,)< : ! d(x,,x,)
1—( a, +a,+2a,+ag+a, +a8)

n-1>"n)*

Let

Lo 4ta +2a, +2a,+a, +2a, +2aq
1—( a,+a,+2a,+as+a, +a8)
Clearly, 0 < A <1,since0<q, +a, +2a, +4a, +2a, +2a, +3a, +3a, <1.
So,
d ()cn,)cn+l ) S/la’(x,H , X, )
Similarly,
d(x,H )X, ) <Ad (xnfz,xnfl )

Thus
d(x,,x

n+l

2
)<A%d(x,,,x, ).
Continuing the same procedure, we get
d(x,,x,,)<A"d(x,,x).
Now, for any m,n €[] with m > n, using the triangle inequality, we get

d(x,,x,)<d(x,,x,.)+d(x,..%,.,)+..+d(x,,x,)

m=1°"m
<A (xy, %, )+ A" (X0, %, )+ oo+ A" (X, X, )
= (A" + A"+ + L+ 2" (x4, x))

n

A
< 1_}bd()co,xl).

N
For any & > 0, we can choose a positive integer /N such that, —/1 d ()CO,)C1 ) <e.

It follows that for any m,n > N, we have

A" AN
_ﬁd(xo,xl) < Ed(xoax1)<5-

n’>"m

d(x x)S

This shows that {xn} is a Cauchy sequence in a complete dislocated quasi metric space

(X ,d ) So, there exists # € X such that lim X, =u.Since T is continuous, so we have

n—0

Tu=T(limx,) =lmT(x,)=limx,,, =u.

Hence, U is a fixed point of 7.
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Uniqueness: Suppose that 7" has two distinct fixed points ¢ and V. Condition (1) implies
that d(u,u) = Oandd(v,v) =0.

If d (u,u) > 0 and d(v,v) > 0, then by condition (1) we have
d(u,Tu)d(u,Tu)
d(u,u)
+a4[d(u,Tu)+d(u,Tu)]+a5[d(u,Tu)+d(u,u)]
+a6[d(u,Tu)+d(u,u)]+a7[d(u,Tu)+d(u,u)]

+a8[d(u,Tu)+d(u,u)]

= (a,+a,+2a,+2a,+2a, +2a,+2a, + 2a)d (u,u) < d (u,u),

d(u,u) :d(Tu,Tu)S ald(u,u)+a2 +a3[d(u,Tu)+d(u,Tu)]

Since, a, +a, +2a, +2a, +2a, +2a, +2a, + 2a, <1, which is a contradiction.

Hence, d(u,u) =0.

Similarly, d(v,v) =0.

To show d(u,v) =d(v,u) =0 using condition (1) we have

d(u,Tu)d(v,Tv)
a’(u,v)

+a4[d(u,Tv)+d(v,Tu)]+a5[d(u,Tu)+d(u,v)] 2)

+ad (V,Tv) + d(u,v)] +a,[d (u,Tv) +d (u,v)]

+a8[d(v,Tu)+d(u,v)].

d(Tu,Tv)<ad(u,v)+a, +a;[d (u,Tu)+d (v,Tv)]

Finally, from (2) we get:
d(u,v)<(a,+a, +as+a, +2a, +ay)d (u,v)+(a, +ay)d (v,u). 3)

Similarly, we have:
d(v,u)<(a,+a,+as+as+2a, +ag)d (v,u) +(a, +ay)d (u,v). “)

Subtracting (4) from (3) we have:
|d(u,v)—d(v,u)| < (a,+as+ag +2a7)|d(u,v)—d(v,u)| . &)

Since 0< (@, +as +a, +2a,) <1, so the inequality (5) is possible if
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d(u,v)—d(v,u)zo. (6)

Taking equations (3), (4) and (6) into account, we have d (u, v) =0 and d (v,u) =0.
Thus by condition (d,), # =V. Hence T has a unique fixed point in X.

Example 3.1. Let X =[0,1] with a complete dq-metric defined by

X
d (x, y) = | x|,forall x,y € X and define a continuous self-mapping 7' by Tx = 5

With

ala—la—la—la—la—la—l 1
gt 1277 147t 3277 2000 167 18 P24
T satisfies all the conditions of Theorem 3.1 and x = 0 is the unique fixed point of 7" in

X.

Remarks: In the Theorem 3.1:

If ay =0, then we get Theorem 2.8.

If a,= a, =0, then we get Theorem 2.7.

If a;=a, = ay =0, then we get Theorem 2.6.
If a; =a,= a, = a; = 0, then we get Theorem 2.5.

If a,=a,=a;=a, =a, =a, =0, then we get Theorem 2.4.
In the following we prove a common fixed point result.

Theorem 3.2. Let (X, d) be a complete dq-metric space and S,7 : X — X be two
continuous self-mappings satisfying
d(Sx,Ty) < ald(x,y) + azd(x, Sx) +a,d (y,Ty) +a,ld (x,Sx) +d (y,Ty)]
+ag[d (x, Ty) + d(y, Sx)] + a6[d(x, Sx) +d (x,y)] +a,[d (y,Ty)+ d (x,y)]
)

forallx,y € X, where a,,a,,a,,a,,a5.a,,a, €] " and
0<a +a,+a,+2a,+4a,+2a,+2a, <l.

Then S and T have a unique common fixed point.

Proof: Let x, € X, we define a sequence {X,} in X as follows:
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Sxy =x,, Sx; =%,, ..., X, =X,,,

and
Ix, =x,, Tx, =x;, ..., Ix,, | =x,,

For all nel] wehave

d ('x2n+l s X2 ) =d (szn > Tx2n+l )

By using (2), the triangle inequality and d (xn , X, ) <d (ans X, ) +d (xn ,xml)
We have,

d ()CZ,,+l 3 X500 ) =d (LS‘xz",T)CZn+1 )
<ad(x,,,x,,.)+a,d (xzn , 8%, ) +a,d (sz1 ,Ix,, )
+a,[d (xz,l, Sx,, ) +d (xzm, Tx, ., )] +a,ld (xz,l, TIx,,,, ) +d (xml, Sx,, )]
+ad (xzn , %, ) +d (xzn 3 X1 )] +a,[d (xz”+1 ,Ix,, ) +d (xz,l 2 X000 )]
=ad(x,,,x,,,,)+a,d (xzn Xy ) +a,d (x2n+1, x2n+2)
+a,[d (xz,l, Xy )+ d (xzn+1 2 X500 )] +a,[d (x2n, Xy00 ) +d (xbHl 3 X1 )]
+ag[d (xZn, X1 ) +d (xZn Xy )] +a,[d (xzn+1 3 Xy n ) +d (xZn 3 Xy )]
<(a,+a,+a,+2a,+2a,+a,)d (xz,,, Xy )+ (a;+a,+2a,+a,)d (xz,m, Xyi0 ),

which implies that:

(a,+a,+a,+2a;+2a,+a,)
(I-a;+a,+2a;+a,)

d (x2n+l s Xope2 ) < d ('x2n s Xopt1 )

Let

14 +a, +a, +2a,+2a,+a,
1-(a,+a, +2a5+a,)

Clearly, 0< A <1,since 0< q, +a, +a, +2a, +4a, +2a, +2a, <1.

So,
d ('x2n+1 >Xoni2 ) <Ad ('x2n > X011 )
Similarly,
d (xln > x2n+1 ) S /Id (x2nfl > x2n )
Thus

d (x2n+l > x2n+2 ) S ﬂ’zd ('x2nfl > x2n )
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Continuing the same procedure, we get

d(x,,%,,)<A"d(x,,x).

Now, for any m,n €[l with m > n, using the triangle inequality, we get

d(xn,xm ) Sd(xn,xn+1)+d(xn+1,xn+2)+...+d(xmfl,xm)
<SA'd (xp,x, )+ A" d (x,x,)+ o+ A" 7d (x,, x,)
= (A" + A+ A 4 L+ A" (%), x,)

n

A
< 1_/1cl(x0,xl).

N
For any & > (), we can choose a positive integer /N such that, nd (xo, X, ) <e.

For any m,n > N, we have
n N

A A
_Zd(xo,xl) < nd(xo,xl)<£.

d(x,,x,) <

This shows that {x,} is a Cauchy sequence in a complete dislocated quasi metric space

(X ,d ) So, there exists # € X such that lim x, = u. Also the sub-sequences {X,, } and

n—»o0

{'xZn .1 ) converge to U. Since T is a continuous mapping, therefore

limx,,,, =u=1m7x, , =Tu=limx,, , =Tu

n—0 n—x0 n—>0

Hence,

Tu=u.
Similarly, taking the continuity of S, we can show that Su =u. Hence u is the common
fixed point of S and 7.

Uniqueness: Suppose that .S and 7 have two distinct common fixed points ¢ and V.

Consider
d(Su,Tv) <ad (u,v)+a2d(u,Su)+a3d (V,Tv)+a4[d (u,Su)+d(v,Tv)]
+ag[d (u, Tv)+d(v,Su)] +agld (u,Su)+d(u,v)] +a,[d (v,Tv)+d(u,v)]
3)

Since # and V are common fixed points of S and 7, condition (2) implies that
d(u,u) = Oandd(v,v) =0.
Finally, from (3) we get
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d(u,v)<(a,+as+ag+a;)d (u,v)+(as)d (v,u). “)

Similarly, we have:

d(v,u)S(al+a5+a6+a7)d(u,v)+(a5)d(u,v). 5
Subtracting (5) from (4) we have
|d(u,v)—d(v,u)| < (a,+aq +a7)|d(u,v)—d(v,u)| . (6)

Since 0< g, +a, +a, <1, so the above inequality (6) is possible if
d(u,v)—d(v,u):O. (7

Taking equations (4), (5) and (7) into account, we have d (u, v) =0 and d (V, u) =0.

Thus by condition (d,) we have u =v. Hence S and 7 have a unique common fixed

point in X

Example 3.2. Let X =[0,1] and a complete dgq-metric defined by

d (x, y) = |x ,for all x,y € X and define a continuous self-mappings S and 7' by
Sx=0.Tx=".
8
With a la 1a 1a 1a la landa !
1 :—’ :—’ :—’ :—’ :—’ = — :—’
gt 127 160t 187 3270 20 724

S and T satisfy all the conditions of Theorem 3.2 and x = 0 is the unique common fixed
point of S'and 7 in X.

Remarks: In the Theorem 3.2:

If a, =0, then we get Theorem 2.12.

If a;=a, =0, then we get Theorem 2.11.

If $=T and a,= a, =0, then we get Theorem 2.9.
Ifa,=a;,=a,=a, = 0, then we get Theorem 2.10.

If $=T and a, =as =a,= a, =0, then we get Theorem 2.3.

If §S=Tand a, =a, =a, =a; =a, =a, =0, then we get Theorem 2.2.
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CONCLUSION

The derived results extend and generalize
theorems from Theorem 2.2 to Theorem
2.12 in the setting of dislocated quasi
metric spaces.
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