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Abstract: This paper investigates how one can teach 'the physics of simple 
pendulum in the classroom l::>Y means of computer simulation, Employing the fonrth­
order Runge-Kutta method carries out the simulation. It is believed that the 
simulation helps students to understand the physics ofsimple pendulum easily_ The 
simulation results agree quite"well with the anaiyt1cal solution which-is quite often 

· overiooked in the classroom. The numerical method used is stable in simulating the . 
physics of simple pendulum. Moreover, since we developed the simulation by using 
matlab software graphical user interface (GUI), its interactivness is unquestionable. 
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Introduction 

Many physics textbooks in high school. undergraduate and graduate levels deal 

with the physics of simple pendulum by employing analytical approach. However · 

most of them have failed to compare theoretical and experimental results. With this 

approach students will tree difficulties in interpreting tabulated data obtained from · 

experiments by comparing with theoretical results. This is because of the fact that 

the analytical solution of equation of motion of a simple pendulum can only be 
. -

obtained by approximating for smail displacement so that the non-line?r differential 

equation of motion will ·be changed to liner one (Keller et. af.! 1993). This 

approximation results in er:-or in describing the actual situations of a simple 

pendulum. Such problems can be handled by employing the well-l(nown numeric.al 

methods. The purpose of this pa_per is to describe how one can demonstrate the 

physics of a simple pendulum by means of computer simuiatiori. The ~onvergence 

and stability of a numerical method are USE?d as the .criterion to check the validity of 

the simulation. It is believed that simulation can help teachers to demonstrate the 
.. f .. . 

physics of s1mpie pendulum to their students. The first section of this paper 

describes the model fo~ a simple pendulum. The second section presehts the 

analytical solution of. the model and the third section illustrates the corresponding 



,,,y-r~enca ! method used to soive the problem_ Final ly res'..l !ts_ d!sc~ss 1ons anc 

c:ncn.:sions are presented. 

Equation of Motion 

Ler us consider a simple penduium shown in Figure 1a. The penduium is oriented in 

.ts eqwlibrium staie_ There are two external forces: the we1gnt i=g of the bob and a 

iorce Fs exerted on the cord at the upper end by a f ixed suppon: (Keller et_ al. , 

"1993). We choose an axis 0 at the upper end of the cord and perpendicular to the 

plane of the figure. For this orientation the torque about 0 is zero for each external 

force. if the penduium is displaced, as seen in Figure 1b. mere is a net external 

torque about axis 0 due to the weight For the positive value of angie e. as shown 

:r. the Figure 1b, this torque tends to cause a clockwise rotaiion so as to restore the 

penduium !o its equilibrium orientation. The perpendicular j !stance from the axis tc 

the line of me action of the weight is L sin B. With the z-ax:s :n.Jt of the piane of the 

'!~:..::-~ - ·:r;e torque ccmponem is 
~ 

~ = F_ Lsin B k. - ( 1) 

, 

where k is the unit vector aiong r =. Since the mass of the cord ~n be neglected, 

the moment of inertia (I) of the simpie pendulum about axis 0 is due to the mass m 

of the bob at a distance L from the axis_ That is 

r ;2 
J = l11L._ 

Now applying Newton's second law for the angular motion yields 

{2) 

(~ ) 

Combining equations 1 and 3 and solving for the anguiar acceleration gives 

.. g ~ e =--sin Bk 
L ' 

where a , = @, 

56 

(4 ) 
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Figure 1: A Sim pie Penduium at Different States 

a) The net torque about axis 0 is zero when the pendulum is at the equi!ibnurn 
orientation. 

b) The torque about axis 0 due to the weight tends io restore the pendulum to the 
equilibrium orientation. The mrque about 0 due to the support Fs is zero 

Analyt ical Solutions 

The angular motion of a simple pendulum for small vibrations is obtained by using 

equation 4 after we approximate it for small vibration where sin 0 = 0 . Now the 

equation becomes 

This ordinary differentiai equation can be solved analyticai!y by using appropriate 

techniques. Since the equation is a linear second order homogenous differential 

equation. we can first write the characteristics equation and then solve its roots. 

Depending on the roots of the characteristics equation. we can determine the form 

of the solution of the given differer.t1ai equation. The characteristics equation of the 

given differentiai equation 1s 

' ~.,. 

:..l ~ _,.. ~ = 0 . (6) 
L 

which gives a complex number 
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Theref&re :the ?Olution of the given differential equation can be written in such a way 

':tb'ar 

rr·~1 rr-' {J((t) =A~ _~f~- - +Bsm Jg1 1 \lwL ~ vL . 
'" . .I ' ) 

{7) 

~re A al1ltll Bare w:rns!l:arnm-m be. determm~ depe:ndin_g on the initial conditions. 

iHf ~ wse fJ = fJ,,, 11m!ii iJ = l9 ;as iniitiai! 001nditioos at t = ·{) and carry out the 
\ 

1m1dhe.nrn.ciliica:I ll1!1la!l'1li\:Pxlllllailiimms !P"f'O:fl>8Tltw.. J!tne a'T11aifwltircail so.lutio:n oi' fue angular 

asip.11at:emrrem w.1 ·l ~ 

{8) 

Tlhle arna!tyitiI::iilll smiuraiio.'ITI \00 mtne an_g;~lar ~IOC:hfW II3l1l .be e:as:i:ly obtaii.m.ed by 

lilii:Tiferernitiralffrnl!JI eq'lllatiimril B Wii!titn ~ liiIJ> ill!r.ne. Th'e resruia~ ibe:oollnleS 

'(9 ) 

m;~--~-~--~---, 

1 - 3 , 

time (se<:) 

Figure 2: Analytical Solutions 
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Numerical Solutio n o f Angular velo city 
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Figure 3: Matlab graphical user interface working window (GUI) 

Numerical Solutions 

Let us solve the equation of motion of simple pendulum given by equation 4 by 

using the most popular numerical method called fourth order Runge-Kutta method. 

There are two versions of Runge-Kutta methods that are the most popular ones. 

The first version is based on the Simpson's 1/3 rule (Burden and Faires, 1993) and 

the second is based on the Simpson's 3/8 (Shochiro, 1996). Consider the following 

ordinary differential equation. 

dv dt =J(y,t), y(O)=Y0 -

The first version of Runge-Kutta method js given by: 

Y11+1 ;= Y., + i(k1 + 2k] + 2k3 + k4 ) , 

where, 

ef( . l \ 
- - .I(, . 

k 2 = h Y,, + - ' 't I j 
\ 2 n+-
' 2 / 

k 3 = hf(y,, + k2 
,l ! l 

2 n+:; ) 

( 10) 

( 11 ) 

6'1 



;segaye Kassa. 2006 

The seccnci versions of fourth-order Runge-kutta method 1s given by: 

where 

= 1.' 
~ ; ...... : 

l {k .... ' .... k [; ). - - \ ._; + ;)f;_ ~, T :J ~ 7 n.. 8 . . ~ -·, {12) 

let us consider the first version to soive the solutions of angular dispiacement and 

veiocity numerically. Since the equation given by 4 is a second order differentia! 

equation, !et us first convert it into coupled first order differential equations (Chapara 

and Cana!e, 1998). If we ietw(f) = 0 , we can get the fol lowing two coupled first 

order differentiai equations: 

0 = ttJ\!) (13) 

- :<. - n 
(f) = - -"'--Sll1u . f, . 

( 14) 

where oJ(J) denotes anguiar veiocity. 

We can solve the angular displacement and velocity by employing fourth-order 

Runge-Kutta method using equations 13 and 14.The steps·to be considered whe1'1 {jl 

we use fourth-order-Runge-Kutta are given beiow. 

k, = h(w
0

) (15) 
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(16' . I 

(17} 

( 
k 

., 
g . ' \ 

m. = -h- smB +_..:.. ! . r 0 ..., I AJ \. L.. ) 

{18) 

( \ 
, , r m~ l 
K- = 11! ( I) ~-~ : 

j \ (; 2 i 
" j 

(19) 

. ( k ' 
h g ;I . B + _i ! m, = - - . sm <' 1 L ' ' '."' ,,' - \ ..£. 

(20) 

(21 ) 

m
4 

= -h g (.sin e, + k, ) 
L ·' ·' · (22) 

B () l (k "( ' - . - )' . .... ' ' . . . ·-= ,, · - 1 -:- - k~ --:- K~ ) "7 A, 6 . - -· ~ (23) 

(24) 

where h is time step for coryiputation. Equations 23 and 24 are numerical solutions 

for angular displacement and veiocity respectively. They can be easily computed oy 

means of a simple computer program which we have developed by using software 

called matlab. Fig. 4 shows the solutions. The left part of Fig. 4 is the solution for 

anguiar displacement where as the right part is for angular velocity. 
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Nu!11eric81 Sol~On of Angular Velocity · 

l 
-0.20~~--...-~, --.~__, _ __,_ _ _, 

tim_!t (s_'!Sl, 

Figure 4: Numerical Solutions 

Comparison of analytical and numerical solutions 

The analytical and numerical solutions of both angular .displacement and velocity 

have been compared. The comparison is performed for both small and large angles 

(Fig. 5). The discrepancy (error) between analytical and num~rica l solutions by 

looking at the relation between distributions of error and variation in initial angles 

(Fig. 7) has been carefully examined. besides analyzing the relation between error 

distribution and the time step (Fig. 7). 

,,.. 
Comparison of anaMJcal and numencal solutions of angularilisplacement 
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Figure 5: Comparison of Analytical c:nd Numerical Solutions for small angles 
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Figure 6: Numerical solutions for large angle (non-linear cases) 

Comparison of A.Mlyt1cal and Numerical Solutions with Different Initial Angles · 
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Figure 7: Error Analysis 
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Re.suits and DiscussiOns 

The difference in the initial angle of displaced simple pendulum has its own factor 

for the increment .in discrepancy between analytical and numerical solutions has 

been shown . That means for small angle B
0

, the analytical and numerica! solutions 

agree (Fig . 4). In particular, it has also been shown that if the initia! angle is f)" ~ . 

0.5radian, the numerical simulation can totally describe the expected harmonic 

motion of a s impi~ pendulum without the requirement of analytical solutior:is (The 

top panel of Fig. 5). In addition to this we found out that this simulator describes the 

behavior of simple pendulum without having a limit in amplitude (see Fig for large 

angles). It has bee'n demonstrated in the present study that the method used · is 

conditionally stable since some of the numerical solutions ?gree with the analytical 

one for small time step (see the top panel of Fig. 7). The bottom panel of Fig 7 

demonstrates that the numerical result converges to the exact solution as time step 

is reduced to zero. This provides a power of simulating accurately to our method by 

achieving consistency. 

Conclusions 

The analyticai method is capable of solving the differential equation of motion of a 

simple pendulum for smali displacements (amplitudes) However, as the amplitude 

increases. the differe.ntial equation will be changed to non-linear form , which is hard 

to be solved analytica lly. But our simulator does not face such problems It can 

solve both iineqr and non-linear equations (see Fig 6) It is known that a simple 

pendulum attains its periodic motion for smal! displacements where we can 

approximate sine[} = B. By using this simulator, students and teachers ,an really 

see m what extent of dispiacement the periodic motion is attained Th is extent has 

been demonstrated by the top pane! of Fig. 7 Wh iie doing experiments. in reiation 

with simpie penduium, students can use this simuiator as theoreticaj base to 

compare their experimentai outcomes Without performing actual experiments. 

students can study the behavior of simple pendulum by varying parameters used in 

the simulator such as initial angular displacement. initial anguiar velocity, length of 
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• the cord and gravitational acceleration (see input variables from working window, 

Fig. 3) that means this simulator can serve as experimental set - up for students 

while studying the physics of simple pendulum. The present study explains a 

simulator for motion of a simple pendulum that exhibits the behaviors we expect 

The model seems to be accurate since it uses fourth-order Runge-Kutta integration. 

The graphics df the simulator makes it possible for the user to gain intuition about 
; ' 

how a simple pendulum behaves. 

Finally this simulator can be implem·ented in undergraduate physics laboratory as 

an alternative set-up to teach the physics of simple pendulum. 
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