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. - . ABSTRACT

“ ¢

A system of equation describing the microwave heatmg of biologic tissues is considered, with an attempt to provudmg a
@olutnon for the, equatnon Use is made of the Finite Element Method to provide an approx|mate solution o ®
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1. INTRODUCTION

The effect of microwave heating on cancerous cells on the surface of the skin has been investigated by a ﬁumber of
researchers. Early works in this area were those of Bush in 1866 as reported by Adebile-(2004). He noticed that caricerous “cells 6n
_the surface of the skin of a patient were no longer present after temperature increase -A lot of work on the investigation of the effect
of heat deposition and consequent rise in temperature in an attempt of using heat to destroy or control the growth of cancerous
cells, has been carried out.

The physical properties of tissues can lead to formation or hindrance of hot spot as reported by Smyth (1992 Saxena ang'
Arya (1981) investigated the steady state temperature distribution on human skin and sub-dermal tissues exposed to a dry and coo!
environment with negligible perspiration. Ei-dabe et al (2003) studied the effects of microwave heating on the thermal states of
biological tissues They used finite-difference method to predict the effects of thermal physical properties on the transient
temperature of biological tissues Adebile (2006) investigated this same problem anatytucally Retently Jnang@’t al (2002) discussed
the effects of thermal properties and.geometrical dimension on the skin burns

Adebile (2004) established qualitatively that solutions exists, and gave conditions for umqueness of solution for an
equation describing the microwave heating of biologic tissues Adebile et al (2006) presented an investigation into the existence
and uniqueness of solution of self-similar solution for the coupled Maxwell and Pennes Bio-heat equations for a generalized body

heating coefficient of the form (X(T') = T" . , )

Also, a research by Ayeni et al (2006), shows how the choice of perfusion coefficient could lead to more thanv one,
temperature fields which could lead to an undesired result. He inferred that to avdid adverse consequences during microwavé
heating of biologic tissues and an even m is preferred

The purpose of this paper is to provide a mathematical model for the microwave heating of biologic NSSUeS using the fm:te
element method.

This work is presented in 6 sections. Section 1 contains the literature review, in section 2 mathematical formulation is
presented, method of solution is outlined in section 3, the exact solution is obtained in section 4, the results are presented in
-section 5 and these results are discussed in section 6.

2. MATHEMATICAL FORMULATION

Adebile (2003) in his work gave an equation for microwave heating presented in equation 1

Cu Ou

ool = f(xau8 : W
p’ ( (.X u, )

Cu(x.0) = u, (x) xeto) 2)
u(0.0)y=u(lr)=0 120 (3)
Where
u(x.1) = Temperature at tme't’ and space ', )

du(x) , ’
q = ~a—7— = Heat flux from Fourier's law (4)
ox
«a = Thermal diffusivity = ——— (5)
sep

f (x,t. u) = Function describing heat source
The following simplifying assumptions are made-

1 a=0.021 )
2 Heatsource f(x.1,1,) = [x(1-x)]'e ™ (6)
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then equation 1 becomes

) 2
{7% —a _g;‘g - [x(] _ x)]de‘..mx N " (7)

o

With initial condition

1#(x,0) = u,(x)
And boundary condition
w04y =u(lt)=0

3. METHOD GF SOLUTION

We provide a solution for equation 7 using the finite element method (F.E.M.) a single element is considered and used to
develop a 4-element (9-nodes) model.
For a single element (e), weak formulation

f“w @i—a?«ﬂ——rrﬁ—x)d e = 0 (8)
° Lo ox?

y
Where
w = Interpolation function

, ’u
Integrating — & — | by parts
ox?

[P iy e o
S o | xS f ,

Sumtituting equation 9 in equation 8 we have

8w 8u au 1 N ou
. —_— | - . i ) [4A] — — 0 10
6@: 6x 81 [x( ‘)] ‘ }bw w[ “ 5x} (, )
ﬂ;?}f a— Ou + wf?_li - [x(l - x)]" e™ }ix —q,w(x,)—gw(x,)=0 (11)

Ox Ox ot

Where )

ou
4., =| ~@— (12)
b [ axJ,z |

Ou

= | (13)

h [ axL .
Mow let
ulx,1) Zu (o, (x) “ (14)
then

514,(1)

ou & 0¢,(x)
O ._.__,I_....._.. (16)
o Z:, u, ()

W= 9,(0) an

Substituting equation 14, 15, 16 and 17 in equation 11 we have

\ﬁ{ 6¢ [Z 2 09, (x )] ¢{L?ﬁ,ﬁ2¢( )J ¢([x(] X):idx“'qz¢:(xz)“"ql¢,(x.)=0 8

Vi ax 7=l =l

R SRIbE ) S C R i

p=t J=|
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= KU+ [M}{U} - {F}

Where:

xy a¢ ¢
K =
Y I x ox

M, = | 4.(99,)

F =f+q

f I¢([ Iw,‘“d"”"\’
oot
; o .

Now let us make use of Lagrange quadratic interpolation functions

2x X X X 2x
I c=aX =X and yr =X 12X
vi ( h)[ h)““ h[ h)a" v c-h[ h)

let h = length of element = l

Then
’ i g i K -
M, = JWIWIdX:%' M,, = !Wqudx :g'(ﬁ)'v M= JW:W.@dX :‘l"z"(')'
" u ¢ 2 H 1
MZI = (;f%%dx ;ga M?z = JWszdx :]—g' M23 = ‘;[sz?dx = 66
/4 _l ‘4 l l/4 ]
M;, = J.%\y,dx :EB' M,, = Jaw_,wzdx :«6—0— and M,, = (;f\u3\;/3dx 256
We consider here, a case in which & = 0.021, m=1and d=0
Therefore, the stiffness coefiicients are:
%
K, = jo 0212 M 4 0196, K, - jo 02120 a‘“"’d =-0.224
0% Ox Ox Ox
A
Ky = joozna‘“ aw‘dx <0.028. K, = j002|a‘*’ 2 W gy - 0224
ox Ox Ox Ox
}ﬁ
K, = j 002122 %2 4. - 0,448, K., - jo 021 22 M5 4y - 0224
ox Ox ox oOx

'/4 ’
K, = jo.ozla“’" M G = 0,028, K., _[0 02122 0¥ 4~ 0224 and
0 ox Ox X Ox

K, = JOOZlaW‘ a;;‘dx 0.196

Also
, Y
f = j‘qf e*dx = 0,042 f, = J\u,e“"dx -0.147 and f, = jwz “dx =0.032

The finite element model over an elemem is given as:

(19)

(20)
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—mu my, mg; ||y ki kg klR‘ ul fl
m, m, my; 0, e+ k, Kk, ky uz =31,

[ My My Mgy U, ky ko kg, Uz f,

1.e.

(0.0'33;' 0.017 -0.008](u, 0.196 -0.224 0.028

0017 0.133 0.017 |{ir, b+|-0224 0448 -0.224
—0008 0.017 0033 U, 0.028 -0.224 0.196

Now for a 4-Quad?at|c-evlement solution, the assembled equation Is
(K! K, K., 0 0. 0 0 0 0
Ky Ky K\ 0 0. 0. 0 0 0

kLK, KLKZ KL KL 0 0 0 0
0 0. Ky K, K 0 0 .0 0
10 0 K32| K322 K323 +K|31 vKi}z K»‘: 0 0
0 0 0 0 K, KL, K 0 0
0" 0 o 0 KN K, KLY K\ K
0 0 0 0 -0 0-. K;, K, K

(0o 0 o 0 0 0 K. K&y K&

(M), M, M), 0 0 0 0 0
M, M, M), 0 0 0 0 0
M), M, Mp+M M} M} 0 0 0

0 o0 M} M, M, 0 0 0
0 0 M;, ML ML+M) M) M, 0
0 0 0 0 K;, M., M., 0
0 0 0 0 K}, M., M +M, M
0 0 0 0 0 0 M, M3,

0 0 0 0 0 0 M, M,

8.

[ 0.196 -0.224 0.028 0 0 0 0
-0.224 0448 -0.224 0 0 0 0
0.028 -0.224 0.392 -0724 0.028 0 0

0 0 -0.224 0448 -0.224 0 0

0 0 0.028 -0.224 0392 -0.224 0.028

0 0 0 0 ~0.224 0.448 -0.224

0 0 0 0 0.028 -0.224 0.392

0 0 0 0 0 0 -0.224
0 0 0 0 0 0 0.028

(27)

00421 0,
u,f< ()147 +ﬂw() L
0032 1()}4“
14 u,
Tt
1"
i,
i p+
u(v
u,
i,
u,
o Il [ £ )@
0 ||u, £ 0
0 |4, fie o
0 ||, 1 0
o Kit-4p ol
0 |lu, A 07 -
M| LA g 10
M| i, o
], il
0 0 u,
0 0 u,
0 0 u,
0 0 u,
0 0 ug o
0 0 u,
~(0.224 0.028 ||u,
0.448 -0.224 ||y,
~0.224 0.196 | u, |
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0.033 0017 -0.008 0 0 0. 0 0 0 J(u)] [0.042] [
0017 0.i33 0.017 0 0 0 0 0 0 u, 0.147 0]
-0.008 0.017 0.066 0.017 -0.008 0 0 0 0 u, 0.074 0

0 0 0.017 0.133 0.017 0 0 0 0 u, 0.147 0
0 0 -0.008 0.017 0.066 0017 -0.008 0 0o | u -] 0.074%+< 0 %
0 0 0 0 0.017 0.133 0.017 0 0 U, 0.147 0
0 0 0 0 -0.008 0.017 0.066 0.017 -0.008 u, 0.074 0
0 0 0 0 0 0 0017 0133 0017 |{%| |0.147] |0
0 0 0 0 0 0 0 0017 0033 [la,] [0032] |Q
(28)
Recall boundary conditions
EAOJ)$O =>u =0
u(l.ty =90 =u, =0

Applying boundary conditions and assuming an isolated surface i.e q," =0
The condensed equations become-

[0.067 0017 0 0 o 0 0 ]
0.017 0067 0.017 -0.008 0 0 0
0. 0017 0067 0017 .0 0 0
0 -0.008 0017 0067 0017 -0:008 0 [|{u}+
0 0 0 0017 0067 0017 0
0 0 0  -0.008 0.017 0.067 0.017
0 0 0 0 0 0017 0.067
[ 0448 -0.224 0 0 0 0 0 0.147
-0224 0392 -0224 0.028 0 0 0 0.074
0 -0224 0448 0224 0 0 0 0.147
0 0.028 -0.224 0392 0224 0.028 0 |{u}=40.074 (29)
0 0 0 . -0224 0448 0224 0 0.147| "
0 0 - 0 0.028 0224 0392 -0.224 0.074
0 0 0 0 0 -0224 0448 0.147)

We would apply the Crank-Nicholson method for finite difference approximation of time schemes. C?énk’-Nicholson»equatuon states
that R

M+ hK uln+1)=| M - ﬁlg u(n)+ HE()+ F(n+1)) (30)
E(n+ |)2= !S]u(i;))+ [([] ’ } ’ @
S=M+—| |M-— ' (32
e e o
C= [M " flﬂ‘l [hF{(n\Z)] , (33)

4

From equation 29, we have that
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[0.067 0017  © 0 0 0 0 ] ~
0.017 0067 0017 -0.008 0 0. 0 )
0 0017 0067 0017 0 0- 0
M=|.0 -0.008 0017 0067 0017 -0008 . 0 |and
0 0 0 0017 0067 0017 0
0, 0 0  -0.008 0017 0067 0.017
0 0 0 0. 0 0017 0.067|
0448 0224 0 0 0- 0 0 ]
0224 0392 -0.224 0028 0 o o
0 - -0224 0448 0224 0 0 0
CK=| 0 0028 -0224 0392 -0224 0028 0
0 0.~ 0 -0224 0448 -0224 O
0 0 . 0 0028 -0224 0392 -0224
Y 0 0 0224 0448 |

It follows therefore that: ]
F0.4796 02829 -0.0208 0.0059 -0.0017 0.0005 -0.00013

0.2968  0.5022 0.3210 -0.0906 0.0263 -0.0074 0.0020
-0.0208 0.2887 0.4571 0.2892 -0.0227 0.0064 -0.0017
[S ] = 0.0243 -0.0906 0.3230 04948 03230 -0.0906 0.0243
-0.0017 0.0064 -0.0227 0.2892 04571 0.2887 -0.0208

0.0020 -0.0074 0.0262 -0.0906 0.3210 0.5022- - 0.2968
[ —0.00013 0.00048 ~-0.0017 0.0059 -0.0208 0.2829 0.47?6 ]

And _ )
0.1599

0.0701
0.1550
[C]=|0.0754 |
0.1550
0.0701

0.1599
Recall initial condition

u(x,0)=U, (x)

©

Assuming U(0) = 37° C_human body temperature
Then

37]
137
37
u, =|37 ok
37
37
37

St
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[ 04796 ~0.2829 -0.0208 0.0059 -0.0017 0.0005 -0.000137[37] [0.1599] =~

02968 0.5022 0.3210 -0.0906 0.0263 -0.0074 0.0020 (|37 { |0.070]
-0.0208 0.2887 0.4571 02892 -0.0227 0.0064 -0.0017 ||37| |0.1550
u =| 00243 . -0.0906 03230 04948 0.3230 -0.0906 0.0243 |37 |+|0.0754 |
-0.0017 0.0064 -0.0227 0.2892 0.4571 0.2887 -0.0208 ||37| |0.1550
0.0020 -0.0074 0.0262 -0.0906 03210 0.5022 0.2968 || 37| |0.0701
-0.00013 0.00048 -0.0017 0.0059 -0.0208 0.2829  0.4796 || 37| |0.1599

[27.7687
38.9678
37.0149 |,
37.3773
37.0149
38.9278
27.7687 |

This iteration is then carried out to get various values of U at various times and nodes and the results are as shown in tabie 1
below.

RS
i

4. EXACT SOLUTION

ou u ¢

‘é;"ang:[x(l"X)] e

butd =0,m =1land o =0.021

Ou ‘0%u .
—-0.021— =¢”" ‘ .
ot o © :

u(x,0) =u(},0)=0
u_(x,O) =37°C
Rearranging,

2
2 _0.0212% 4 ¢
ot Ox

Letu=U+y(x)

then, —?-Ii = ﬂ
o ot
and éf! = Al
&' '
ou U " —
"5;' =0.02]—a;2— +y (x)+e

Now, let y"(x)+e™* =0.

+y"(x)

The boundary conditions becomes
u(0,0)=U(0,)+y(0)=0
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= U(0,0) = -y (0)
Also, U(Lt)+y(1)=0
~U(L)=-¢(1)

Let y(0)=y(1)=0
Syt ve =0

DY =-e
y'(x)=e"+C,

Lyx)=—e"+Cx+GC,
applying boundary conditions,
then C, =-0.632 C, =1
~yp(x)=1-e" -0.632x
=37°=U(x,0)+1-¢" -0.632x
U(x.0)=36+¢7" +0.632x

Now the governing equation becomes,

oU U
— =0.021—
ot ) ot

with i

U(0.)=U(£0)=0
U(x,0)=36+e¢* +0.632x
Q oU ., U
LelU':A;T —a't—'—‘XT and—éx—2—=?(7
- XT' = 0.021X°T
separating variables, we have
T X" N
— =-p
0021r X
=T'=-0.021p°T.
orT'+0.021p°T =0
.. the solution is
T = Ae—0,02|p:l
Also, X"+ p*X =0
= X = Bcos px + Csin px
but X(0)=0 hence B=0
L X =Csinpxand T = 4e*"'7"

since U =XT. .U =De®%"" sin( px)
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Also, U(1,)=0 .. 0= De"" sin( px)

ie.sinp=0

orp=nr n=1273,..

-+U = Dsin(nzx)-e """
Applying initial condition
ieU(x,0)=36+e +0.632x
36 +e™" +0.632x = Dsin(nrx)

1
. D=2[(36+¢" +0.632x)sin (nrx)d
] ,
Hence,

® 1 .
{2 (36+e +0632x)sm mrx }sin(mrx)-e-vozl,,-,,.,vf

n=|

recall, u(x,1)=U(x,1)+y(x)

u(xt)=(1-e" “0632X)+zw:[ I(36+e"‘ +0.632x)sin(n7x)dx |sin(nzx)-e "
0

n=l

§. RESULTS

The results obtained considering a four-Quadratic element mesh (9-nodes) and sixteen-linear element mesh | - -aodes) are
shown in table 1 below and compared with the exact solution obtained by the Fourier series technique.

Table 1: Comparison of finite element solutions with the exact solution
Time | Exact solution 4-quadratic elements | 16-linear elements

t(s)

x=025 | x=050 | x=0.75 | x=025 ] x=050 | x=075 | x=025 | x=050 | x=0.75

0.1 36.997 | 37.001 36:997 38.928 | 39.377 38.928 37.086 37.095 | 37.086
0.2 35.767 37.003 ' |, 35.767 37.095 | 36.776 | 37.095 37.042 37190 | 37.042
0.2 36.045 37.003 | 36.045 35394 | 37.199 35.394 36.471 37.284 | 36471
0.4 35.017 36.997 | 35.017 33.713 | 37.445 | 33.713 35.251 37.376 | 35.251
05 33.882 36.965 | 33.882 32225 | 37.516 | 32.225 34.190 37.453 | 34.190
0.6 32.744 36.887 | 32.744 30.909 | 37.387 30.909 | 33.058 37.490 | 33.058
0.7 31.652 36.747 | 31.652 29448 | 37.100 | 29.448 | 32.047 37.457 32.047
08 30.624 36.538 | 30.624 28.711 36.687 | 28.711 31.085 | 37.342 | 31.085
08 29.665 36.263 | 29.665 27.777 | 36.182 | 27.777 | 20.211 37.154 | 20.211
1.0 28.772 359256 | 28.772 26.926 | 35610 | 26926 | 29.400 36.897 | 29.400
20 22298 30772 | 22.298 20819 | 28.960 | 20.819 | 23.666 | 32481 23.666
3.0 17.961 26.273 | 17.961 16.676 | 23.251 16.676 19.880 | 27.671 19.880
40 14.584 20.595 | 14.584 13.577 18.887 13.577 16.993 | 23.583 16.993
5.0 11.862 16.760 | 11.862 11.234 15.568 11.234 14,559 | 20.238 14.559
10.0 4.249 5996 | 4.249 5755 7.259 5.755 7.936 10.873 | 7.936

The solutions at the position X =.0.25 is further compared in the graphical representations below
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45

10

[o] 2 4 6 8 10 12
Time (s)
e 4-Quadratic element solution === 16-Linear element solution ==== Exact solution

Figure 1: Temperature variation with Time at position X = 0.25

6. DISCUSSION

The results displayed in Table 1 show that the numerical values obtained by the finite element-finite difference method
were very ciose to the exact values, which are also displayed in Table 1. Furthermore, Figure 1, which is a graphical representation
of the time rate of variation of temperature, emphasizes the close proximity between the finite element-finite difference solution and
the exact solution. A close examination of the results in Table 1 indicates that the temperature values were on a decline along an

. : i : ; — 4 mx ;
exponential trajectory (path), this is due to the type of heating source employed (i.e. f (x,t,u,) = [x(l - x)] € ) which

decays exponentially with time.
Therefore cancerous cells in a biological tissue can be destroyed with the application of heat without damaging other
useful cells, as the temperature in every other part is known and controllable. It should be noted however that the thermal

conductivity of the tissue is assumed to be constant.
Hence, the finite element-finite difference method is a highly accurate numerical tool for predicting the temperature

variation with time at any point on a body whose ends are isolated.
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