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ABSTRACT

Natural convection occurs in fluid environments. Usually, it is facilitated by the buoyancy
effect. It is significantly less efficient than forced convection, due to the lack of fluid motion.
As a result, it is completely dependent on the buoyancy effect's strength and the fluid's
viscosity. The current work investigates the convective flow of a three-dimensional Casson
fluid across a rotating linear expanding sheet. The nonlinear governing equations of the steady
flow were presented and reconstructed using appropriate similarity transformations. To solve
the resultant equations, the three-stage collocation approach namely Lobatto I11A was applied
using MATLAB. Graphs were used to illustrate the physical properties of the required data. It
was observed that while the primary velocity profile decreases as the Casson, convective, and
rotational parameters increase, the secondary velocity profile exhibits the opposite behaviour.
The effect of rotation, Casson parameter, and others on drag coefficient, heat transfer
coefficient, and mass transfer coefficient was evaluated, interpreted, and found to be
reasonably consistent with earlier research.
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INTRODUCTION

The researchers looked at how heat transfer and concentration convections in the
boundary layer flow over an extending surface with constant but varying
temperatures and concentrations at the edges (Rashid et al., 2019). Flows like these
can be found in various engineering, geophysical, and storage systems applications.
When heat transfer occurs over a changing surface, the majority of the difficulties
are generated by boundary displacement and buoyancy effects. A few instances of
this type of flow include solar collectors exposed to the wind, computer devices
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cooled by fans, and nuclear power facilities cooled by blowers when they experience
an unexpected breakdown (Bilal Ashraf et al., 2017). M. Bilal Ashraf et al. (Bilal
Ashraf et al., 2017) analysed the effects of the hall effect and convective boundary
conditions on the mixed natural convection with the use of a series solution. In their
study, they found that Transversal velocity increases as Hartman number M. An
electrically conducting incompressible fluid through a vertical porous channel filled
with porous materials, and the impacts of magnetic field, permeability of porous,
suction/injection, materials, and viscous dissipation were investigated theoretically
by Ajibade et al. (Ajibade et al., 2021). Seghir-Ouali et al. (Seghir-Ouali et al.,
2006) developed an experimental detection procedure for the convective heat
transfer coefficient within a rotating cylinder with an axial airflow for various
rotational speeds corresponding to varied rotational Reynolds numbers and an
airflow rate. Some significant findings of natural and mixed convection can be
noticed in the references (Nadeem & Saleem, 2014a; Gangaiah et al., 2019; Ghosh
and Mukhopadhyay, 2020; Malaver et al., 2020; Rajesh et al., 2020; Islam et al.,
2021; Prathiba & Akavaram, 2022).

The investigation of rotational fluid surge, which originates from the “Coriolis
force”, has important applications in geophysical situations, astrophysics,
oceanography, and other fields. Moreover, this type of flow across a stretched plane
is used in various industries, including yarn spinning, plastic sheet extrusion, food
processing, and glass wafting (Archana et al., 2018). Rotating flows are also used in
geotechnical engineering for the fields such as centrifugal purification, turbines,
material treating, and rotatory hydromagnetic generators (Shanker Seth and Kumar
Mandal, 2018). Wang (Wang, 1988) investigated the rotating fluid flow problem
using a two-dimensional stretchable surface. Furthermore, when the rotation
parameter was larger than unity, he acquired a more precise solution employing the
analytic approach than the numerical approach. Several scholars looked into the
peculiarities of flow behaviour when rotation was taken into account (Nadeem &
Saleem, 2014b; Qayyum et al., 2018; Shanker Seth & Kumar Mandal, 2018; Ali et
al., 2020; Anuar et al., 2020; ljaz Khan et al., 2020; Salahuddin et al., 2020; Hussain
et al., 2021; Krishna et al., 2021; Shoaib et al., 2021).

Fluids are necessary for existence, and scientists have uncovered many statistics and
illustrations about fluid movement due to their importance in natural and industrial
processes. Fluid dynamics is the study of fluid flow and how forces affect it. Using
an approach, it demonstrates how to explain star evolution, weather phenomena, sea
currents, and blood circulation. “Archimedes was a Greek mathematician” who
studied the buoyancy and statics of fluids before formulating the Archimedes
principle, considered the earliest contribution to fluid mechanics. In the fourteenth
century, a flurry of research into this topic began (Narender et al., 2021). Many
fluids in nature display a nonlinear connection between stress and distortion rate and
are referred to as non-Newtonian fluids (NNF). Because of their extensive
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applicability in fields such as unrefined oil withdrawal from gasoline fuels, food
production, paper, and fibre lamination, several scientists were interested in
investigating the phenomena of movement of these types of fluids. Because of the
diversity of NNF, no single constitutive equation can adequately describe their
properties. So, different models for such types of fluids have been devised (Archana
et al., 2018). Casson fluid is one such NNF containing properties such as human
blood, jellies, nectar, juice with fibres, etc. Fluids with this nature could be useful in
medicinal and industrial fields. Casson fluid is a shear-thinning fluid with infinite
viscosity at zero shear rate, yield stress below which no flow occurs, and zero
viscosity at the infinite shear rate (Dash et al., 1996; Ali et al., 2020). Numerous
researchers have investigated Casson fluid's movement and heat transfer
characteristics from different physical and mathematical perspectives (Reza et al.,
2016; Besthapu et al., 2019; Raju & Mallikarjuna, 2019; Salahuddin et al., 2020;
Mangathai et al., 2021; Sahoo & Nandkeolyar, 2021; Satya Narayana et al., 2021).

Rotation is critical in managing up and down heat and mass transfer phenomena in
manufacturing and industrial relevance. The above stated analysis discloses that the
effect of convection on a rotating Casson fluid flow was not addressed extensively.
The above. Our intention thus here employs the motivations of the previous studies
to explore the heat and mass transfer characteristics of Casson linear flow across a
spinning sheet in the existence of natural convection. The developed set of linked
non-linear governing equations was numerically solved using the Lobatto 1A
method (Shoaib et al., 2020; Umar et al., 2020; Ahmad et al., 2021; Alhamaly et al.,
2021; Lund et al., 2021a; Lund et al., 2021b; Prathiba and Akavaram, 2022). BVP4C
implements the three-stage Lobatto Illa formula in MATLAB, a finite difference
code.

“Mesh selection and error control are based on the continuous solution's residual
(http://Avww.mathworks.com/help/matlab/ref/bvp4c.html#moreabout). Graphs and
tables depict the effect of flow control parameters on velocity, temperature, and
concentration fields and the skin friction coefficient, heat, and mass transfer rate”.

FORMULATION OF THE PROBLEM

Considering a three-dimensional steady, incompressible boundary layer flow (BLF)
of a three-dimensional Casson fluid stimulated by the stretching of a heated surface.
The flow is assumed to flow over xy-plane with the velocity components in the (x, v,
z) direction given as (u, v, w). Also, the axis of rotation being considered in z-
direction with angular velocity Q' .The surface is assumed to be stretching at a rate
proportionate to its distance from the origin in the x-direction. The temperature of
the stretching surface is held constant at T,,, while the temperature of the distant fluid
is presumed to be T,.
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Figure 1. Sketch and Scheme of the problem

Casson fluid has a rheological model that is described as(Archana et al., 2018),
Py
2(/,18+E eij, T>TT,

2 ,uB+L &, <7,
27,

Where 1;; is the “Cauchy stress tensor”, m = (el-j)zis “the product of deformation
rate” components with itself, e;; is the (i, )" deformation rate constituent, 7. is the
“critical value” of a product based on the non-Newtonian model, pgis the non-
Newtonian model plastic dynamic viscosity, and p,, is the fluid yield stress (Butt et
al., 2015). s

ow du ow o
Currently, T, =My (1+ ij [_Jr_] and 6_ =0 where S =y, N
X

g )l ox oz y
is the Casson fluid parameter.
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Implementing the above constraints, the regulating equations for the continuity,
momentum and energy, mass diffusion are (Butt et al., 2015; Shanker Seth and
Kumar Mandal, 2018; Senapati et al., 2020):
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The presumed boundary conditions are(Bilal Ashraf et al., 2017),
u="U,=a&,v=0w=0T=T,C=¢C, at z=0 )

u—0,v 0w —> 0, T—>T,, C— Cyp at z — o

where, () fluid density, () is the “kinematic viscosity”’, (o) “electrical
conductivity”, Casson parameter ( /') , Bris the thermal expansion coefficient, B¢ is
the solutal expansion coefficient, fluid temperature(T), free stream temperature ( T.,),
g is the “gravity acceleration”, (') “thermal diffusivity”, (Cp) “specific heat at

constant pressure”, and 4 >0 constant, (Dy) Molecular Diffusivity coefficient, (C)
concentration of the species.

The transformation variables are stated as follows(Anuar et al., 2020)

ﬂ—\/ézvl%—;XF'(n)V axG (7).w \/?’F( )H(W)ZTTW_,EW(”):CCW_,CCZ ®

Equation (2) is satisfied by the above transformations, and equations (3) — (6) reduce
to the following ““self-similar ordinary differential equations™:

(1+%jF'”—M*F'—(F')2+ F'F+20G+4 (0+Np)=0 (9

(1+%JG"—M*G—(F'G—G'F)—Za)'F':0 (10)
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0"+PrFo =0 11)
¢"+Sc.Fo'=0 (12)
The comprehensive boundary constraints are attained as:
F'(7)=1G(7)=0,F(7)=0,0(n)=1¢(n)=1 at n=0
F'(7)—0,G(7)—>0,0(7)>0,p(n) >0 asy—>ow

The parameters in the above equations are given as Magnetic parameter

(M* = 0.B32/pa), Rotation parameter (o'=2/3), Prandtl Number (Pr- = 9/a),

Schmidt Number (S¢ = 9/D,,), the combined convection parameter (Zaigham Zia et

al., 2018) (A" = Gr/ReZ) ,the Buoyancy ratio parameter (Zaigham Zia et al., 2018)
X

(13)

*_B(C _Coo)/ , 99
Nf =Fevw Br(T, —T,) |° Grashof Number

(GT‘ = g.BT(Tw - Too)XS/ﬁz) :

The physical quantities of engineering purposes i.e., the drag friction
coefficients Cr, and Cy,, the diminished Nusselt number, and Sh,(the Sherwood
number), are as follows.

c, :(m%j F"(0).C, :(1+%JG‘ (0),Re; % Nu, =—6" (0), Re;? Sh, =" (0),

Re, =UW% (local Re ynold* s Number )

NUMERICAL SOLUTION

The system of coupled dimensionless Equations (9)— (12) is sensitive to boundary
conditions mathematically. Since these equations are highly nonlinear, solving them
analytically is quite challenging. As a result, the BVP4C approach from MATLAB is
one of the methods utilised to solve such problems. The numerical solutions are
acquired utilising the MATLAB BVP algorithm bvp4c, “a finite difference code that
implements the three-stage Lobatto IITA formula”.

In this procedure, the above equations are first metamorphosed into a set of “coupled
first-order equations” as follows:

f=[FF'F" GG 00 ¢p¢'|

=[f@)F(2)F(3)T(4)F(5)F(6) F(T)T(8) F(9) ]

Therefore, the equations (9) - (12) can be expressed as:

(14)
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This is put up as a "boundary value problem (BVP)" in MATLAB, and the Lobatto
I11A RK collocation method is used to derive the solution of the system of equations
along with the required boundary conditions (BVP4C). When the error (tolerance)
reaches 10°, the procedure will be terminated. When solving the BVP using
MATLAB, Bvp4c requires only three arguments: a “functionode” for evaluating the
ODEs, a “functionbc” for evaluating the residual in the boundary conditions, and a
“solinit” structure for generating an approximation for a mesh and the solution on
this mesh. The ODEs are computed in almost the same approach as the I\VVP solvers
in MATLAB (Prathiba & Akavaram, 2022). This method can be explained by
various research articles (Ibrahim, 2017; Uddin et al., 2019; Ouyang et al., 2020;
Ahmad et al., 2021; Shoaib et al., 2021; Vedavathi et al., 2021).

DISCUSSION OF THE RESULTS OBTAINED

The non-linear differential equations of the MHD Casson fluid with viscous
dissipation over a rotating sheet and the boundary conditions were solved using the
3-stage Lobatto 111A R.K collocation method. The technique was implemented using
the symbolic software MATLAB. The boundary conditions defined at infinity are
switched by a sufficiently substantial value n = n,,,, = 10. The accuracy of up to
six decimal places has been considered for the convergence criteria with a step size
of An = 0.001. The code validation was done by comparing the values of physical
interest, such as drag friction coefficient, with Wang (Wang, 1988) and Adnan Saeed
et al. (Butt et al., 2015) (Table 1).
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Table 1. Validation of code by taking when N;"=Sc=M"= 1"=0, p —c0 comparing the current
findings to previously computed results.

o Wang C. Y Adnan Saeed Butt et al. Present Results
(Wang, 1988) (Butt et al., 2015)
—F"(0) -G'(0) —F"(0) —G'(0) —F"(0) —-G'(0)
0 1 0 1 0 1.000008 0
0.5 11384 0.5128 1.13838096  0.51276039 1.1383812 0.51276012
1 1.3250 0.8371 1.32502883  0.83709841 1.32502901  0.83709845
2 1.6523 1.2873 1.65235799  1.28725883 1.65235488  1.28725663

To study the performance of velocity, temperature, and concentration boundary
layers, each parameter is graphically developed by assigning constant values to the
parameters in the range mentioned below. The choices of the regulating parameters
are the “Casson parameter” (0.5 < B < o), rotation parameter (0.2 < o < 2), the
mixed convection parameter (0 < A'< 2), and the “Schmidt number” (0< Sc<5), the
Buoyancy ratio (0 < N; < 2) (The values of these parameters have been taken from
the cited literature). As, the Prandtl number (Pr), can be defined as the ratio of
molecular diffusivity of momentum to molecular diffusivity of heat and for a valid
thermal analysis, in this analysis we have fixed the Pr at 6.20.
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Figure 2.Performance of F'(n) Elgure :f In[;pactcci)f Casson
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The influence of the Casson parameter on the PVG and SVG is seen in Figure 2
and Figure 3. The velocity profiles F' drop as the value of {8 increase and the
SVG increase with rise in Casson parameter values. This is because tensile
tension in the fluid flow due to elasticity generates resistance, resulting in a
drop in primary velocity. As B grows, the width of the velocity boundary layer
decreases. On the other hand, increasing {3, causes a fall in temperature profile
and rise in concentration profile, as seen in Figure 4 and Figure 5.
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Lower velocity dispersion is associated with higher rotation parameter values
(Figure 6). The "Rotation Parameter (R.P)" is defined as the "ratio of rotation to
stretching rates" in physical terms. Increased R.P values result in a faster
rotational rate, causing the PVG velocity dispersion and the diameter of the
momentum layer to decrease. The influence of the rotation parameter on the
velocity distribution G is seen in Figure 7. This implies that rotation tends to
accelerate secondary velocity whereas it retards primary velocity in the
boundary layer region Thus, when the rotation parameter rises, the velocity
distribution oscillates and also the mass diffusion.
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Figures 8 and 9 show the effect of A* on PVG and SVG. It is clear that F’ is
behaving increasingly, but G behaves in an opposing manner since, the positive
buoyancy force (A* > 0) implies favourable pressure gradient, the fluid gets
accelerated, which results in thinner momentum.

Figure 10 shows the attributes of N;” on PVG. N, improves both velocity and
boundary layer thickness in this case. The thermal expansion was dominated by
concentration expansion, resulting in the rise in PVG. The presence of Lorentz
force occurs due to the induced magnetic field resulting in decrease in primary
velocity and increase in secondary velocity profiles. Also, the improvement in
the magnetic parameter results in the enhancement of both temperature and
concentration profiles, as seen in Figures 11 and 12.
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Table 2 shows the drag frictions' numerical results, which are important
emerging parameters. Skin friction decreases in the x-direction for N;", B, ",
but increases for M”, Sc and R.P. We also noticed that skin friction in the y-
direction increases as Ny, ’, A" increases but decreases as Sc, M", B increases.
Sherwood numerals correspond to different N;", ®’, A", Sc values. We
concluded that for A", N;", the estimations of Nusselt and Sherwood numbers
are improved. However, for Sc, the opposite impact is observed on
N, and Sh,,.
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Table 2. The numerical values of the local drag frictions in primary and transverse velocity

directions and the heat transmission and mass transmit coefficients.

1 1
T —(1+E)F”(0) —(1+E)G’(0) —0'(0) —¢'(0)
02 0 15 05 05 05 1576634 0.427427 1870712 0440973
0.2 1727631 0.380353 1860252 0431871
0.4 187179 0.345165 1850182 0423028
05 1041233 0.330668 1845306 0418757
05 1941233 0.330668 1845306  0.418757
1 1557119 0.274664 1816289  0.392605
15 1409385 0.253036 180155  0.380588
2 1330321 0.241417 17925  0.373664
65 2509271 0.202722 1808219 0386121
0 2.147491 0.318424 1832336 0408213
05 1807078 0.337982 1853501 0425064
1 1481167 0.354113 1872698 0439005
05 1.498147 0.338127 1871142 045017
1 1147264 0.358492 1894246 0465385
15 0.811635 0.376036 1915209 0478728
2 0.488162 0.391503 1034507 0490665
05 1717911 0.324062 1855047 0439844
1 1748305 0.319955 1853188 0656409
15 1766139 0.318003 1851508 0834714
2 1777684 0.316957 1850589  0.986363
0.1 1701912 0.163072 1857367 0441221
0.2 1717911 0.324062 1855047 0439844
03 174381 0.481026 1853621 0437609
0.4 1778524 0.632286 1850496  0.434604
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CONCLUSION

A spinning sheet subjected to a mixed convective 3D flow of Casson liquid was
analysed in this study, and the following are the main characteristics of this
inspection:

Material parameter  improves velocity distributions, but temperature and
concentration have the reverse effect.

Thermal buoyancy A" and buoyancy ratio N; have similar fluid velocity F’
characteristics.

When N;~ grows, local Nusselt and Sherwood values improve for aiding
flow (A* > 0). The skin friction coefficients decrease as N, increases,
whereas in the case of opposing flow ((1* < 0), the reverse behaviour is
observed. This is because of the reason that viscous forces are less
effective when compared with buoyancy forces

With increased concentration buoyancy factor N;”, skin friction coefficient
declines, but transversal skin resistance number, local Nusselt, and
Sherwood records decrease.

The values of Cy,, and Cy,, , local Nusselt and Sherwood numbers decrease
for larger Casson fluid parameter values. Also, the local Nusselt number
and the local Sherwood number reduced as the magnetic field parameter
was increased.
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Nomenclature and Abbreviations

u, v, w i( y, z components of velocity (ms™ T, Free stream temperature (K)
)
Cw Free stream concentration p Fluid density (kgm®)
g Gravitational force C. Uniform constant concentration
T The temperature of the fluid (K) Q Angular velocity(ms™)
Dnm Mass diffusivity coefficient. Bo Applied magnetic field (Wb m™2)
M" Magnetic Parameter o Thermal diffusivity
Cp Specific heat constant pressure o) Rotational parameter
(Jkgk™)
C The concentration of the species B Casson Parameter
T Surface temperature (K) Rex Local Reynolds number
w
v Kinematic viscosity (m’s™) Sc Schmidt number
Pr Prandtl number u Dynamic viscosity (kgm™s™)
Ny concentration buoyancy e mixed convection parameter
parameter
pr Thermal expansion coefficient Pc Solutal expansion coefficient

Abbreviations:
NNF Non- Newtonian Fluid R.P  Rotational Parameter
PVG Primary Velocity Gradient SVG  Secondary Velocity Gradient
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