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ABSTRACT

In this paper we study the chebyshev and interolagrror for a real valued generalized
biaxisymmetric Potential (GBASP) which is regularthe open hyper sphere about the
origin. The lower (p, q) order and lower generaliz(p, q) — type have been characterized

in terms of these approximation errors.
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INTRODUCTION

Let F*® be a real-valued regular solution to the geneedliziaxially symmetric potential

equation

0° L 9* (2a+1) 0  2B+D 3 |os_,
ox?  ay’ X 0x y oy

a>B>-—,

subject to the Cauchy date”” (0, y) = Fya"B(X, y) = 0 which is satisfied along the

singular lines in the open hyper spheEf’ﬂ : X%+ y? < A Such functions with even

harmonic extensions are referred to as generalgaxisymmetric potentials (GBASP)

having local expansions of the form

FoA(x,y) = ¥ 2, RI(xy)

interms of the complete set

R7 (x,y) = ¢+ )" PO |(x? = y2) I(x* + y2)|IPS# ©, n=0,1,2,3, ...
of biaxisymmetric harmonic potentials, Wheﬂfﬁ are Jacobi Polynomials ([1], [15]).

Let the operatOtKaﬁ uniquely associated even analytic function

f(z) = Z:anz2n ,z=x+iy0C, onto GBASFF " (X, y) = Zan RT# (X, ).
n=0

n=0

Following McCoy [11], for Karoonwinder’s integrédr Jacobi polynomials,

1
FOP(%Y) = Kap® = [ [ £(6) haplt, s) dsat
00
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Wherep, g(t, S) = y},ﬁ (1 -t) @ P 1P*Ysinsy”

= — yt? —i2xyt + COS S
Vos =3 (a+ 1)r@r(a -B)F(ﬂ+%j.

The inverse operatoK;’lB applies orthogonality of Jacobi polynomials ([p]8) and

Poisson Kernel ([1], p.11) to uniquely define trensform

(@) = K.l (F9) = ifF”’ﬁ (rera-e2)? Ua,s((%)z,fjdf

wherevgg (0, §) = Sip(0.8) (1 -§)° (1 +&)°

1-0 c a+p+2 a+,8+3ﬂ l2D(1+E)
(l+ D)a+ﬁ+2 2 (1+ D)

Nap =/ (0 +B +2) /2P (20+1) (B + 1).

SJ,B(D! E») = r]a, B

Here the normalization {g(1) = K;’lﬁ (D) =1 is taken place. The Kerne} g8, &) is

analyticon [[l|| <1for-1<&<1.

Let E be a compact set is the complex planeéﬁ}ﬁd: {&n0,&n1, &nnt be a system of (n + 1)

points of the set E such that

VED = [] =& anda¥@E”) = H 6 =&, 1 =0, 1, ...n.
o< |<ksn =

k#
Again, letn™ = {Nno, Nnt, Nn2, - Nnnt be the system of (n + 1) points in E such that

Vo=V(N™ = sup V(E™) anda®n™) < A% forj=1,2, ..., n
E(H)DE

Such a system always exists and is called thextremal system of E. The polynomials

U(z,n™) = H 7T ,j=0,1,2, ...,n
=0 ,7nj _,7nk

k#j
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are called Lagrange extremal polynomials and timét il = d(E) = lim Vn%("ﬂ)
n- oo

is
called the transfinite diameter of E.
Let C(E) (IC(E) is holomorphic in the interior of E and contirus on E) denote the

algebra of analytic functions on the set E. Let@hebyshev norm be defined faiG(E)

a.pB

and I’—”‘DC(Z J as follows:

e(f: E) = e(f) = inf ||f—g]|,
gOh,

where ||f — gl| SUPIf(x) — g(x)|

XOE
a.p
and B F7%) | =E(F*P) =inf{|F*? - ™|, G*OH#}n=0,1,2, ..

IFP-G*¥| = sup |FF(x, y) - G*(x, y)|.

X2 +y?=r2

The set hcontains all real polynomials of degree at mosagd the setH rﬁ"ﬂ contains all
real biaxisymmetric harmonic polynomials of degatenost 2n. The operators, Kand

Kl;ylﬁ establish one-one equivalence of sgtarid H ™* .

McCoy [11] connected classical order and type af-w@lued entire functions GBASF#
and the associate f respectively with even polyab@pproximation error defined in [-1,
1]. He obtained the results for GBASP of Sato ikli¢13] using the results obtained by
Reddy [12]. It has been noticed that these refailtto compare the growth of those entire
GBASPs which have same positive finite order befrttypes are infinity. For the view
point of including this class of entire GBASPS wel$ utilize the concept of proximate
order. Recently, Kumar and Kasana [9] studiedphe)-order and generalized (p, q)-type
of GBASP for even polynomial approximation errorfided on E, to include the real
valued entire GBASPs of slow growth and fast growffhese results obviously leave a

big class of real-valued entire GBASP, such asystfdower (p, q)-order and generalized
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lower (p, q) type which have not been consideratieea The aim of this paper is to

extend the results of [9] to lower (p, g)-order gecheralized lower (p, q)-type.

The maximum modulii of GBASP and associate arengeffias in complex function theory

M(r, f) = rlnlaX|f(z)| and M(r, BF) = max_|F*(x, y)|.
Z|=r x2+y2:r2

A real entire GBASP is said to be of (p, q)-orgdés, q) and lower (p, q) — ordaip, q) if
it is of index-pair (p, q) such that

logl”! M (r,Fo#) {p(p.q)
A
and the function f(z) having (p, q)-ordefp, q) (b <p(p, q) <) is said to be of (p, q) —
type T(p, q) and lower (p, q) — type t(p, q) if
lim SUpIOg[p_ﬂ M(r,F™*) _ {T(p,q)
=t (jogle )PP [t(p.a)

whereb=1ifp=q,b=0ifp>q.

lim su
oo infp log!® r

, 0t (p, @)= T(p, Q)< 0.

A positive functionpy, (r) defined on [, ), 1o > exg?®¥1, is said to be proximate order of
an entire function GBASP with index-pair (p, q) if

() Pp.dr) - PP, g)asr- «, b<p<c:

(i)  Og(r) p'p 1) - 0 asr- o, wherep', (r) denotes the derivative of (r) and for

conveniencé\(r) = u 9 jogilr,

The existence of such comparison functions on)jscgle has been established in [8]. We
now define generalized (p, g)-type T*(p, q) and eyatized lower (p, g)-type t*(p, q) of

F*® with respect to a given proximate orgery(r) as

. log® I M (r,F*?) _[T*(p.q)
!'[E! sup [ Vooa(D) |
inf (|0g r) (plq)

If the quantity t*(p, q) is different from zero aiufinite thenp, (r) is said to be the lower

, 0t (p, )< T*(p, Q) < .

proximate order of a given entire function GBASH &ffp, q) as its generalized lower
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(p, q)-type. Clearly, lower proximate order aratresponding generalized lower (p, q)-
type of F'® are not uniquely determined. For example, if we afiod®r, 0< ¢ <, to the
proximate ordep, (r) thenp, (r) + c/lod?r is also a proximate order satisfying (i) and

(i) and consequently, the generalized lower (ptyQe turns out to be'®(p, q).

_ -A . . . :
Since (Iog[q 1 r)p(r) is a monotonically increasing function [2] of rfo> r,, we can
define@(x) to be the unique solution of the equation.

] r)p(r)—A

X = (Iog[q if and only ifg(x) = log® ™,

where A =1, if (p, q) = (2, 2) and A = 0, otherauis
Consequently, it can be shown that [2]
lim qdnx) = }/(pp,q_A)
= =1
e gX)

Let E be the largest equipotential curve of E definedpy {z OC/ [p(z)|d =1} (if r = d

uniformly for everyn, 0 < n <oo,

then E = E) where w =(z) is holomorphic and maps the unbounded compooktiie

complement of E on [w| > 1 such tihét) = co andd’(e0) > 0. Also, we set

M (r,F “#) = sup|F**(z, 0)| for r > 1, andM (r, ) suplf(z)|.

ZJEr ZJEr

2. Some Basic Results.

Lemma 1. Let F*® be real valued entire functions GBASP with magg Kassociate f.
Then the (p, q) orders and lower (p, g)-orders Bt Bnd f are identical. Further the
respective generalized (p, q)-type and generaliaegr (p, q)-type of B* and f are also

equal.
Proof: Let us consider the relation,NY) = ma><{/7;’1ﬂ‘sa’ﬁ (v, ,8)‘/—15 &< 1} For

anye > 0, we have [11, p.158]

(2.1) M(r, Py < M(r, f) < M(e™r, F*#) Ngp(€d).
Using (2.1) and definition of (p, g)-order, lowgs, ()-order, generalized (p, g)-type and

generalized lower (p, q)-type of Eand f, we conclude the result.
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Lemma 2: Let F*® be a real valued entire function GBASP of (p, ojes p(p, g) and
lower (p, q)-ordei(p, q). Then

loglP I M (r,F**) _ {p(p,q)
A(p.a)’

and forp(p, g) (b <p(p, q) <), T*(p, ) and t*Ip, q) are given by

logl" M (r, F%#) _ {T *(p,q)
t*(p,g)

lim sup
reo log'¥ r

lim sup

0<t*(p, )< T*(p, ) < .
F=% inf (|Og[q—l] r)ppvq(r)

Proof: Taking the definition of (p, q)-order, lower, (g)-order, generalized (p, q)-type
and generalized lower (p, q) —type of entire GBASB account the proof follows on the

lines of Lemma 1 in [6].

Theorem A. If f OC(E) can be extended to an entire function witlkeirgair (p, q), lower

(p, g)-orderA(p, q) (b <A(p, q) <«) and generalized lower (p, q)-type t*(p, q), ttfen

n+l

eq(f), there exists an entire function g(z)z e,(f)z"" such that

n=0

Ap, a,f) =A(p, g, g) and t* (p, g, ) B*t*(p, q, 1),
where p* = d*® Yfor q = 1,p* = 1 for g > 1.

Proof: It has been shown in Lemma 3 and 4 of [6] tHa function g(z) =

Zen (f)z"" is an entire function. Winiarski [16, p. 266] hasved that for ang > 0
n=0

(2.2) e(H) <KM (r, f) (df J :

where K is a constant and d > 0 is the transfidiiégneter of E.

Using (2.2) in the power series expansion of g{23,inferred that

r i KrM(r f) & KrM (r, f)
g(de”j_g (f)( j ge“f'T(ﬁy
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or lo (Lj<0(1)+lo I\W(r f)+logr
ggdeﬂ s g ; gr.

Thus, in view of above inequality and Lemma 1,dar2 and g = 1,
AP, 1, 9)< A(p, 1, ) and t*(p, 1, gk €p(p, 1) ¢ *¥¥(p, 1, f),

and for p= 2 and q > 1\(p, 9, 9)< A (p, g, f) and t*(p, g, g¥ t*(p, q, f).
Sinceg is arbitrary both inequalities imply that for &bl, g),

(2.3) A(p, 9, 9)= A(p, q, f) and3*t*(p, 9, g) < t*(p, q, ).

Further, using the inequalitDW (r, f) < & 29g(r/d), we observe that for g =X(p, 1, f)<
A(p, 1, g) and t*(p, 1, f d*® Yt¥(p, 1, g), and for g > W(p, g, H<A(p, g, g) and
t*(p, 1, )< t*(p, q, g). Hence, for all index-pairs (p, q),

(2.4) Mp, g, )< A(p, g, 9) and t*(p, q, fx B*t*(p, g, 9).
Combining (2.3) and (2.4), we have

A(p, g, f) =A(p, g, g) and t*(p, q, f) B*t*(p, g, 9).

Theorem B: Let f(z) OC(E). Then f(z) can be extended to an entire fanabf lower (p,
g)-orderA(p, q) (b <A(p, q) <), if and only if, for (p, g} (2, 2),

(2.5) Ap.q) = FE%X[PX(Z(IO, g))] and

(2.6) A(p.q) = FE%X[PX (*(p, a)I

_ logl"n
where/(p, q) =lim g k-l

“”ogl ey (f)

. logl" n
and/*(p, q) = ||<|[n 9 S

i logle™ L log & (1)
ne =Ny €, (f)
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L(p,q) if q<p <o
X +L(p,q) if p=gq=2
max@,L(p,q)) if3<p=q
00 if p=gq=c

such that P(L(p, q)) =

. logn,_
and x=x {ng = LITO%
K

Further (2.5) and (2.6) hold for (p, ) = (2, 2sa@lprovided {R} be the sequence of

principal indices such that log. nCllog nc as k- oo,

Proof: By Lemma 3 & 4 of [6] we conclude that IC(E) can be extended to an entire
function if and only if g(z) is an entire functiorMoreover, by Theorem A, f(z) and g(z)

have the same lower (p, q)-order. Applying TheoZby Juneja et al. [4, p. 62] to the

function g(2) :Z e,(f)z™ the result follows.
n=0

Remarks.

(& For E=[-1, 1], and (p, q) = (2, 1) the resultS)2includes a Theorem by Singh [14]
and a result (1.2) by Massa [10] and in addition (fo, q) = (2,2), (2.6) gives
Theorem 5 by Reddy [12].

(b) Also, for E = [-1, 1] the results (2.5) and (2.6yegTheorem 1 and 2 by Juneja [3]
for entire functions of Sato growth [13] i.e. (= (p, 1).

Theorem C.Let f(z) OC(E). Then f can be extended to an entire funabib(p, g)-order

P(p, 9) (b <p(p, q) <) and generalized lower (p, q)-type t*(p, q) (0*t q) <) if and
only if

p(p.a)

(p-2]
(2_7) t*(p, q) :B* r{naX ,l('”l (0(|Og rnl_(—l)
M _’ |Og[q_1] (Iog[q_l] eni/m'( ( f )j

% This PDF was created using the Sonic PDF Creator.

SO F G
=~{ To remove this watermark, please license this product at www.investintech.com



Ethiop. J. Educ. & Sc. Vol. 2 No 1 September 2008 38
and further, if the sequence of principal indiceg}{satisfies

my.1 O0my as k- oo, then, for p = 2,

p(2,9)-A

% =pB* r{na}x Liminf (o(m"‘l)y
q |k _ -

where maximum is taken over all increasing sequehgpesitive integers and

(P(22) -1 (p(22)°*? if (p,q) = (22)

U (p,a)= %,0 21) if (p,g)=(2)
1 otherwise

Proof:  Applying Theorem 2 of Kasana et al [7] to thadtion g(z) :Z:en(f)zn+l
n=0

and the resulting characterization of t*(p, g,rgjérms of gf) and the relation

t*(p,q,f) =B*t*(p, q, g) taking together prove the theorem.

%p(p,q)-A)

Takingp, () = p(p, q) for all r > gand@(x) = X , we have the following
corollary which gives a formula for lower (p, qp® t(p, q) in terms of approximation

errors of an entire function f(z).

Corollary 1. Let f(z) OC(E). Then f(z) is the restriction of an entiredtion having (p,

g)-order p(p, q) (b <p(p, g) <) and lower (p, g)-type t(p, q) (0 < t(p, gy if and only
if

[p-2]
Dt((p'Q)) B r{na}x Liminf og mk_lp(zq)—A
] mk o7 / |
p.q (Iog[q"ﬂ en{"* (f))

On the domain E = [-1, 1] and for approximationoerg,(f), this corollary also includes
some results of Reddy[12] respectively for (p, d2=1) and (p, q) = (2, 2).
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3. Main Results:

Polynomial Approximation of GBASP

In this section we examine the global existenc&BASP E* and growth of its c-

norm B (F*P).

McCoy[11] proved the following theorem.
a.pB
Theorem E. For each GBASP % regular in the hyper spherE: thee is a unique map
r

Kqp associated with an even function f analytic indise D and conversely.

Now we prove the following

a.B a.B
Theorem 1. Let F*  be real valued GBASP regular i and continuous o .
r r

Then E'P can be extended to an entire function G ASP ogfofu, q)-ordeh(p, q)
(b <A(p, q) <) if and only if, for (p, q¥ (2, 2).
31 Ap,a)= FRG}X[px* (¢'(p, @))] and
k
32 Ap,q)= %%X[px*(f**(p, )l
k

loglP4 2n, ,

Iog[q_l] Ez_n}kénk (F 0',,5)

where/'(p, q) = |I<im inf

[p-1]
and /*(p, q) = liminf log™ ™~ 20,
o [a-1] By, (F*)
log' log——.
ne =N, E,, (F ' )
such thty * =x *{n,} = liminf % .
koo log2n,
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Further (3.1) and (3.2) hold for (p, q) = (2, 2sa@lprovide {R} be the sequence of
principal indices such that log 2ndlog2n as k— oo,

Proof: By Theorem E, ¥ is entire if and only if the associate f is entiréloreover,
lower (p, q)-order of the associate agrees by TégraoB. Using Corollary 1 ([4], p. 62)

and Lemma 1, Theorem 1 follows.

a,p a.p
Theorem 2. Let F** be real valued GBASP regular i and continuous o{z J

r r

Then F® can be extended to an entire function GBASP ofjfmrderp(p, q)
(b<p(p, q) <x) and generalized lower (p, q)-type t*(p, q) (Ot g) <) if and only if

p(2,09)
. logl*3 2m, _
t*(p, q) =B* r{nax II(|m|nf #llog 7 1) ,p=3,
m — — 2 ,
K |og[q l] Ezmkmk (Fa ,B)
and further, if the sequence of principal indiceg}{satisfies
2m; 02m, as k- oo, then, for p =2
p(2a)-A

1(2.) =p* max+ liminf qo(2_mk_l)
0(2,9) (md™ [0 gl Ezémk(Fa,ﬁ)

where maximum is taken over all increasing sequehpesitive integers.
Proof: Inequalities (2.4) and (2.8) of [9] show thia¢ tassociate f meets the same limiting
requirements as GBASP. Using Theorem C for evand Lemma 2, the proof of the

theorem follows.

REFERENCES
1. Askey, R., Orthogonal Polynomials and Speciahddons, Regional conference
series in Applied Mathematics, SIAM, PhiladelpHi8y5.

% This PDF was created using the Sonic PDF Creator.

SO F G
=~{ To remove this watermark, please license this product at www.investintech.com



Interpolation of Generalized Biaxisymmetric potatst D. Kumarand G.L.Reddy 141

2.

10.

11.

12.

13.

14.

15.

16.

Einstein-Mathews, S.M. and Kasana, H.S., PPnaie@ order and type of entire
functions of several complex variables, Israel attMJerusalem) 92(1995), no. 1-3,
273 — 284.

Juneja, O.P., Approximation of an entire functidd. Approx. Theory No. 4,
11(1974), 343 — 349.

Juneja, O.P., Kapoor, G.P., and Bajapi, S.K. tl@n(p, q)-order and lower (p, q)-
order of an entire function. J.Reine angew. Ma&2(2976), 53 — 57.

Kasana, H.S., The generalized type of entirectfans with index-pair (p, Q).
Comment . Math. No2, 29(1990), 101 — 108.

Kasana, H.S. and Kumar, D., On approximationiatatpolation of entire functions
with index-pair (p, q), Publications Mathemtiqud8(1994), 255 — 267.

Kasana, H.S., Kumar, D. and Srivastava, G.S.thH@ngeneralized lower type of
entire gap power series with index-pair (p, q), IDIW. Report (1990), 1 — 12.
Kasana, H.S. and Sahai, A. The proximate orflentire Dirichlet series, Complex
Variables: Theory and Application (New York — USA)1987), no. 1, 49 — 62.
Kumar D. and Kasana, H.S., Approximation anceripplation of generalized
Biaxisymmetric Potentials, Panamer Mathematic§1999), no. 1, 55 — 62.

Massa, S., Remarks on the growth of an entmction and the degree of
approxiamtion, Riv. Mat, Univ. Parma(4), 7(1981) 61

McCoay, P.A., Polynomial approximation of gerieed biaxisymmetric potentials.
J. Approx. Theory 25(1979) 153 — 168.

Reddy, A.R., Approximation of an entire funatid. Approx. Theory 3(1970),

128 - 137.

Sato, D. On the rate of growth of entire fumsi of fast growth. Bull, Amer. Math
Soe. 69(1963), 411 — 414.

Singh, J.P., Approxmaition of entire functiondokohama.Math.J. 19(1971),

105 - 108.

Szego, G. Orthogonal Polynomial, Colloquium IRaltions, 23, Amer.Math. Soc.
Providence, R.I. 1967.

Winiarski, T. N., Approxiamtion and interpofati of entire functions. Ann. Polon.
Math, 29(1970), 259 — 273.

% This PDF was created using the Sonic PDF Creator.

SO F G
=‘ To remove this watermark, please license this product at www.investintech.com



