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ABSTRACT

A simplified approach to the geometric design of symmetric parabolic highway vertical curve to connect two intersecting
tangent grade lines is presented. Unlike the traditional tangent offset method which uses the initial curve parameters to evaluate a
number of additional parameters associated with the curve and tangent grade lines before the curve profile can be defined, the
proposed method uses only the initial curve parameters to define the curve profile directly. The method can be applied to the
design of asymmetric parabolic curves by treating such curves as a composite of two consecutive symmetric parabolae joined by a
common tangent point. The proposed method is simpler and time-saving as it results in less design computations than the

traditional tangent offset method. A numerical example is presented to illustrate the computational efficiency of the method.
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1. INTRODUCTION

In the geometric design of roads, the horizontal alignment
represents the plan view and the vertical alignment the vertical
profile of the road. The design of the vertical profile is
essentially the determination of the appropriate elevations of
all stations and critical points along the roadway centerline on
the horizontal alignment. During design, the vertical profile of
the terrain along the route alignment is first approximated by a
series of tangent. grade lines (with acceptable slopes) which
are then connected with vertical parabolic curves to provide a
gradual and smooth transition' from one grade line to the
other.  Conventionally, the design method uses tangent
offsets from the intersecting grade lines to determine the
profile of the parabolic curve. Generally, the parabolic curves
are designed to be symmetric in order to facilitate the
computations associated with the design (Kavanagh and Bird,
1990). However, occasionally, it may be necessary to design
the parabola as asymmetric (with unequal tangent lengths)
when, for example, large amounts of cut and/or fill are to be
avoided or a particular site condition is to be met (Papacostas,
1990; Uren and Price, 1995).

Designing by the tangent offset approach requires the
curve length and grade line parameters as inputs but several
additional parameters characterising the curve also have to be
evaluated before curve elevations at the required chainages
and critical points on the horizontal alignment can be
computed. These include;

¢ the elevation of the point of curvature (beginning of

curve),

et 2

BVC

e the.elevation of the point of tangency (end of curve),

o mid-chord elevation;

« the external distance or maximum offset at the point

of grade line intersection, etc.

The design process is organised in seguential steps so
that the output of one step becomes the input of the next. The
calculations associated with each step and the design process
as a whole result in a considerable volume of computations
and make the process lengthy. In this paper, a simplified
approach to ‘the design of highway vertical curves which
evaluates curve elevations directly using only the input curve
length and grade line parameters is presented.

2. Characteristics of a symmetric parabolic vertical
‘ curve
Fig. 1 (not drawn to scale) shows the geometric features
of a symmetric parabolic highway vertical curve and the
definition of some of the design parameters.
BVC = origin (beginning) of the parabolic vertical curve;
PVl = point of vertical intersection of grade lines;

EVC = end of the vertical curve,

L = length of curve on the horizontal alignment
(horizontal projection),

P = a general point on the curve with coordinates (x,y)
with respect to point BVC;

G, = slope (in %) of lower chainage grade line,

G. = slope (in %) of higher chainage grade line.

offset from grade line

Fig. 1. Geometric features of a symmetric parabolic vertical curve
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3. Mwovwwmmwwmm

Te bring into focus tha parameters and computations
involved inthe design of vertical curves by the tangent offset
approach, an overview of the design process is presented.
The computation of the curve and grade line paramaters
required for the evaluation of curve slevations is organized in a
sequential process 8o that the output of a step becomes the
input of the next. For each step, the expression required for

evaluating the relevant parameter associated with the step'is-

given. For a symmetic parabola, the beginning and end of
‘curve are located half 8 curve iength before and after the point

of grede fine intersection, respectively. The steps in the .

sequential design process are as detailed below.

olevBVC = elevation of poirt BVC
elovEYC = elavation of point EVC
elevGradeiine = elpvation of aradeline

elevididchord = élevation of midpoint of chord joining points

.. BV and EVC

elovP, = elevation of curve at a distance x from BVC |
dimtangent offset at a station distance x from BVC
¢tangent offset or external distance at PVC

§g§g_1: Supply initial curve parameters; Gy, G2, L, elevPV/
Slen 2 Compute the elevations of points BVC and EVC.

: eievBVC elevPVI - g——ll ;
200
elevEVC = elevPVI + %‘é | M
%%?éggndcgegme the elevation of ridpoint of tha chord § g@mmg
-1
elevMidchord = elevBVC -; elevEVC @

Step 4: Compuie the tangent offsat or axternal distanca &t PVI

elevPVI — elevMidchord
d= 3 @
&@@_ﬁ Compute the tangent ofiset ai a station distance x from

BvG

a, when x s % L or

Yo\ L/2

Siep 6 Compute the grade line elevation st the station
distancs x from BVC.

d LL x)d.whenx>xL (@)

elevGradeline = elevBVC + —Gé’?-
100°
whenxS%L ’ (58)
elevGradeline = elevEVC - ﬁz_(i%;—"),
whenx > %1 (5b)

Step 7- Compute the curve elevation at the station distance x
from BVC

elev Px = Output of Slap 5+ Output of Step 6 {8)

The design pmosss returns to Step 5 until the curve elevations
at all raquimd\smions have been cdmputed. -

A Sknplmoddcﬂgumnhod
4.1.Theoreticai tonsideration

The general “formof the symmetdic vertical axis pambola.
used in the geometric design of h:ghway vertical curves is
given by the equgtian,

y=a +bx+c m
where a, b, and ¢ are constants and .y is the elavation above
datum of a point on the curve located at a horizontal dssmmg
x from the curve origin.

r the case of a symmetric parabgsiic cunve mm@g
two adjacent, tangents with siopes Gy%. and G,% and having
its origin coincicant with the point BVC as shown.in Fig. 1. The
equation deﬁnmthewbvahonabovtpoimBVCof such @
wwéiagivenas .

y:ax +bx o " @)

wherey, mwsme.:epmmummwwe@
‘point BVC of a general point P located on the clwve &t a
horizontal distance x from the curve -origin (BVC). The firet
derivative of Eq. (3) gives the siope of the tangent 0 the curve
at any point, that is.,

dy

——-=2ax+b )
dx

Bysaleaingtheorigm(pant BVC)andmeemﬁ(@@mﬁ
EVC) of the curve where the grade lines are tangertial, the
constants. @ and b in the parabolic equstion may be
determined. From Eq. (8),

Yo pax=0. Yosares
dx |
Tatx=L - {10)
G, . G,
Atx =0, nd =L, the e QY oo
| x =0, and x slomavemoa 10@
respectwety.wmeumto; .
b=2 ang =520 (1)
100 200L

The general expression for the parabolic egustion gafined
by Eq. (8), therefare, bacomes

G,-G, ;. G
e Mt L 12
Y="200L * T1o0” "
4.2 Curve elevations

The elevation above datum of the general poird P with
coordinates (x, y) on the parabola is obizined by simply
adding- the- vailue of the point's y-coordinate to the curve
elevation at the origin (point BVC). Let elov BVC and slov 7,
be the elevation above datum of pomt BVC and the general

point P, respectively. Then

elevP, = A - x? +—G—‘x+e1evBVC’ 13
- 200L . 100

where, A=(Gz-G1) |-ve for crest curves, +ve for sag curvesj
Using the lower chainage grade ling, it can be shown by

trigonometric cofisiderations. that for a symmetric parabolic

CUM, it et :
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G,L

elevBVC = elevPVI - 21— (14)
» 200 ‘

Hanca Eqg. (13) finally becomes

A G, . :
levP =~ x? -1 (L-2x) +elevPV: (15
ek = o™ 00 2Ol 1e)

£q. (15) is the general expression forming the basis of
the proposad simplified approach to the design of symmetric
parabolic - vertical curves. The equation provides the curve
elavations directly for any station within the interval Os x <L, It
is seen from the expression that to design a curve, the only
input parameters required are elev PVI, Gy, G L and the
chainage of BVC for distance (x) or station referencing. These
are exactly the same input parameters required for the
fangent offset method. However, unlike the tangent offset

Y
A

approach, the simplified approach does not require additional
parameters related to the grade lines and the curve to be
evaluated before computations of the curve elevations at the
various chainages can be made.

§. Simplified method applied to asymmetric curves

Asymmetric parabolic curves have unequal tangent
lengths and, therefore, Eq. (15) cannot be applied directly to
the design of such curves. According to Uren and Price (1995),
such curves are composed essentially of two consecutive
symmetric parabolic curves having a common tangent point.
This means that Eq. (15) can be applied to each of the
component curves separately provided they can be defined in
order to determine the elevations of the total curve. Fig. 2 (not
drawn to scale) is an asymmetric parabolic curve having line
BCD tangential 1o it at point C.

Fig. 2: Parabolic curve with unequal tangent lengths (asymmetric curve)

Point & which lies directly below PVI is the common point
which divides the cuive into two consecutive symmetric
parabolae. The lower chainage symmetric curve is defined by
tangent lines AB and BC with point B serving as the shadow
point of vertical intersection. Similarly, the higher chainage
cuve is defined by lines CD and DE with point D serving as
the shadow point of vertical intersection. The elevations of
points B and D (eloevB and elevD, respectively) may be
evaluated as follows;

G,

elevB = elevPVI — ——ﬁ (16)
200

elevD = elevPVI + Gl (17)
- 200

it can be shown by trigonometric considerations (Uren
and Price, 1985) that line BD is always parallel to chord AE
and has a gradient Gap (in %) given by

LG, + LG,
Gpp = ———=—%
L+1L,

For the design of the lower chainage parabola,
application of Eq.(15) results in the following expression:

x2+ 2%‘6(2): ~ L) +elevB (19)

(18)

elevP, =
200L,

B8y making the appropriate substitution for efevB and
simplifying, Eq.(19) finally becomes

elevP, = I —-y—'—(L, - x) +elevPVl, |
200, 100

forx <L; (20)

Similarly, to apply Eq 6 o the higher chainage curve, the
curve length in the eguation must be changed to L and the

parameter A evaluated as

4=G,-G,, @1)
In addition. the station distance varable x  which is

measured from the beginning of the point of curvature of the
global curve must be repiaced by x-L; to reflect the fact that
the higher chainage parabola begins at point C which is at a
distance of L; from the beginning ¢. the global curve. By
making the appropriate subsiifution for the elevation of the
shadow pcint of vertical ini.rsection for the curve (point D)
and simplifying, the design equation becomes:

elevP, = ——A—«(x =LY+ ﬂﬁ(x —L)+ AL | clevpyys for
0L, 200

100

x>1, (22)

At point C where x = L both Egs.(20) and (22) should yield the
same result for the elevation of that point; this serves as a
useful check on the computations.

6. Comparison of Tangent Offset and Simplified
Design Methods :

in Table 1, a summary comparison between the two design

approaches has been made in terms of the parameters

required for curve computations.
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Tabile 1 Computational requiramerss of the offset and simplified design methods

TANGEN T GFFSET METHOD SIMPLIFIED METHOD

:"a Gy, Gz i. wiov PV, chainage of | Gy, Gz L, elev PVI, chainage of
npL PWVI, chaire o of PVI, chainage of BVC.

1.
2
3. clevation
4, geint offset at PVI or
Couputational external distance
Paranwisis 8  Tangent grade-line elevation
at individual stations
8. Tangent offset at individual
stations
Cutput {vurve | Tangent offset + Tangent grade- | Direct application of Eq.(15) or
elevations) line elevation Eqs.(20) and (22).

It I8 to be noted that despiie the differences in iheir 6+660.314. Compute the eievation of the high point and 50-m
procedural details, the two design methods require exacily the even stations.

same initial input data, The numerical example that filows I '
serves  to provide vedfication of the proposed design Using the procedure detalled above for the tangent offset

approsc, method, the computed parameters required for the evaluation
: of curve elevations are as follows:

Numerical example 1. External distance, d = -1.800m

The vertical surve data are as follows, 2. elevBVC =230.481m

Gz +3%; Gy = -1%,; L= 3B0m 3. elevEVC =234.081m

PYI at K 6+480.314 and  elovalion 236.881m above datum, 4. elevMidchord = 232.281m

A symmaetric parabola is o join the grade lines; stetion BVC Subsequent computations and the resulting curve elevations at
and EVC are, respectively, al Km 6+300.314 and Km the required stations have been detailed in Table 2.

Tuble 2: Parabolic curve computations by tangent offset approach

b4 Tangent ?angent Curve Elevation

Station (i} Elevation (m) Offset (m) {m)
6+300.314 (BYC) 0.000 230.481 0.000 230.481
64350 49.686 231,972 -0.137 231,835
B+400 99.665 233,472 -0.552 232.920
G+450 149.686 | 234.072 1,245 233,727
6+500 199.6 235.684 -1.428 234.256
6+560 235184 -0.676 234.508
+570.314 (high poin) | 270.000 | 234,081 -0.450 234,531
 8+600 299.686 234.684 -0.20% 234.482
6+850 349.686 234.184 -0.006 234.178
6660314 (EVL) 360.000 234.081 0.000 234.081

#. Eolution by Slmptified
The curve elevations at
as detailed in Table 3.

equired statiens ur chizinages are obtained by direct application of Eq.(15). The resulting output is
reo

Jable 3: Parabolic cuive computatiens by simplified approach

Sttion X Curve Elevation
| (m)
G+300.314 (BVC) 0.000 230,481
B T 49686 231.834
e e e .
G450 ' 149.686 233.727
g ik a5t
£+550 D 249.686 234,508
64570314 (high peint; [ 270.000 234,531
6600 200,686 234.482
GHREG 349.686 234.178
EBE0 314 (BVC) 360.000 234.081
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It is seen that the output (Curve Elevation) for each

station is the same as in Table 2, however, there are fewe.

computations associated with the simplified method than with
the conventional tangent offset approach. This indeed is a
clear demonstration of the simplicity of the proposed method
and the reduction in design computations and time.

7. CONCLUSION

This paper has presented a simplified method for the
design of symmetric parabolic highway vertical curves. Unlike
the traditicnal tangent ofiset approach which uses the initial
curve parameters to determine several other parameters
before curve elevations can be determined, the simplified
method uses only the initial curve parameters to arrive at curve
elevations directly. The method may be applied to the design
of asymimetric parabolic curves by treating such curves as a

composite of two consecutive symmetric curves joined by a
common tangent point. It is demonstrated through a numerical
example that the proposed method results in less
computations than the traditional tangent offset approach. It
is, therefore, expected that the method will result in savings in
design time when used for the design of highway vertical
curves.
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