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ABSTRACT

A class of Poisson-one-inflated power series distributions (the binomial, the Poisson, the negative
binomial, the geometric, the log-series and the misrecorded Poisson) are proposed for modeling rural out-
_migration at the household level. The probability mass functions of the mixture distributions are derived
and fitted to the data in Sharma (1985). Their performance in describing the total number of out- migrants
from a household are subsequently compared. It was found that while the Poisson-one-inflated log-series
distribution -as"superior to others for modeling out-migration from semi-urban areas and growth centres,
the Poisson-one-inflated geometric distribution was better in the case of out-migration from remote areas.

INTRODUCTION

Evidently, analysis of migration data at micro level has momentous implications for regional
planning as well as for formulation of housing policies (Rossi, 1955; Pryor, 1975). Recently, micro level
research on both residential mobility and migration has played a decisive role in development of the theory
of migration (Dejong and Gardner, 1981; Speare et.al., 1975). The need for collection and analysis of
migration data at the household level is based on the fact that the household is the basic socio-economic
unit for integrated rural development. The number of migrants from a housshold has important bearings on
the economic and cultural characteristics of the household. Households with at least one migrant are more
prone to have new ideas.than households having no migrants (Yadava and slngh 1991).

Yadava and Singh (1991) identified three types of migrants as comprising of (i) adult males (> 15
years) who migrate smgly to a place, leaving their wives and children in their vnllage homes, (ii) individuals
who migrate with their wives and™children, and (iii) males who migrate with their wives, children and some
members of their households. They opined that the impact of these three types of migrants on the socio-
cultural and economic characteristics of the household are different. It is obvious that migration of many
members of a household especially fomales is more likely to affect the economic status and the socio-
cultural outlook of the household. This consideration underscores the importance of concentrating attention
on the pattern of distribution of total number of migrants from a household.

Yadava and Singh (1991) reviewed in details past efforts at studying the pattern of the total number
of migrants at the household level. They pointed out that even though the models proposed by the authors
provided satisfactory fits to the observed distribution of total number of migrants from a household, they
have some limitations. Firstly, the prior distribution of males aged fifteen years and over is not known,
secondly, the models do not take into account those households from where the wives, chiliren and other
members of the household migrate i.e. migration in clusters, and thirdly, the distribution of living children to
a couple is not known. Taking these limitations into account, Yadava and Singh (1991) proposed a model
that describes the variation in the total number of migrants from a household. Their model is based on the
following assumptions:

(a) migrants from a household occur in clusters (groups), (b) migration from a household is a rare event
(c) the risk of a cluster of migrants vary from household to household.
= Yadava and Singh (1991) assumed that the number of clusters migrating from a household follows
the Poisson distribution, while the number of migrants in a cluster follows the one inflated zero truncated
geometric distribution, since at least one person is expected to migrate in household exposed to the risk of
migration. The use of the one-inflated distributions are justified by the need to reduce the risk of under-
estimation of the probability that one person migrates in households that are exposed to the risk of
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migration. The use of zero-truncated distributions is not justifiable since the zeros are real and observable
as there is the possibility that nobody migrates in a cluster in a household.

in this paper, we shall assume the Poisson distribution for the number of clusters migrating, and that
the number of migrants in a cluster follows each of the members of the class of one-inflated power series
distributions namely: the binomial, the Poisson, the negative binomial, the geometric, the log-series and the
misrecorded Poisson. The probability mass functions of the mixture distributions proposed for modeling the
total number of out-migrants from a household are derived and fitted to the data in Sharma (1985). Their
performance in describing the total number of out-migrants from a household are then compared in terms of
the goodness of fit.

The Models
LetZi = 1,2, ... ., N denote the number of migrants from the ith cluster in a household and let N'
denote the number of clusters of potential migrants in a household. Then,
X=21+ 2+ .... +2\
is the total number of migrants from a household.
Define g(s)=iPz‘ (2)s* as the probability generating function (pgf) of Z; where P, (z) is the
220

probability mass function (pmf) of Z.
Also, h(s) = iPN (n)s" is the pgf of N where Py(n) is the pmf of N.
n=0

Then, the pgf of X is given as (Feller, 1968).
Gx(s) = h(g(s)) (M
from which the pmf of X can be derived. Specifically, Pxx) is the coefficiant of the s* in the expansion of
Gx(s) as a power series in s.
Assuming that N follows the Poisson distribution with pmf given as

e~fgn

Py(r) = , 1=0,12,.., © (2)

The pgf of N is given as
h(y) = e?¢) (3)
where 8ls the mean number of clusters of migrants per householcd.
The mean and variance of the number of migrants in a household are respectively given (Feller, 1968) as

E(X) =G} () and Var(X) =Gy () + Gy () - [Gx O (4)
where G/ (1) and G (1) are respectively the first and second derivatives of G, (s) ats =1

Using equation (1), the pmf of X are derived assuming that Z follows:
()] the one-inflated binomial distribution
() the one-inflated Poisson distribution
(i)  the one-inflated negativ« .inomial distribution
(v)  the one-inflated geometric distribution
(v) the one-inflated log-serles distribution
(viy  the mis-recorcded Poisson distribution
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* The resulting mixed distributions are presented below.
: 0] The Poisson-One-Inflated Binomial Distribution

" PZ=2) = of z=0
(" = (1-a) + anpq"~" 2= 1
= [ ]p’q”’ z = 2,3,...,n (5)
5 where n is the cluster size, p is the probability of a person migrating from a clustei',
p+q=1.
The pgf of Z; is given as
G(s) = (1-a)s + «lg + ps)" (6)
Substituting equations (3) and (5) into equation (1) gives the pgf of X as
Gxs) = exp[d1- o)s + wf(q + ps)” - 0] (7)

Extracting the coefficient of s* in equation (7), gives

Py(x) = e o0 x=0

. Z [B a _w)]x—r i[’ll] (‘00)' p,qm-—r’x =127 (8)

m (= S\
) EX) = 6(1-0) + nafp . (9)
Var(X) = 8(1- o) + nwd pq + nwd p* (10)
The estimating equations for the parameters ¢, wand p are
-0-4f")  _
€ = f (11)

flA1-d+nibpg™'] = f; (12)

0(-d)+ndbp = X (13)
where
fo is the proportion of zero observations

f1is the proportion of one observations

X is the observed mean of the distribution.
] The Poisson One-Inflated Poisson Distribution

PZ=z) = we™ z

(I-:N+ole™? 2z

il
o

1
L]
-h

wdie *
. z!

-
-

z= 2,3, .., (14)

where 4 is the average number of persons migraﬁng from a cluster.
The pgf of Z;is given as
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(iii)

a(s) = (1- a)s + we™"

The pgf of Xis given as

Gx(s) = exp[0(1- a)s + Owe™ 1 - 9]
Hence “
P(x) = e x=0
x - Y & (O we ) N
PN SO0 Gy
EX) = 0[1-o+iw]
Var(X) = woi?+ E(X) :
The estimating eQuations for the parameters ¢, wand A are
e~é(1—a}e") = fz;
Ll6a-d)+bdie?] = f
[1-d)+ip] = X
The Poisson-One-inflated Negative Binomial Distribution
PZ=2) = wp” ’ z=0
= (1-o)+ omgp” z =1
= a)(m+:—l]p"'qz z2=23, ..,

where p = 1 - q s the probability of a person migrating from a cluster.

The pgf of Z, is given as
gs) = (1-a)s + @p™(1-qs)'"
The pgf of X is given as
Gx(s) = exp[8(1 - w)s + w0 Pp™(1 - qs)” - 9]

Thus,

Pi(x) = g0t x=0

= o0 -@)™ [mitr— 1 (w8 p™)’

= —t g, x=12,..,
Z; (x—-r) ,»:0[ r ] i! q’.x *

EX) = 81-a)+mawdqp’
VarX) = &1- o) + maf gp(1 + mq)
The estimating equations for the parameters ¢, @, m and p are

e"é!}féﬁ") = fo
LIB0-d)+mdb §p™] - = f,
.
\

(15)

(16)

(17)

(18)
(19)

(20)
(21)
(22)

(23)

(24)

(25)

(26) -

@D

(28)

(29)
(30)
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(iv)

Ba-0)+mddgp™] = X (31)
[0(-&)+mdd gp2a+mg] = o (32)
where o is the observed variance of the distribution

The Poisson-One-Inflated Geometric Distribution

PZ=2) = wp z=0
= (1-w)+ wpg z =1
= opq° z2=23,...,© | (33)
where p = 1 - g is the probability of a person migrating from a cluster.
The pgf of Z;is given as
g(s) = (1- s + wp(1 -~ q2)" (34)
The pgf of X is given as
Gx(s) = exp[0(1 s+ aIp(1 -gs)y ' - 0] (35)
Thus,
Px) = g'w""p) ¥y =0
- w§&gmm:%fr”=MegﬁpL%w, -
e & 20 U, ro il ‘
EX) = 6(1-a)+ wfqgp” (37)
Var(X) = 6(1- o) + wf qp %2 - p) (38)
The estimating equations for the parameters 8, wand p are
A (39)
fLlba-d)+éapi) = f, (40)
0(0-d)+dbgp™ = X (41)

Unlike the distiibution propused by Yadava and Singh (1991), this distribution incorporates the

possibility that nobody migrates from a cluster in a household.

v)

The Pols. r+-Cing Inflater! ! noe-series Distribution
PZ =2 = (1~ oup z =1

§
9%’1* Zz=23 ..., w (42)

where p = 1 -  is the probability of a person migrating from a cluster.
o = -[In(1 - p)y’*
The pgf of Z;is given as
g(s8) = (1~ a)s ~ waxIn(1 —~ ps) (43)
The pgf of X Is given as
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 Gxs) = explo(1 - &)s - BwaIn(1 = ps) - 8] (44)

“Thus,
P = o o ox=o
| = x [ﬂ+rmljp,M’ x = 1,2,...,0 (45)
~ r x-r
where § = 6wa
v E\go = 0(1-w)+ 0paaq’ (46)
VarlX) = 0(1- o)+ 8paaq '+ 0p*waq? (47)
The éstimating equations for the parameters ¢, w and p are
e = f (48)
fl60-d)+0poa] = f (49)
Ba-d)+0 pdag™] = X (50)

(vi)  The Poisson-Misrecorded Poisson Distribution

The misrecorded Poisson distribution takes into account errors in reporting the number of migrants
in a cluster (Johnson et.al., 1992)

PZ=2) = e*1+ 49 z =0
= 1e*(1-¢) z = &
z,-4 il‘{’i.:,
= A z =23, ., (51) v
4! .

where 1 is the average number of migrants in a cluster, ¢ is the probability that one migrant
recorded in a cluster is not reported. The pgf of Z;is given as

g(s) = Age™ - pie?s + ™M (52)
The pgf of Xis given as

Gx{(s) = exp[A0p 6™ - 10p e™s + 6™~V . 9] (53)
Thus,
PXX = x) = Aexp(de™) x =0

L(-A0¢e )Y &K (0et) (Ai)

| = AZ;( (:’_r)!) i:O( ﬂ)r!( ) x=12,.0 (54)
where A = exp[- 8(1 - ig )]
EX) = 20(1-ge*) (55)
Var(X) = A0(1+A-¢e?)+ ¢2e2(0%%-1) (56)

The estimating equations for the parameters 9, ¢ and A are given as

e
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A exp( 9 e‘;:) = £ (57)
Llbie*-9) = 7 (58)
bil-ge™) = X (59)

Application

The resuilts derived are illustrated by fitting the various distributions and testing iheir adequacy for
each of the village types: Semi-urban, Remote and Growth centre, using the data contained in Sharma
(1985). The parameter estimates, the observed and expected frequencies and the x* values for the
different types of villages, based on each of the six distributions are presented in Tables 1 to 6 respectively.

Table 1: Observed and Expected Number of Households according to the
Number of Migrants and Type of Village: The Poisson-One-inflated
Binomial Distribution

No. of Number of Households
Migrants Seml-urban Romote Growth Centro
Obs. " Exp. Obs.  Exp. Obs. Exp.
0 1042 1042 872 872 978 978
1 95 95 176 176 154 154
2 19 14,7 59 453 47 36.1
3 10 9.9 18 226 18 21.0
4 2 6 121 9 11.9
5 2 4 1
6 0 94 0 7.0 0 6.9
7 1 0 0
8 0 0 1
Total 1171 1171 1135 1135 1208 1208
0 0.1172 0.?64? 0.2122
. 0.2397 0.2531 0.2761
w . 0.2756 0.2923
P 0.3175 9.4405 7.8061
7? 33184 2 2
af 1

Source: The observed frequencies ware extractad from Sharma (1985).

Table 2: Observed and Expected Number of Households according to the Numbes
of Migrants and Type of Village: The Poisson-One-Inflated Poisson Distribution

No. of Numbar of Households
Migrants Semi-urban Remote Growth Centre
Obs. Exp. Obs.  Exp. Obs. Exp.
0 1042 1042 872 872 978 g78
1 95 95 176 176 154 154
2 19 15.3 59 48.1 47 38.2
3 10 8.7 18 21.0 18 18.1
4 2 6 10.6 9 10.6
5 2 4 1
6 0 10.1 0 72 0 8.1
7 1 0 0
8 0 . 0 1
Total 1171 1171 1136 1135 1208 1208
63 0.1193 0.2762 0.2194
" 0.2423 0.2925 0.2991
()] 2.4242 1.8566 2.0858
A 3.6643 6.3171 6.9259
P 2 1 2 2
df

Sourca: The observed froquenéies were extracted from Sharma (1985)
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Table 3: Observed and Expected Number of Households according to the

Number of Migrants and Type of Viflage: The Puisson-One-nflated
Negative Binomial Distribution

No. of Number of Houssholds
Migrants ‘ Semi-urban Rsraote Growih Contre
Obs. Exp. Obs.  Exp, | Obs. Exp.

0 1042 1042 872 B72 1978 7
1 95 95 176 178 154 184

2 19 27.6 59 £1.1 47 557

3 10 i8 18,2 i8 14.5

4 2 € ™ 8

5 2 4 | i

6 0 65 o/t 1z g 5.7

7 1 0 U i
8 0 0.4 L e s

Total 1174 1171 1136 185 008 1208 )
0 0.1373 3.1306 0.4604 ;
g 0.4765 1.0156 A} ¥4:7)

@ 3.1887 0.295% ;‘ 1.3845

" 0.8949 07054 i 0.7043

b 13.7951 0.6323 ﬁ 7.1348
2 3 4

P 0 ] 0

df

Source: The observed frequencies were extractod from Sharma (1985)

Table 4: Observed and Expacted Number of Households according to the Number
of Migrants and Type of Village: The Poisson-One-Inflated Geometric Distribution

No. of Number of Households
Migrants Semi-urban Remote Growth Centre
Obs. Exp. Obs.  Exp. Obs. Exp.
0 1042 1042 872 872 978 978
1 95 95 176 176 154 154
2 19 242 59 61.5 47 53.8
3 10 18 178 18 15.6
4 2 6 ~ 9
5 2 4 1
6 0 9.8 0 7.7 0 8.5
7 1 V] 0
8 0 0 1
Total 1171 1171 1135 1135 1208 1208
é 0.3410 0.6912 0.6226
i 0.9332 0.8966 0.9486
w 0.7046 0.6900 0.6966
P 3.8765 - 0.7909 4.3441
7’ 0 1 1
df

Source: The observed frequencies were extracted from Sharma (1985).

The Tables show that the Poisson-one-inflated log-series distribution provides a superior fit (on the
basis of the ¥° test) than all the other distributions for the same degrees of freedom, in modeling out-
migration from semi-urban areas. On the basis of the parameters of this distribution, the average number
of migrants among semi-urban households is estimated at 1.4.

in the case of households residing in remote areas, the Poisson-one-inflated geometric distribution
provides a superior fit, followed by the Poisson-misrecorded Poisson. The Poisson-one-inflated log-series
distribution strongly competes with them. The fact that the Poisson-misrecorded Poisson distribution
provides a good fit implies that there is the possibility that one migrant reported in a household in remote
areas might not have been recorded. Nonetheless, the probability of this occurring is small (0.0980).
Based on the Poisson-one-inflated geometric distribution, the average number of migrants in households
residing in remote areas is 0.35.
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Table 5: Observed and Expected Number of Households according to the
Number of Migrants and Type of Village: The Poisson-One-Inflated Log-

sories Distribution
No. of Number of Households
Migrants Semi-urban Remote Growth Centre
Obs. Exp. Obs.  Exp. Obs. Exp.
0 1042 1042 872 872 978 978
1 95 95 176 176 154 154
2 19 19.4 59 52.7 A7 442
3 10 7.4 18 18.4 18 16.5
4 2 6 8.2 9 7.7
5 2 4 1
6 0 7.4 0 7.7 0 7.6
7 1 0 0
8 0 ‘ 0 1
Total 1171 1171 1135 1135 1208 1208
9” 0.1168 0.2636 0.2112
. 0.4684 0.4787 0.5289
(1] 0.6483 0.5985 0.6190
y4 1.7001 3.1300 4.6595
z° 1 2 2
df

Source: The observed frequencies were extracted from Sharma (1985)

Table 6: Observed and Expected Number of Households according to the Number
of Migrants and Type of Village: The Poisson-Misrecorded Poisson Distribution

No.of | Number of Households
Migrants Semi-urban Remote Growth Centre
Qbs. Exp. Obs. Exp. QObs, Exp.
0 1042 1042 872 872 978 978
1 95 95 176 176 154 154
2 19 28.1 59 62.7 47 56.5
3 10 18 18.0 18 14.8
4 2 6 9
5 2 4 1
6 0 6.1 0 6.3 0 4.8
7 1 0 0
8 0 0 1
Total 1171 1171 1135 1135 1208 1208
6‘, 0.8369 0.7414 0.8068
- 0.3105 0.4955 0.4530
A 0.5215 0.0980 0.3222
qﬁ 15.9322 2.3914 10.2976
2 0 1 1
X
df

Source: The observed frequencies were extracted from Sharma ( 1985).

The x? values also show that there is not much to choose ve i -

geometric and the Poisson-one-inflated log-series distributions for mod;nl:ge no:r-fnisgzggn;?;‘; lgi?\}ﬁ?\
centrgs. ljlowever, the fact that the degrees of freedom is more for the latter than for the former for
marginal difference in‘the ¥? values, gives it an edge. Based on the parameters of this distribution, the
average nurqber of migrants in households residing in growth centres is estimated at 1.4. The ave;'age
number of mlgr_ants per household is the same for both semi-urban areas and growth centres. From Table
4, the pbropensnty of a person to migrate from a cluster in a household (7 ) is however inghtiy higher in
-semi-urban areas. The propensity and hence the incidence of migration is leas iding i

remote areas. This may be aftributed to lack of information an- ngntact in urbemt :2:2%5 ?ﬁse(;';sr:?éz:t%.m

Wy
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In order to capture the event that at least one person migrates in a household, we have fitted the
mixture of the Poisson and some one-inflated distributions. The results of the fit shows that distributions
that take into consideration variations in the probability of a person migrating in a cluster in a household
(the log-series, and the geometric which are special cases of the negative binomial distribution) performed
better. The ability of the Poisson-misrecorded Poisson to model situations where a migrant reported in a
cluster in a household is not recorded was demonstrated by its satisfactory fit for out-migration from remote
areas only.
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