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ABSTRACT

A composite model is presented for the pressure and moisture distributions during a three-stage drying process of a
flat plate with a fixed base. In the first stage (saturated stage), the body is fully saturated and capillary flow prevails.
During the second stage (partially saturated stage), the evaporative front recedes through the material and divides it
into saturated and unsaturated regions. The saturated part of the body is modelled using Darcy's Law for pressure-
driven flow, while the unsaturated part is characterized by a Fickian diffusion equation, where the pressure model and
the diffusion model are coupled through the receding evaporative front. In the third stage (fully unsaturated stage), the
saturated region of the paitially saturated stage is obliterated and the body is entirely unsaturated. it is shown that the
critical point can eocur in either the partially saturated stage or the fully unsaturated stage, depending upon the
evaporafion rafe and other parameters of the drying process; both: the pres: we in the liquid and the moisture
concentration of the body increase with distance from the drying face ai any givan time.
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INTRODUC?T’IGI\!

The theory on the drying characteristics of a flat plate, which incluces .. p...0se. qree-stage drying process for
porous materials, is presented in Part | of this series (Puyate, 2003z). Mﬁdd& for {ne stress and strain produced
during drying of a flat plate with a fixed base in which the receding evaporative front is accounted for, are presented in
Part Il (Puyate, 2003b). In the first stage (saturated stage) of the prc‘pose/d three-stage drying process, the body is
fully saturated and pressure-driven flow prevails. During the second stage (partially saturated stage), the evaporative
front recedes into the material and divides it into two regions; the interior of the material remains saturated up tc the
evaporative front, while the exterior part of the material is unsaturated. During the third stage (fully unsaturated stage),
the saturated region of the partially saturated stage is obliterated and the body becomes fully unsaturated; moisture
transport- within the body during this stage is by diffusion only.

Scherer (1987b) has developed a capillary flow model for the pressure distribution during drying of a flat plate.
Darcy's Law was applied to derive a diffusion equation for the pressure in the liquid, which was solved using a two-
stage model. In the first part of the model (the constant-rate period), thi: evapuration rate is constant and the capillary
tension within the liquid rises. A critical point is reached when the capillary tension reaches a maximum value at the
free surface, and this marks the end of the first stage. In the second stage of the model (the falling-rate period), the
capillary tension at the free surface remains fixed at the maximum value and the drying rate gradually decreases. In
this approach, the drying front is effectively pinned at the free surface as the falling-rate period progresses, which is.
inconsistent with reality and literature (e.g. Puyate, 2003a). Although the liquid may be: partly funicular in the early
stages of the falling-rate period, not all the pores are completely full of liquid so the permeability of the material will
depend on the moisture content (Scheiddegger, 1974). The use of the pressure model developed by Scherer (1987a,
1887b, 1990) with constant permeability for the falling-rate period raises concern, especially when pockets of liquid
become isolated and the liquid can be transported from the interior of the body to the surface only by diffusion of its
vapour.

Earlier modeis for diying following from the work of Sherwood (Sherwood, 1831; Gilliland and Sherwood,
1933), were based on ass transfer of moisture by diffusion within the porous medium, In these models, no account is
taken of the capillary tension or the receding evaporative front. There is a constant-rate period in which the
evaporation rate is constant and the moisture content of the body falls. The mioisture content at the free surface falls to
its equilibrium value at the end of the constant-rate period, and remains constant during the subsequent falling-rate
period until the material is completely dry. Sherwood's model for the constant-rate period (Gillitand and Sherwood,
1933) has also been shown by Puyate (1999, 2003a) to give reasonable resuits with experimental data. However,
Sherwood’s modeis for the falling-rate period (Sherwood, 1931) do not describe adequately the drying kinetics of a
body for ali values of a parameter called “drying intensity” {Puyate, 1899, 2003a). An improved mode! for the faliing-
rate period based on Sherwood's diffusion theory, which is valid for all values of the drying intensity, is presented in
Puyate (2003a). .
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Scherer's (1987a, 1987b, 1990) and Sherwood's (Sherwood, 1931; Gillilarnd and Sherwood, 1933) models
for drying are both quite widely used, yet are based on quite different paradigms. The Scherer model is based on
capillary flow and is clearly appropriate for the initial stage of drying when the body is saturated, and is also valid
within the saturated region of the partially saturated stage. The Sherwood model is based on moisture’ diffusion
through the porous body and is clearly appropriate when the body is nearly dry, the pores are filled mostly with air,
and the liquid exists in isolated pendular drops. Neither model is entirely satisfactory, though both have been used to
describe the entire drying process of a body from the initial stage to dryness.

This paper presents a composite model for pressure flow and moisture diffusion dunng a three-stage drying
process of a flat plate with a fixed base, where the pressure model and the diffusion model are coupled through the
receding evaporative front. The diffusion model is used to describe the flux of moisture in the unsaturated reglon,
while the pressure mode! is used for the flux in the saturated region.

The model

in the present paper (and unlike Scherer's analysis), when the capillary tension reaches its maximum value at the
exterior surface of a body, the evaporative front is drawn into the material and the body is only partially saturated. The
evaporation rate remains constant for a further period, until the moisture concentration at the surface approaches the
equilibrium moisture concentration. The equations for saturated flow prevail in the saturated region of the body, and
the capillary tension at the evaporative front remains & the maximum value as the evaporative front recedes into the
material, Mags transfer in the unsaturated region is by diffusion and follows a Fickian equation originally developed by
Sherwood (1929). Eventually, the moisture concentration at the surface of the body falls to the equilibrium value. This
marks the ciritical point of the drying process and the end of the constant-rate pericd. (Traditionally (Gilliland and
Sherwood (1933)), the constant-rate period is taken o end when the moisture ccmcemremoﬁ at the surface of a body
falls to the equilibrium vaiue). Thereafter, the surface mvisture concentration remainz o) the aquilibrivm value and the
falling-rate period begins. The crilical point can ocour in either the partially saturated stage or the fully unsaturated
stage, depending on the evaporation rate and other parameters of the drying process.

Pressure and moisture distributions

In this section, models for the pressure and moisture distributions i the thres: stages of drying are presented for the
one-dimensional drying of a flat plate with a fixed base. The receding evaporative front is accounted for in the models;
Darcy's Law is used to describe saturated pressure-driven flow, while mass transport in the unsaiurated region is
characterized by a Fickian diffusion equation.

Stage 1: Saturated stage

During the saturated stage, the pores are full of liquid so Darcy's Law holds, and the goveming equation for the
pressure distribution is given by (Puyate, 2003b)

oP o’P
—+=D—~ O<z<lL (N

ot 0z
whére z is the distance measured in the direction of fluid flow, L is the thickness of the plate, tis time, £, is the gauge ‘

preéssure (Puyate, 2003a,b) in the liquid, and D is a transport coefficient defined in Puyate (2003b). Initially, the free
surface of the plate is covered with a film of liquid (flat surface) so the capillary tension in the liquid is zero, and

P, =0. Since the rate of evaporation is constant during the saturated stage, the evaporative flux must balance the

pressure flux at the free surface (z = L ), while the pressure flux at the unexposed face (z = 0) is zero. The initial
and boundary conditions of eq. (1) for the saturated stage may then be expressed as

=0: P, =0 (2a)
z=0: QEL ={ (2b)
oz
gm L o _ _am (20)
oz PLE

where ¢ is the rate of evaporation per unit area in the constant-rate period, x is the permeability of the plate, and
£, is the density of the liquid. The saturated stage ends when P, falls to a minimum value P, at the surface,

corresponding to a maximum capillary tension ¢, (Puyate, 2003b). Thereafter, the menisci recede into the pores
and the partially saturated stage begins.
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%mge 2. Partially aaturated stage et
11 this stage of drying, the plate is divided by the recedmg evaporaﬁve front into two zones. i
froim the surface to the evaporative front is unsaturated, while the interior of plaie from the evaporative front to the.
unaxms&d face is saturated. Egquation (1) applies to the saturated zone, while mass transport in the unsaturated - ..
rexgion is modelled by a Flcklan diffusion equation. The initial condition of the saturited region of the partially saturated \

stage corresponds 1o the pressure distribution at the end of the saturated stage, vwith P, equal to F,,, at the drying

surface; the pressure at the interior evaporative front remains at £, asthe evﬁpc rative front retreats into the body. \

~With the assumption that the rate of evaporation remains constant untii the moisture concentration at the
uw ?@e of the plate falls to the equilibrium value, the equations describing the two zones of the partially saturated = .
siage may then be expressed as E B

Unsaturated zone
Op & p
L p LK z(t)<z<L 3
at in 622 . l( ) ( ) 1
with the condittons |
L=t P =100, o (4a)
z=z,(0):  p=xdp, N
crp: P.__ %
oz D,
zm Lo Lor - ‘ . (4c)
FRP: P =Py
Saturated zone
oF, 'p
B AP ) Bula S OD<z<z(t 5) .
or &z <E<El ©
Jith the conditions
f=i,: P, = P.(z,i5) (6a)
7=0: LLL e
z=z(t):  P=P, (60)

sere CRP and FRP mean constant-rate period and falling-rate period respectively, 1, is the time for.the end of the
sahwrated stage (the entry time), P,(z,1;) is the pressure distribution at the end of the saturated stage, z, (1‘) is the
“W*»d@pendem intarface (evap@ratwe front) position assumed to be sharp, p is the mass cencmimtton of mo:sture

. Is the moisture diffusion cosfficient that is derived from data in the falling-rate period (F’uyate 1999), ¢ is the
o mty of the plate, aﬂd P, is the equnhbnum moisture concentration. The shrirkage of t:;i plate is assumed to be

%i 50 that the porosnty is takento be constant. Note that at the inceptioti‘of the partially urated stage, the extent -
1e Gisiturated zohe is. infinitesimal, so that the initial condition (4a) must be the same as the boundary condition
{4b); the factor, ¥ (less than unity) represents the degree to which the pores are filled with liquid in the unsaturated”

&5
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region immediately adjacent to the saturated region. The saturated and unsaturated regions of the partially saturated

stage may be coupled through a continuity of flux condition at the evaporative front, with which, the motion of the
evaporative front can be determined. However, a more useful expression may be obtamed from the boundary
condition (6¢), which may be differentiated with respect {o time to give the rate of change of the posmon of the

evaporative front as ;
2 2 i ’
sy =22l o 7
L BP,_ /oz 0 ‘ ‘

where the@uperscznpt dot indicates the derivative with respect to time. The initial condition for the location of the
evaporative front is

S P z,(t;) =1L (8)
The pariially saturat@d siage ends when the evaporative front reaches the unexposed face of the plate, where
z,(t) = 0, and the saturated region is obliterated.

Stage 3: Fully unsaturated stage

This is the stage when no part of the plate is saturated During this stage, the liquid exists in the pendular state and
evaporation occurs within the plate, with vapour diffusing from the interior of the plate to the surface. Depending upon
the parameters of the process and the time taken for the moisture concentration at the surface to reach the equilibrium
value, the rate of evaporation could remain constant into the fully unsaturated stage. The initial condition for this stage
comesponds to the moisture distribution at the end of the partially saturated stage. The defining equation and
conditions of the fully unsaturated stage may then be expressed as

op *p oo :
=) O<z<L (9
o " z ®
with the conditions
F=1ty,: p=py(z,t,) (10a)
op :
z > (10b)
crp: P2
oz D,
z=L: {or (10c)
FRP: P =Py, |

where f; is the time for the end of the partially saturated stage, and p,, is the moisture distribution at the end of the
partially unsaturated stage.

3. Solution for drying of a flat plate with a fixed base
The system of equations and the accompanying conditions described in section 2.1 are made dimensionless using the
following change of variables

gt P F:.{)L 7==
‘Z¢pL peq ' Pmm ‘L
z()wﬁ@. Tﬁf%xv ‘ a1

The dimensionless time 7 is expresse@ in terms of D, rather than D, since the entire drying process can be
modelled in terms of D, only (Sherwood, 1931, Gillitand and Sherwood, 1933; Puyate, 1999). Note that since both ‘
P, and P, are negative, F is positive. Using eq. (11) in eqgs. (1) to (10) gives a set of dimensionless equations in

min
A
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each of the three slages of drying. In order to fix the size of the saturated and unsaturated regions of the partially
gaturated stage/zi’ is rescaled by Z,(z) in the saturated region, and by 1-2 (r) in the unsaturated region in the
fom m‘

@ 1-Z
<z — -

" where é.g?\ﬁand & are new dimerisionless spatial variables. The problem is a complex one, with three independent

parameters (6, 4, and w), whose values for experimental conditions are difficult -0 determine. Furthermore, the model
is new and no other work exists for comparison, For these reasons, a detailed siudy is not attempted here, but will be
. left as focus of further work. Instead, the solution is considered for two particu!ar cases: (1) when the critical point

' occurs in the second (partially saturated stage), and (2) when the critical point occurs in the third (fully unsaturated
stage)

C“ase 1. When the critical pdint oecurs in the partlaily saturated étago

Stage 1. Saturated stage

The location of the critical point does not affect the pressure distnbuuon in the: saturated stage since the moisture
concentration at the surface of the body exceeds the equilibrium value during ths stage of drying. Using ¢ from eq.
(12) in the dimensionless form of eq. (1) gives the rescaled dimensionless transport equation in this stage as

oF *F : :
—mt fF — 0<{ <1 (13
or oc? d )
with the corresponding conditions
| =0 e F =0 ’ (14a)
e ap ‘
L=1: F 4 ’ - (14c)
oL '

where f=D/D,_ is the ratio of the transport coefficients in the saturated and : nsaturated regions of the plate. One
would expect that capillary flow is a more effective transport mechanism than vapour diffusion, so that f“may be
typically greater than unity. The quantity A =an,L/|P,,|p,x is a dimensonless evaporation raté’ (or drying

intensity) that relates the characteristic times for evaporation and liquid flow. When 4 is large, evéporation is fast,
large pressure gradients occur, and the saturated stage is short. Conversely, wien A is small, evaporation is slow,

the pressure gradients are small, and the saturated stage is long. During the s..turated stage, the evaporative front

remains at the surface of the plate so that Z,(r) =1 and {=2. The satur‘. ‘ed stage ends at 7 =7, when. F

e mckea.,es tounityat Z'=1. " . g \

ay;.

In order to match the pressure distribution of the saturated stage at’ rE with the initial condition of the

 saturated zone of the partiaily saturéted stage, eq. (13) has been solved numei cally usmg conditions {14). Figure 1
shows a plot of F against Z for increasing values of 7, representing the pressu e distribution in the plate during the

saturated stage. In this and subseguent figures, the parameter values usec are f = 2 and A =1, for which

r, = 0.333 (determined numerically). The dimensionless variable F represer's the tension in the liquid, so the

pressure in the liquid wili be high in the region of low tension, and vice ve:sa. Thus, the pressure distribution
represented in Fig. 1 is non-uniform, with higher pressure further from the drying : urface.
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Stage 2: Partially saturated stage

The rescaled dimensionless transport equations in the unsaturated and saturated zones of this stage are obtained by
using & and ¢ from eq. (12) in the dimensionless form of egs. (3) and (5), and in the dimensionless form of
conditions (4) and (8), as follows. )

Unsaturated zone i
00 ( Z.(r) Yoo 1 5% . L '
| ek LB — 0<&<l 15
or (lwzi(r) 6] 8¢ (1-Zz(x)) ¢ ,ﬁ ; o
with tf‘g‘e conditions
T=1,: 0=1 T e
o | CRP: ,u(l -2 <r>)
| E=0: jor (18b)
% LFRP : 6=0

&=1: 0=1 (16¢c)

where u = aL /(xgp, - p.,)D,, is a drying intensity which relates the characteristic times for evaporation and liquid L

diffusion. When 4 is large, evaporation is fast, large conceiitration gradients occur, and the constant-rate period is
short. Conversely, when 4 is small, evaporation is slow, the concentration gradients are small, and the constant-rate
period is long.

Saturated zone

81'1 Z’(T) af:—-«”wl__?f!i .o
or [Z.(r) ;jbg T Z¥D) 54’2 0<g <l (17)

thh the corresponding conditions

T=1Tg:. F=F,7;) - ‘ (18a)
) SRR
’ OoF ;
. “=0: =) 18b
¢ o¢ ( )“‘
£=1: F=1 (18¢)

The rescaled form of eq. (7) whuch is'used fo update the position Qf the evaporative front becomes

Zm=“ﬂ[?Fm;] - BN

Z, (O oF18¢
with the initial condition

T=Tg Z(rz)=1 (20)
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it may be ssen from eq. (19) that the velocity of the evaporative front depends on 8 and the form of F. Figure 2
shows the transient evoiution of the evaporative front from the end of the saturated stage to the end of the pamally
saturated stage, It may be seen from Fig. 2 that the partially saturated stage ends when 7, ~ 0.523.

As the evaporative front recedes into the plate after the dimensionless entry time 7, the interior of the plate
between the unexposed face and the evaporative front remains saturated until the evaporative front reaches Z = 0 at
T =1y, The pressure distribution at the start of the partially saturated stage corresponds to that at the end of the
saturate_d stage, and the pressure at the drying front remains at Pm (F =1) as it recedes through the plate.

Equation (17) with conditions (18) can then be solved numerically to obtain the pressure distribution in the saturated
zone of the partially saturated stage for the period from 7, to 7,, as shown in Fig. 3.

Stage 2(3) Constant-rate period
The location of the critical point depends upon the drying intensity 4 (in relation to g and ), since 7 is expressed in
terms of D,,. When y is large, the constant-rate period is short and the critical point occurs in the partially saturated

stage; this case is illustrated here using the parameter values of =2, 4 = 1, and x4 = 3.5. The constant-rate period
continues from the saturated stage into the partially, saturated stage, so eq. (15) can be solved numerically using
condmons {16a), (16b) (for CRP), and (16c). The constant-rate period ends when the moisture concentration at the

surface of the plate falls to the equilibrium value; thatis @ =0 at Z = 1. Figure 4 shows a plot of 8, (the moaisture
concentration at the surface of the plate) against 7 in the dimensionless time range 7, <7 <7, . It may be seen
from Fig. 4 that 8, drops to zero at 7, =~ 0.493 (obtained numerically), where 7. is the dimensionless critical time.
Figure 6 shows a plot of 8 against Z for a range of values of 7 from 7 to 7, . Thus the moisture distribution during

the constant-rate period is uneven, with higher moisture further from the drying face. The moisture concentration at '

the mtenor of the evaporative front remains at @ =1 (the fractional saturation of the pores) and the pressure remains
at F =1 as the evaporative front recedes through the material during the partially saturated stage.

Stage 2(b): Falling-rate period

The falling-rate period starts in the partially saturated stage, since Teg < Ty - The pressure and moisture distributions
at the start of stage 2(b) correspond to those at the end of stage 2(a). Note that @ combination of the pressure
distributions within the partially saturated stage in the ranges 7, <7 S 7 and 7y <7 S 7, is the same as the one
shown in Fig. 3. During the falling-rate period, the moisture concentration at the surface of the plate remains at the

equilibrium value so that eq./(15) can be solved numerically using conditions (16a), (16b) (for FRP), and (16c), to-

obtain the moisture distribution in the plate for the period from 7, to 7, as shown in Fig. 6.

Stage 3: Fully unsaturated stage ]
When Z,(r) decreases to zero, the saturated zone of the partially saturated stage is obliterated and the fully
unsaturated stage begins. The rescaled dimensionless transport equation in this stage may then be expressed as

06 _ 6 0 ,
0<£<l 21
T S @
with the coiresponding conditions
T=T, 0=0,(&,1,) (22a)
00
CRP: —=
o X
£E=0: or (22b)

FRP: 6=0
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E=1: —=0 | e

The moisture distribution at the beginning of the fully unsaturated stage corresponds to that at the end of stage 2(b),
which (for 8 = 2, 1 = 1, u = 3.5) has already entered the falling-rate perlod. Equation (21) can then be solved
numerically using conditions (22a), (22b) (for FRP), and (22c), to obtain the moisture distribution in this stage as
shown in Fig. 7. Thus the moisture distribution everywhere in the plate approaches the equilibrium value
asymptotically at the end of drying.

Case 2. When the critical point occurs in the fully unsaturated stage

In this case, the drying intensity u is taken to be 2, but the values of gand A remain the same as in Case 1. Thus the 7
pressure distribution in the saturated and partially saturated stages are the same as in Case 1, as is the evolution of
the interface position and the dimensionless time for the end of the partially saturated stage.

Stage 2: Partially saturated stage

Stage 2(a): Constant-rate period

Since the constant-rate period continues from the saturated stage, through the partially saturated stage, into the fully
unsaturated stage, eq. (15) can be solved numerically using conditions (16a), (16b) (for CRP), and (16c). The
constant-rate period ends when the moisture concentration at the surface of the plate falis to the equilibrium value;

that is 8 = 0 at Z = 1. Figure 8 shows a plot of d, (the moisture concentration at the surface of the plate) against 7 in
“the dimensionless time range 7, <7 <7,,. It may be seen from Fig. 8 that g, would fall to zero at a dimensionless

time greater than 7,,, indicating that the ~onstant-ra*= period extends into the fully unsaturated stage for this value of
# . Figure 9 shows the moisture distributicn in the . fe during thei,constant—rate period in the partially saturated stage

for the period iiv... « i b Ty T w2 moisture woodibubion is uheven with higher moisture further from the drying
face; the moisture concentration at the interior of the evaporative front remains at 8 = 1 (the fractional saturation of the -

pores) and the pressure remains at F = 1 as the evaporative front recedes through the material during the partlauy
_saturated stage.

Stage 3 :Fully unsaturated stage

- Stage 3(a): Constant-rate period -

The morsture distribution at the beginning of stage 3(a), corresponds fo that at the end of stage 2(a). Since the rate of
evaporation is still constant in the fully unsaturated stage, eq. (21) can be solved numerically using conditions (22a),

- (22b) (for CRP) and (22¢). Figure 10 shows a plot of Qo agamst 1 in a dimensionless time range from 7, to 7 =0.7,

from which |t may be seen that the constant-rate period ends at 7, ~ 0.633 (obtained numerically), where 7, is

the dimensionless critical time. Thereafter, the moisture concentration at the surface of the plate remains at the
equilibrium value and the falling-rate period begins. Figure 11 shows the moisture distribution in the plate during the

constant-rate period in the fully unsaturated stage from 7, to 7.

Stage 3(b): Falling-rate period
The moisture distribution at the beginning of stage 3(b) corresponds to that at the end of stage 3(a) Equation (21) can
then be solved numerically using conditions (22a), (22b) (for FRP), and (22¢), to obtain the moisture distribution during

the falling-rate pericd in this stage of drying for the period from 7o, to 7 =4 as shown in Fig. 12. The moisture
distribution everywhere in the plate approaches the equilibrium value asymptotically at the end of drying.

CONCLUSION

An analysis based on a three-stage drying process has been presented for the pressure and moisture distributions
during drying of a flat plate with a fixed base. In this analysis, when the capillary tension in the liquid at the surface of a
drying body reaches its maximum value, the liquid meniscus is drawn into the body and the material is only partially
saturated. The constant-rate period continues until the moisture concentration at the surface of the body drops to the
equilibrium value. Fluid transport through pores of the’ body is assumed to obey Darcy’s Law in the saturated region,
while moisture transport in the unsaturated region is modelled by a Fickian diffusion equation. Atthough models for the
pressure and moisture distributions during drying of a flat plate exist in the literature (e.g. Scherer (1987a, 1987b,
1980); Sherwood (1931); Gilliland and Sherwood (1933); Puyate (1999, 2003a)), the present composite model offers a
more complete description of a drying process, which takes into account the receding evaporative front.

The pressure distribution during the saturated stage is non-uniform, with higher pressure further from the
drying face. During the partially saturated stage, the material is divided by the receding drying fron! into saturated and
unsaturated zones; the pressure distribution in the saturated zone of the partiall saturated stage is uneven, showing
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characteristics similar to those in the saturated $t‘age, but the pressure at the evaporative front remains at the -
minimum value P, as it recedes through the plate. The critical point occurs ini the partially saturated stage in Case 1

(with 8= 2, A= 1, and z= 3.5), while the critical point occurs in the fully urisaturated stage in Case 2 (with #=2, A= 1,
and g = 2). The moisture distributions during the constant-rate period in the pariially saturated and fully unsaturated
stages are uneven, with higher moisture further from the drying face. During the falling-rate period, the moisture
concentration at the surface of the plate remains at the equilibrium value, while the moisture distribution everywhere in
the plate approaches the equilibrium value at the end of drying.
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