GLOBAL JOURNAL OF MATHEMATICAL SCIENCES VOL. 3, NO.1, 2004: 27 -34
COPYRIGHT(C) BACHUDQ SCIENCE CO. tYD. PRINTED IN NIGERIA. ISSN 1596- 620 27

ON DIFFERENTIAL OPERATORS ON W‘ > SPACE AND
FREDHOLM OPERATORS

M. 0. EGWURUBEA, E. J. D. GARBA and B. O. OYELAMI
(Received 24 February 2003; Revision accepted 3 Seplember 2003)

ABSTRACT :
A selfadjoint dilferential operator defined over a closed and bounded interval on Sobolev
space which is a dense linear subspace of a Hilbert space over the same interval 1s considered
and shown to be a Fredholm operator with index zero.
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1.0 INTRODUCTION

We shall consider the differential operator which is selfadjoint (Egwurube and Garba,
2001) defined on a Hilbert space as follows

dé

AG()) =J—~ i + 8§, " =8 (1.1)

0 7

where J =
~7 0

J D(A) =¥ e W20, k7| £(0) = £}, 1 = 20,1, 8] and W=D(A).

Here D(A) is the domain of A.

Egwurube and Garba,(2002); in their paper generalizced the above problem (1.1) by
considering

FEO) =224 ) 0) (1.2)

where A(t)e L(W,H) is selfadjoint and continuously differentiable with W a densc [incar
subspace of H and showed that the operator (1.2) is Fredholm provided W and H are IHilbert

spaces with W a compact embedding and the limil operator 4 = iim A(r) is bijective.

Salamon, (1990); (,omldemd a partial differential operator problem F X(s t) -» Y (s,1) defined
by

FE(s, 1))- +1~ »»»»» +8(s,0)E(s,0),8" = 8 (1.3)

where X(s,l): {é(s,t) e W' ([01]x R; RY),&(0,0) = E(L)t e R} with J as defined in (1.1)

and Y(s,0) = I7(|0,1]x R; £7") showing that if limsup

S(s.t) - S*(s)‘ = Othen F is Fredholns.

Here S = limS(s,e).

In this paper we shall show that (1.3) is a special casc of (1.2) and also that the operator (1.1)
is Fredholm with index zero.
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2.0 Some Preliminaries and Fundamental Theorems. S
~r . -y ﬁ yb‘g? {\ S e
Theorem 2.1 | o }
‘ ; »oF T . o

The space Cy(QQ) is dense in L(€), that is, for all 7 & L(Q) and for all & > 0, there-existg-mu s

s f; €Co(Q) such that |f - £, <e. In fact, this space is dense in L (Q)1<P <o

(Adams,1978;Brezis,1983;Rudin, 1987 ).

Proof
Given ¢> 0 and [ e L(Q), then there exists step functions ¢:Q — Wsuch that

: . & . .
@ — f almost everywhere and ﬂ(p—/\dx < 5 Suppose also that there exists continuous
4 ,

&

functions f; € C,(Q) such that ﬂ @~ fildx < >
Q

Then Hi - -I{{HL'(Q) < H/‘ - (pH/}(Q) + H(p - -/;H/.’(Q) Sé.

Definition 2.2
A function x:[a,b] > Nis called absolutely continuous if for all & > 0, there exists

i n
¢ > Osuch that Z‘t/ —s,l <d= Z‘x(tj) —x(sj)l L¢,
J=1 ‘ I /=l
forall u<sy <25, < .., <1, £b.If §:[a,b] - Nis integrable then

o
x(t) = Jﬁf(s)ds is absolutely continuous.

4

Theorem 2.3 ( Riesz-Nagy, 1952)

L . x(+ ) =-x() .
If x:[a,b] —> MNis absolutely continuous then x(1)= ’Im}) —S—“)——(«) exists almost
. ’ 1—>

Lo
!

everywhere, moreover, X :[a,b] — R is integrable and x(¢) = x(a) + IX(S)C[S.

Definitions and Notations 2.4

Let W' [a, b] = {x:[a,b] - C|x absolutely continuous(a.c) and % € [%}. Also defined as

¢
W' a,b] = {x:[a,b] - C:3¢ e [*la,bland x, € C suchthat x(1) = xo + f{(s)ds}.

This second definition follows from Theorem 2.5 below.

Theorem 2.5

Let x,& € [*[a,b]. The following are equivalent
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{

(1) X is absolulely continuous and X0 = x(a) [.\"(.\')d‘\'

(ii) Forevery o e Clahl. J..\‘tl)r/)(/ yelt == j;:'(()(;)(/ )t

bt )
. Ny =x(y
(1) lim J \ Uiz E() dt =0
Dk 3| h T
Remark 2.0
I v e ChE o v then (1) Tollows by partial integration.

Proof of Theorem 2.5

(i)=> (i)

Define E(): -0 lort> b, x(b): x(h) ter b

bh 2 b 12 hyyh :
[vlr o) v r IR AEN( | e
Jl\([ * /EJ ’\,U) —E(n) dr £ \\( ! ,,,,1) NG qf(/]\} o= P - j(g(/ o) = S ds)
| h " " h | s |
1 Dl 3,‘ ] bl l I
N\ | [ - N [ sl
;o JJJ‘(H(/ ) ) Jdst ol ,H‘S'(/ )= S dsdr - J’J‘%’(/ b)) dtels
/l‘”‘“\ [ i wl‘ /1”1.
< \up _ﬂ sy S, (// > Oax i =0,
Cwh
()= (1)
et ¢ e Chwidh support in fa. bL This implies that
() ) ¥ 5
/1)113(1)~—~— ) s ) = !JJA (LYt )+ )(/9(/))(/1‘:
. J/ o)l = hy |
mn}J‘(\(/)r—' S s —ri(/)(p(/))z//i
I m‘[" 5 : s

I b . h 5 |
il [FORUD DRl . |
/,”3(1*?(_[ i dt J p // + j (1))l )l )

o R "

sy s ey, UL |
/]:”334( S [ jé'(/))(p(/)c//)r

[— o

L b
| X / + ) - / ,
/lIH}l‘ J‘ | - /) - \( ) ([)J(/’J(/ )(//
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2

< lim ﬂ\(l+ﬁ)~\—g——§(/)

h—0

di \}/[)]"@(/))2(!/ =0,p¢€ C(') [a, b]

[

(i)=(0)
- h
Let Xy = constant functions in L*[a,b] such that {w e Cpla,bl: J.r//(/)c// =0} is densc in Xy

o

1 I

h
This implies that {y € C,{a,b]: .[l//(/)(/l =0} =X,.Let (1) = Jl//(&')(/&‘ , then by (ii) above

4

b b h h
0= J(:\f(/)(p(zw EOpNdt = [F(Opnyds - [€(s) Jwodrds

bt

- j(\(r),//(/)— He:(s)ds 0 j(\(r) fg(s)ds)z//(/)m
! b

This implies that x(1) — J@f(s)(ls LAy e Cyla,b]: jl//(l)dr = 0} which shows that

!
RO Jﬁ(s)d.s’ = conslant,
Theorem 2.7

() W'[a,b] is a Hilbert space

(it) C'a,b] is dense in W' [a b]
Proof

(1) Let x, e W2 a,h]be Cauchy with respect to the norm ”'Hw'? then both x,, and

X, are Cauchy seqtiences in LS [‘1 b]. hence there exists x,& e L2[a,h] such that
v, = xand ¥, = & inthe L-norm. Therefore

b h
J(jf(l)r/)(/) +5(/)g{)(/))a’l = lim J‘(f\"”(/)(j)(l) + .‘\'7”(1)(/)(/))5// = () by Theorem 2.5.

«

This shows that x e W"z[a,b] and & = X, therefore

Y T T R

(iv) Let x e V"3 a,b],& > 0, then there exists n e Cla,b], such that

t
n—1,. <& Define y(1) = x(a) + jf](.s')c{s, y e C'la,b]. Consider

4
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Therelore H\ H/ = j

03] = | Jors) = sds

{Y s e O
< ﬂ/;(.\') .\"(.5')1(/.5' <Jb~ z/n)] - \H[ < \/b A

o

T
y - ,\‘("(/1 < (h—uw)e, and

vl oo

Thoorens 3.8

{

Croof

{
4

(i There exists e =0 torall x in W [ab] such that H

L *‘“ H!"

ey, el g be o sequence such that H.\',,Hl % eV aueN for somec >

O, e ezee exists o unilormly converging subsequence ol v,

¢

sy i,\'(/)i \(5)+J (r)dr <‘\(s?+ ﬂ\(r)[z/r

By

e o
< 1(")( D m \‘/
Integratg both sides with respect to s over |a, b, we have

3

1.)\\({)‘ < ﬂ\(s) dy 1+ (b (1): }’

;\'_\//)-:u h ”)u‘H )
|

Therelore ‘.\‘(I)\ < c'H,\\/)f‘]”,,l where ¢ = (b —u)?

{i1) The prool makes use of the Arzela-Ascoli Theorem, that is, a subset

N Clabl is compact if and only if it 1s closed, bounded and

cqutconiimuous,

A family K of (unctions is said to equicontinuous on an interval I Rif for all

< & whenever \/ - .s" <Ot selandx e K .

X(1) -~ x

>0 39 > 0such that

Let K = closuredx, :ne N} in Cla, bl|. K is bounded by Theorem 2.8 (i) above and

closed by detiition. It remains to show that K is equicontinuous.
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Suppose x, € K, then

,J‘.\"”(r)a’r‘

R

f.\',/(l) —.x”(s){ =

< J.].\",,(f)a'r‘

::,.fif\ ﬁxn dr <=5l s edi=s

since

P L R

Definition 2.9 (Scheceter ,1971)

(@) Let Xand Y be Banach spaces. An operator /7 e L(X, V) is called I'redholm if (i) dimker
I s hinite (i) mnwl‘ is closed in Y (ii1) dimceokerk is finite.
(b) The index o a Fredholm operator I s defined as indexl=dimkerF - dimcokerF.

3.0 Main Results

Remuarks 3.1
We shall now show that the operator I as defined by equation (1.3) is a special case of (1.2)
by rewriting (1.3) as

F;'

/(» So)) == (/

oy

where /\(1):112,‘,\‘/"([().1 LRy — L(JO1), R defined by
. ag e
(AW Ns) = 7% + 805,08 (%)
Os

Here W' (0L R™) = (& e (0.1, R*):E(0) = £(1)}.

per

If we let H= L*[0,1] and W= 1V'"2[0,1]together with the fact that W, Y0017 is a continuous

per

densc injection into L*[0,1] (Adams 1978 ), we obtain

“ﬂ\s V2R 0] J.(H‘/;“/ 10,1

(4
il
’/ [()I]

= T jecsop +[ s s
A ot
Similarly
o [
“bH/ o] J J‘(]g“(s l)‘ ‘5;(5,1) )dsdt
-0
There [fo re
) 2 arl2 s
IJ(\é(é { o+ j 1 'éjd\ )a’sdf :né..w’l([(),l]xk,R”)
-w

where X = /(R [0 A L2 (RJV'[0,1]). Also if Y=LA(R,L*[0,1]) then
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=

» | -
ol = [ S0l st = [

o

2

c =l
- ~0 0 .

We shall now show that the operator defined by equation (1.1) is Fredholm which requires

the following lemma.

Lemma 3.2 (Egwurube and Garba ,2001)
Let X,Y and Z be Banach spaces. Suppose F ¢ L (X,Y) is a bounded linear
operator and K ¢ 1. (X,Z) a compact lincar operator.Il’

Ix

X[, scl ‘)4 + HK.\‘HZ],V,\' e X

where ¢ is a constant then I has a closed range and (inite dimensional kernel.

Proof: 1t suffices to show that the unit ball in kerl® is compact to show that dimKerl is

finite.let B = {xe X:IFx =0,

x[[ €1 }. Consider x , € B then there exists a

subsequence such that K x i converges since K is compact. Therefore
[ Xak = Xutllx S cllKxyg - Kxypifp— 0as k,l— o
Thus x i is cauchy and because X is complete, x ,x — x e X. Thercfore B is
compact.
.Lct yo = I'x, e Range I' suchthat y, — vy itremainsto prove thaty €
Range I' to show that Range I is closed. Suppose there exists a sequence £, € Ker I
such that x , + &, is bounded. Henee there xists a subsequence ¥ o= X ni T &k such
that Ky, — 2 Therelore I'¥ o — vy by our assumption. Ienee ¥, 1s cauchy and
Vark— x € Xandy=IlimI'y, =1'x wi himplies that y € Range I,
We shall now show that there exists a sequence &, € Ker I
such that x , + &, is bounded . Supposc not, then inf{jx ,+ &, || = ¢, has unbounded
sequence. Without loss of generality ¢ — 0 We choose £, such that e, £ |Ix,+ &, <
2c, then K(x , + &, Y/c has a converging subscquence and
Fixy + ‘;::u Yeo = Xy )eyw — Oas n — @
Therefore (x, +&,)/c, is cauchy and converges to some x e X and

A= e SEY/
[y =limIo(x, +8) /¢

it—rn

=0

Hence for & e Ker [P we sce that

A B
- ]“n ___”._.__.é’..
ne-res ,

»

tgz1

Hx + &

contradicting the fact that§ e KerF.

Remarks 3.3

(1) The operator A as defined by equation (1.1) has closed range and finite dimensional kernel
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simcee

et - 1<l

< /\(Hlu‘ . H ) ihere k :3(] *‘SUPHS(’)H;/}

/ /

vy . e . m vt Nl N
[herefore J:% < c'Q(xl:ﬁ A \‘L'H,/ ) =k’
Lol ! - vty

And by comparison with femma 320X W X = [T Z = 1Tand A 0 X0 Y with K the
injection ol Winto Howe see that range A\ is closed and dimKerA s finite.

(i) LFewurube and Garba(2002); showed that the operator A as defined by (1.1) s also
selfadjoint that 1s A=\ Henee KerA=KerA - Since [rony above dimKerA is finite. it casily
~ . . *o .

follows that dimKerA 15 also {inite,

(1) From definition 2.9 we see that A s a Fredhohn operator with index zero.
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