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Abstract

A numerical method based on finite difference scheme with uniform mesh is presented
for solving self-adjoint singularly perturbed two-point boundary value problems. First,
the original problem is reduced to its conventional form and then, the reduced problem
is solved by using sixth order stable central difference method. To demonstrate the
applicability of the method, numerical illustrations have been given. Graphs are also
depicted in support of the numerical results. The stability and convergence properties of
the method have been examined. The method approximates the exact solution very well
and gives more accurate solutions than some methods found in the literature.
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INTRODUCTION

Self-adjoint singularly perturbed
differential equation is a differential
equation that has the same solution as its
adjoint equation in which the highest order
derivative is multiplied by a small positive
parameter (Delkhon and Delkhosh, 2012;
and Miller et al., 1996). Problems related to

self-adjoint singularly perturbed
differential equations arise frequently in
diversified fields of applied mathematics
and engineering, for instance, fluid
mechanics, elasticity, hydrodynamics,
quantum mechanics, plasticity, chemical-
reaction theory, aerodynamics, plasma
dynamics, rarefied-gas dynamics,
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oceanography, meteorology, modeling of uniformly  convergent second order
semiconductor devices, diffraction theory, accurate difference schemes, whereas

reaction-diffusion processes and many
other allied area (Kadalbajoo and Kumar,
2008). As a result, studying self-adjoint
singular perturbation problems became the
part of contemporary mathematical circles.
In connection to this, there are some
numerical methods suggested by various
authors for solving self-adjoint singular
perturbation problems. Namely, initial
value technique (Mishra et al., 2009),
quintic spline method (Rashidinia et al.,
2010), non-polynomial spline functions
method (Tirmizi et al., 2008), difference
scheme using cubic spline (Rashidinia et
al., 2005), finite difference method with
variable mesh (Kadalbajoo and Kumar,
2010), fitted mesh B-spline collocation
method (Kadalbajoo and Aggrwal, 2005)
etc. Further, Niijima, (1980a, 1980b) gave

Description of the Method

Miller, (1979) gave sufficient conditions
for the uniform first order convergence of a
general three point difference scheme.
However, the order of convergence of these
methods does not exceed quadratic
convergence. Moreover, classical
computational approaches to singularly
perturbed problems are known to be
inadequate as they require extremely large
numbers of mesh points to produce
satisfactory solutions and this is very
costly, and time consuming method (Farrel
et al., 2000).

In this paper, we have presented a
numerical method which is more accurate,
which gives good result for reasonable
number of mesh points, stable and easily
adaptable for computer use.

Consider the following self-adjoint singularly perturbed equation of the form:

—e(P(X)y ) +a(x)y(x) = f(x);
with the Dirichlet boundary conditions,

yO)=a, yQ) =7

O<x<1 1)

@

where & (0 <& <<1)is a small parameter; «, [ are given constants and pP(X)

q(x) and f(x)are assumed to be sufficiently continuous differentiable functions with
p(x) #0. To describe the method, we divide the interval [0,1] into N equal

subintervals of mesh length h. Let 0 = X, X;, X,, ...

we have X, = X, +ih, 1=0,1,2,...., N

, Xy =1 be the mesh points. Then,

Using integration by part, dividing both side of Eq. (1) by &p(X) and evaluating at the

point X; , we obtain:
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=y (%) +a(x)y' (%) +b(x) y(x) = c(x) ®
_ TP a(x) fx)
where a(x;) = D00 b(x,) = 2p(x) and c(X;) = p(x)

For the sake of simplicity, let us denote the values of the foIIowmg terms at nodal points
as:a(x)=a, b(x)=h,c(x)=c;, y(x)=y, y(x)=y/ an y© (%) =y
Thus, Eq. (3) can be re-written as:

—yi+ay +by, =¢ 4
Assuming that Y(X) is continuously differentiable in the interval [0 1] and applying
Taylor’s series expansion for yi” and y; , we obtain:

W it e e
Viw = Vit ey ey Yy ey

2! 3! 41 5I 6I
X 8 ®)
9
S0P o)
h? h® . h' h? h®
Vi =Y g T
(6)
h’ U] h ) 9
ﬁ Yi "’a it O(h )
Then, from Egs. (5) and (6), we obtain:
Yiaa—Yia h? h y(s)
=y " =1 4T 7
Y 2h 6 120 ' * @
Yia—2Yi+tVYiy W (4) ! (6)
= —— VvV ——Vy T +T 8
! h? 20 T30t T ®
6,,(7) 6
where T, =-— Ny, and T,=— y®
5040 20160
Substituting Eqs (7) and (8) into Eq. (4) for the derivatives, we obtain:
1 2 a, a h2 ",
_F_ Zh Yiat h2 —t b Yy + 2h h Yin———Yit
9)

h @ _ah' 5 h
A y| yl( : Rl
120 360

where: T3 =T,-aT,
Differentiating both sides of Eq. (4) successively and rearranging, we obtain:

"=ay/+(a +b)y +by; —c (10)

Yi(e):Ci +T,
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yi = (af +3a/+b ) y/+(aa +ab +a/+2b)y +
(ab'+b")y,—ac/ —c”
Y =(a’a) +a’b, +aa/+2ab+3a” + 4al, + b7 + a"+30")y, +
(@’ +5aa +2ab +3a’+3b")y" +
(a’hy +ab+3aly +bb/+b")y, — (a7 +3a/ +b; )¢/ —ac/—c/"
y'® =(a* +9a%a +3a’h +9aa’+7ab’+8a’ +6ab +
b? +4a+6b")y"+ (afa{ +a’b +a’a’+2a’h + 7a.a” +
9aba’ +2ab’ +aa"+3ab"+10aa’+12ab/ + 7ha” +
Bbb; +a'* +4b" )y, + (a’b) + a’+ 7a.al! + 2abb +
al"+ 4alb/+ b+ 6b/a+ 4b” +b(*)) y, - (a° + 7a.a) +

2ab, +6a’+4b/)c/ — (a2 +4a/ +b)c'—ac"—c!

Substituting Egs. (10) - (13) into Eqg. (9) and rearranging, we obtain:

(11)

(12)

(13)
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1 a 2
——— ")y  +(—=+b
h2 2h)yl—1 (hz I

1h 2 2 4
S L LLLL Py L P
T 120

3
i

b/ +a’b’+7a,ab/ + 2abb/ +

4
ab+ 38! + by +b7) + 1 (a ahb
360
aby"+ 4al/+ b+ 6b/a/+ 4b?2 + by, + (% - h—lz) Yoo+
2 2 4
ah (a/+b)+ h—(aiai’ +ab +a'+2b)- ah” (a%al +a’b, +
6 12 120

(-

4
aa/+2ab'+3a” +4ab, +b’ +a+3b) + % (a’a/+a’b +

a’a’+2a’h +7aa” +9aba’ +2ab’ +aa’"+3ab” +10a/a’+

a’h® h?
12alh + 7b,a/+6bb! + a* + 4b")y! + (- FEAET) (a2 +2a) +
a.-h4 3 ’ " ' h4 4 2.1
b)—-———(a’ +5aa +2ab, +3a'+3b )+——(a'+9a/a +
120 360

3a’h +9aa’+7ab’+8a” +6ab +b’ +4a"+6b)y’ = c +

ah®> ah*, , h*
—J_—__(a’+3a/ +b )+—(a’+7aa +2ab +6a’+
( 12 120 ( i i |) 360( i i i i (]_4)

2 21,4 4 4
e+ (L _&h h (a2 + 4]+, ))c/+ (- ah”
12 120 360 120
4 4
EﬁL&cﬁ+Jl— N
360 360
Further, the Taylor series second order approximations of first and second
order derivatives of Yy, are given as:

r_ Yia T VYia

= T 15
Yi on (15)

” i+l 2 i T Yio
yi — y 1 h¥ y 1 (16)

Substituting Egs. (15) and (16) into Eq. (14), we obtain:
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1 a ah h s
—— 14+ (a/+b)-——(aa +ab +a’+2b’
( h2 2h+12(|+|) 24(II+ ||+ |+ |)+

a;h
240

(ala +

h3
a’b +aa’+2ab’ +3a’ +4ab +b’ +a"+3b) - —(a’a +a’h +
720

a’a’+2a’b/ +7aa’ +9abal +2ab’ +aa’+3ab’+10a/a"+

2
12ab’ + 7ha"+ 6bb +al*) + 4py — 3 ¢ i(aﬁ +2a/+b )
6 12

ah’ h?
- (a’ +5a,a +2ab +3a’"+3b") 30 (a' +9a’a’ +3a’h, +9aa+

2 abh’
74 +8a" + Balb, +bf + 42"+ 60))y, 1 + (0 + - - alllz n
bh* ah h*
- ?20 (a7t + 3aib] + b+ b + ) + — (@b + b+

7a.a)b; +2a,0,b +ab"+ 4aib+ bb!+ 6b/a + 4b? +b*)) +

17171
2 2
a1 ah
—'——(aiz +2a +h, )+'—(ai‘°’ +5a,a +2ahb, +3a+3b’) -
3 6 60
h2
50 (a' +9a’a’ +3a’b. +9aa’+7ab +8a” +6ab, +b’ +

1 a ah h
4a"+6b"))y, + (——+—-——(a +b )+ —(aa +ab +a"+
1 I’))yl ( h2 2h 12 ( 1 I) 24( 1771 11 1

ah?
2b/) -——(a%a/ +a’b, +aa’+2ab +3a’ +4ab +b’ +a"+
240
h3
30+ —(a’a +a’
720

b, +a’a’+2a’b/ +7a,a” +9aba’ +2ab’ +

2
a
a,a"+3ab’+10a/a’+12ab + 7h,a/+ bbb’ +al*) + 4p" ) - E +

1 ah?
—(ai2 +2a) +D )—'— (a’ +5a;a +2ab+3a’+30)) +
12 120

h2
30 (a' +9a’a’ +3a’b, +9aa’+7ab +8a” +6ab, +hb’ +4a"+

(17
ah® ah’

6b")y.,, =¢; + (——-—
DYia =6+ 12 120

h4
(ai2 +3a + bi)+—(ai3 +7aa +
360
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h2 _2h4 h?
-QqQ+6¥+4w»q+b——a' +——(a’ +4a +
12 120 360
ah* ah’ h*

AT S L UR ORI O

et 00 36077 T300 S T
Eq. (17) can be written as the three- term recurrence relation of the form:

-Ey,+Fy,-Gy.,=H, i=123 .., ,N-1
where:
1 a ah, , h , y ,

3

240

720

a.a"+3a,b" +10a/a/+ 12aby + 7h,a!+ by +a*) + 4b" )+

a2

6 12
2

360
N2 "n.2 4
= =bi+£2—aib‘h +bih _ah
h 12 12

4

h3
— (afa{ +a’n +a’a’+2a’b/ + 7aa’® +9ab.al + 2ab’ +

(18)

ﬂ(ai2 a/ +afb, +aa/+2ab; +3a” +4ajb, +b? +a+3b/ )+

2
——i(ai2 +2a/ +bi)+%(ai‘°’ +5a,a/ +2ab. +3a/+ 3bi')—

h—(ai“ +9ata] +3a]; +9a;a] + Tab +8a” + 6aly; +b7 +4a"+6h )

2

(@%b +3alh + b+ b+ b) + o -
120 3

1 h
—(af +2a +h, ) +——(a’b’ +a’b"+7aab’ +2abb’ +a b"+ 4ab+
6 360

2

h
bb'+6ha’+4b” + b)) + aé—o (af +5aa’ +2ab +3a’+ 3bi’) -

2
—(a +9a’a/ +3a’
180

b +9aa’+7ab’+8a” +6ab +b’ +4a"+6b)
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"The on 12
3
a
ZIT,O (aizai' +a’b +aa’+2ab'+3a’ +4ab +b’+a"+3b") -
3
—(af’ai +a’h +a’a’+2a’h/ +7a.a” +9abal +2ah’ +
720

'
i

1 & a,_h( +bi)_%(aiai'+aibi+ai”+2bi’)+

2
a:
8,8+ 3ab"+10a/a’+12ab/ + 7Th.a’+ 6b,b + ai(4) +4b™) + ?' -

1 ! a'h2 ’ " ’
—(ai2 +2a eri)Jrl'Z—O(ai3 +5aa +2ab, +3a’+3b’ )—

hZ
3—(ai4 +9a’al +3a’b, +9a.a’+ 7ab/ +8a” +6alb, + b’ +4a"+ 6b)

2 4 4
H,=c¢ +(—ﬂ—ﬂ(ai2 +3ai’+bi)+h—(ai3+7aia{+
12 120 360

2a.b +6a/+4b))c! + (h—z— ah’ +i(a2 +4a +b )c”+
11 1 1 1 12 120 360 1 1 1 1

ah® ah* .
- + )ci Ci
120 360 360

(

Eq. (18) gives us the tri-diagonal system and we solved the system by using the

well-known algorithm known as Thomas Algorithm (Fasika et al., 2016).

Stability and Convergence Analysis

30

Definition (Keller, 1968): The linear difference operator L, is stable if, for sufficiently

small h  there exists a constant k, independent of h, such

that‘vj‘ < k{ max( Vol [V )+ max | L, v;| L, 1=012,..,N foranymesh

I<i<N-1
function { V. }N
J j:0

Theorem: under the assumption b(X, )= >0 for positive constant 6,
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(-a’ +2a/ +b, +4a’a) +a’h, +6a/a’ + daj +8a” +
Galb +bdan ) 50
—a’ +2a/ + b +4a’a +a’h, +6a/a’+4ab +
8a/? +6alb. +hb? +4a"+ 6b’
—a.a/ —ab +a+ 20 +4aa’” +5aab +ab’ +

10a,a]+12a;b; + 7Tha/ + 6bib; +a*) + 4b”

h < min

1
The linear difference operator of Eq. (18) is stable for k = max {1, 5}

Proof:
Let L, () denoted the difference operator on left side of Eq. (18) and W, be any mesh
function satisfying:

L, (w,)=H, (19)

If the MaX | W; | occurs for i =0 or i= N then definition holds trivially. Since k >1
S0 assume that max| W, | occurs for 1 =1,2,...N —1 under the given assumptions
E >0.,G,>0,F>E+G and|E[<|G|

This implies the tri-diagonal system in Eq. (18) is diagonally dominant and its
solution exists and is unique. Then by rearranging the difference Eq. (18) and using
the non-negativity of the coefficients, we have:

F| W | < E;| wiy|+ G| wy,| +| Hi|

i+l
= R|w[<E|w_|+G]|w

i+1

|+|Lh Wi| (20)

since b(X,)=6 isa constant and by assumptionb’(x, ) = 0.
Thus, from Eqg. (18) we have:
2 h?
F = %.Fa_'_l(af +2a/ +b, ) L& (ai?’ +5a,a] + 2a;b; +3a{’)
h 3 6 60

2
_ETO(af +9a’a/ +3a’h, +9a,a’+8a/” +6ah, +b? + 4aim)+ o

Now, using the fact that,
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2 2
E, +G; =£+a—‘—1(a-2 +2a-’+bi)+ ah (ai‘°’+5aiai’+2aibi +3ai")
h 60

—~ %(a{‘ +9aa] +3a’b; +9a;a] + 7a+8a/” + 6ajb; + b7 +4a" )
and Eg. (20), we get:
[%+%‘2—%(af +2a + bi)+at‘3—rc])2(ai3 +5aa’ +2ab +3a") -
%(a{‘ +9a’a +3a’h. +9a.a+8a” + 6ab +b? + 4ai’") + (21)

11w < E,w, |+ G, w,, |+ |L,w,

<(E, +G;) max |w,|+ max |L,]|

1<k<N-1 1<k<N-1
Since the inequality in Eq. (21) holds for every| , it follows that:
2 2 2
% L —i(ai2 +2a/ +b, ) +ﬂ(ai3 +5a,al +2a,b, + Sai”)— h @+
h 3 6 60 180
2
9a’a/ +3a’b;, +9a,a/+8a/? + 6a/b, +b? + 4a) + 0] _max 1\wi |< h_22 + a?‘ —
1 2 ’ aihz 3 ’ " h2 4 247
s (a7 +2af +b) + 60 (&7 +58;a] + 2a;b; +3a") — 180 (& +9a°a] +

3a7b; +9a;a/ +8a/ + 6a/b;, + b7 +4a)] max |w, |+ max | Lyw,]|
1<k<N-1 1<k<N-1

This implies & max | w;|< max | L, w,|
1<i<N-1 1<k<N-T

1 1
Hence, max | w;[ < glgrPg'i(_l| LyW,| < g{max(j Wo|,| Wy | )+1%1| L,w,| }

Therefore, | W; | < k{rqu W, | Wy | )+K@NX_1| LW, | } o where Kk :%
Hence, Lh is stable and this implies that the solution of the system of the difference
Eq. (18) are uniformly bounded, independent of mesh size h and the parameterz.
Hence, Eq. (18) is stable by definition of (Keller, 1968).

Corollary: Under the conditions for the theorem, the error €; = y(xi )— Y; between

the solutions of y(x) of the continuous problem and Y; of the discrete problem,

with boundary conditions satisfies the estimate

le|= k]sigrral\l)S1|Ti| (22)

hG
20160

a;h®

where T =
5040

‘yi(g)‘ + ‘ yi(7)‘ is the truncation error and
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max { =y ) v}

I 1<X<X-+1 20160 %i 1<X<X 5040
Proof: under the given conditions it is clear that the error €; satisfies

L,(&)=Ly(y(x)-y)=T;,i=12..N -1

Then from above theorem, the stability of Lh implies that

ly(%)-vi |=|e] <k rlrl%xl|T| (23)
Hence the estimate in Eq. (22) establishes the convergence of the scheme for the fixed
value of the perturbation parameter & .

Numerical Examples and Results

To validate the applicability of the method, three model examples of second order
self-adjoint singular perturbation problems have been considered.

Example 1. Consider the following self-adjoint singular perturbation problem
(Kadalbajoo and Kumar 2010):

- )4(1+f(x+1>)—f<x) 0<x<1

with boundary conditions y(O)z 2, y(l): -1 and f(x) is chosen, such that the exact

4 ) X Sﬂexpiﬁ_(iil)] ) eXpG?lB

X+1 1_@@(—1}
Je

The numerical solutions in terms of maximum absolute errors are given in Table 1
for different values of the perturbation parameter £ and N, and its graph is also

given in Figure 1.
Table 1: Maximum Absolute Errors for Examplel

_((Iy"_'_

solution is given by y(x) = —cos(

N = (1/N )0.25 = (1/ N )0.5 o= (1/N )0.75 e (1/ N )1_0

Our Method

16 2.9718E-04 4.9658E-04 8.9268E-04 1.7181E-03
32 2.0905E-05 4.1607E-05 9.0798E-05 2.3653E-04
64 1.4884E-06 3.4999E-06 9.8228E-06 3.9036E-05
128 1.0650E-07 3.0026E-07 1.1659E-06 7.4775E-06
256 7.6403E-09 2.6424E-08 1.5321E-07 1.5612E-06
Kadalbajoo and Kumar, 2010

16 2.0E-02 1.7E-02 1.5E-02 1.4E-02

32 4.7E-03 4.0E-03 3.4E-03 4.1E-03

64 1.1E-03 9.1E-04 9.3E-04 1.1E-03
128 2.6E-04 2.0E-04 2.4E-04 3.2E-04

256 6.1E-05 5.0E-05 6.4E-05 9.6E-05
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— y-numerical solution
1.5 —— YE-Exact solution

y(x)

_1 r r r r r r r r

O 01 02 03 04 05 06 07 08 09 1
X

Figure 1: Numerical Solution of Example 1 for £ =10 and N = 64

Example 2. Consider the following self-adjoint singular perturbation problem
(Kadalbajoo and Kumar, 2008)

—e((L+ ﬂyw(%} y = 4(3x2 —3x +1)((x—0.5)* +2), 0<x<1
with y(0)=-1, y@)=0

The exact solution for this problem is not available. The numerical results are obtained
by using the double mesh principle (Doolan et al., 1980) and tabulated in terms
of maximum absolute errors in Table 2 and its graph is given in Figures 2.
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Table 2: Maximum Absolute Errors for Example 2

£ N =32 N =64 N =128 N =256 N =512 N =1024
Our Method
272 5.5954e-05 1.3967e-05 3.4903e-06 8.7250e-07 2.1812e-07 5.4530e-08
24 1.9765e-04 4.9382e-05 1.2340e-05 3.0851e-06 7.7125e-07 1.9281e-07
26 6.1739e-04 1.5402e-04 3.8510e-05 9.6262e-06 2.4065e-06 6.0163e-07
28 1.2821e-03 3.2272¢-04 8.0755e-05 2.0193e-05 5.0488e-06 1.2622e-06
2710 1.4094e-03 3.9358e-04 1.0097e-04 2.5404e-05 6.3616e-06 1.5911e-06
2712 3.1577e-03 3.2669¢-04 9.0865e-05 2.3923e-05 6.1999e-06 1.5637e-06
271 8.1928e-02 5.0797e-03 2.6048e-04 2.6985e-05 6.9159-06 1.7422e-06
Kadalbajoo and Kumar, 2008
272 1.310e-03 3.280e-04 8.210e-05 2.050e-05 5.130e-06 1.280e-06
274 4.930e-03 1.230e-03 3.080e-04 7.710e-05 1.930e-05 4.820e-06
26 1.600e-02 4.000e-03 1.000e-03 2.500e-04 6.260e-05 1.560e-05
-8 3.710e-02 9.270e-03 2.320e-03 5.790e-04 1.450e-04 3.620e-05
2710 6.190e-02 1.540e-02 3.860e-03 9.650e-04 2.410e-04 6.030e-05
12 9.390e-02 2.340e-02 5.830e-03 1.460e-03 3.640e-04 9.100e-05
214 1.340e-01 3.290e-02 8.150e-03 2.030e-03 5.080e-04 1.270e-04
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40 C T C C U C T T T

y(x)

0 — y-Numerical solution with single Mesh
*— YM-Numerical solution with double mesh

_5 r r r r r r r r r
0 01 0.2 03 04 05 06 07 0.8 09 1
X

Figure 2: Numerical Solution of Example 2 for ¢=2"° and N =16

Example 3. Consider the following self-adjoint singular perturbation problem
(Beckett and Machenzie, 2001).

— gy + L+ x)y = (12x* —13x+ 51+ x), 0<x<1
with boundary conditions y(0) =0 = y(2)

The exact solution of the problem is not known. The numerical results are obtained
by using the double mesh principle and tabulated in terms of maximum absolute errors
in Table 3 and its graph is given in Figures 3(a) and 3(b).
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Table 3: Maximum Absolute Errors for Example3

¢ N =32 N =64 N =128 N =256 N =512 N =1024
24 3.1259E-05  1.9577E-06 1.2244E-07 7.6565E-09 4.7870E-10  3.0028E-11
25 1.0705E-04  6.7125E-06 4.2143E-07 2.6349E-08 1.6469E-09  1.0297E-10
26 3.8490E-04  2.4186E-05 1.5140E-06 9.4658E-08 5.9180E-09  3.6995E-10
27 1.3555E-03  8.9366E-05 5.6001E-06 3.5125E-07 2.1957E-08  1.3725E-09
28 5.3582E-03  3.3894E-04 2.1282E-05 1.3318E-06 8.3267E-08  5.2046E-09
2-9 1.9166E-02  1.2357E-03 8.1656E-05 5.1156E-06 3.2064E-07  2.0043E-08
210 5.9855E-02  5.0279E-03 3.1782E-04 1.9951E-05 1.2484E-06  7.8048E-08
211 1.6013E-01  1.8343E-02 1.1787E-03 7.8013E-05 4.8869E-06  3.0617E-07
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Figure 3(a): Numerical solution of Example 3 for different perturbation parameter

N =32.
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Figure 3(b): The absolute errors of Example 3 for different values of the
perturbation parameter.
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Figure 3(c): The absolute errors of Example 3 for different number of mesh points.
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DISCUSSION AND CONCLUSION

A higher order finite difference method,
sixth-order  stable central difference
method, has been presented for solving
self-adjoint singularly perturbed two point
boundary value problems. Three model
examples are given to demonstrate the
applicability of the proposed method. The
maximum absolute errors are tabulated in
the tables (Tables 1-3) for different values
of the perturbation parameter & and the
number of mesh points N. The numerical
results also presented in graphs (Figures 1 -
3).

The numerical results presented in Tables 1
and 2 clearly indicate that the proposed
scheme is more accurate than the methods
given in (Kadalbajoo and Kumar, 2010;
Kadalbajoo and Kumar, 2008). It can also
be observed from (Tables 2-3) and (Figure
3c) that the maximum absolute error

decreases rapidly as the mesh size h
decreases and this in turn shows that the
method is convergent. This further
substantiates the theoretical convergence
analysis given. The graphs (Figures 1-2)
also depicts that the proposed method
approximates the exact solutions very well.
Asg —0 the formation of thin layer,
known as boundary layer, is observed at the
two end points of the interval (See figure
3a).

In a concise manner, the present method is
more accurate, approximates the exact
solution very well and easily applicable for
solving second order singularly perturbed
self-adjoint boundary value problems.
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