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ABSTRACT

In this article, we investigate the effect of randomness of the size of a small domain on the precision of an
estimator of mean for the domain under double sampling for stratification. The result shows that for a small
domain that cuts across various strata with unknown weights, the sampling variance depends on the within
domain variance, the variance of means of the domain units in each of the various strafa and the variance
of the proportion of units of the observed sample that belong to the domain.
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INTRODUCTION

In practical survey situations, efficiency of estimation often requires stratification of the population
under study by a given criterion or by two or more criteria. In some situations, the distribution of the
stratifying variable is not known before the start of the survey and double sampling for stratification has to
be applied. It has been shown [Cochran (1977), p330] that the variance of an estimator of a global mean
under double sampling for stratification is affected by variation within the strata and by variation among the
strata means.

- During analysis of the data, information may be required for certain small subpopulations or :
domains of study. Where a domain is one of the exhaustive strata of the population under study, no special
method is required to calculate the variance of an estimator of the domain mean. The problem arises
where a domain cuts across various strata of the population with unknown weights. Yates (1953) first
considered in detail some of the problems associated with estimation of such domain totals, means and
proportions in simple, random sampling. Extension of Yates’ results by various authors dating up to 1988
are listed in Udofia (2002). Udofia (2004) also extends Yates' results further to ratio estimation with
subsampling the non-respondents. Given the fact that the size of the domain in each stratum is a random
variable with a variance, it is of interest also to see how Yates' results applies to estimation of domain mean
in double sampiing for stratification. This article is an attempt in this direction.

SAMPLE DESIGN
Let IT={U,,U,,...,Uy} denote a population of size N under study and D, denote domain j of

size N,. LetV denote the random variable that defines D,, U the stratifying variable, N, the size of
stratum h in the population, h = 1, 2, ..., H N,,; the number of units of D, that are.in stratum h,
W,=N,[N the proportion of the population elements that are in stratum h and ¥, =N, /N, the
proportion of D in stratum h.

We assume that the distiibution of U and that of V are unknown before the start of a survey. An
initial sample, §,, of size n, is drawn from IT by simple random sampling without replacement and U and V

are measured on it, Based on the observed distribution of U, the », sample units are divided into strata
and the number of units of D, that fall in each stratum is determined from the observed distribution of V.

Let n,, denote the number of S, units that fall in stratum h, w,, =n,, /n,, n =Zn,,, , ny,, the number of
h

units of D, that fall in the subsample of n,, units, and w,,, =n,, /n, where n,, =Zn,h ;- Then
h

E(w,,) =W, and E(w,, ) =W,
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A subsample of size n,, is drawn from the first subsample of n, units, h = 1, 2, ..., H. Let
Wy, = Ny, [ n, where n, = an,, is the total size of S,, the second sample. The study variabie Y, is
h

measured only on S,. Let n,, denote the number of units of I, in the subsampie of n,, units.

ESTIMATION OF MEAN FOR SMALL DOMAINS

Let ¥,,, denote the value of Y for element iin I1 that falls in both D, and stratum h, and y,,, be similarly
Ny

defined for unit / in the sample. The mean of Y for the part of D, In stratum his ¥, , = 1 Y,

u, and
hy i=)

hence the mean of Y over D, is

- 1 & &
=y 2t = T o

h=1 =l

An unbiased estimator of ¥, is

fang
yju Zwuuyuu s Yy = thu
"zlu bl

. 8ince Y was not measured on §;, ¥,,, is treated as the mean of a random sample from a subpopulation of
N, units and hence,

E(ym) ''''' £, [Ez (Z Wiy zw]] [;Wm.:?hgj
= ;Wnym =7,

where E,(:)= E(\S§,) and E,() = E(:\TT),

. The variance of j?,,, is given by the following cenditional formula:

V(ym) VEZ(yISI)+EV (yjsl) . (2)
* We now assume [Coehran (1877), p328] that y,,, was measured on all the n,,, firstsample units. Then,

E, (ﬁm ) = ; Wi, £y (j"w )“’ ; Wy P = Py

and hence, if we Ignore the randomness of n,,, and consider N, and N, as known quantities,

ME (ym) (Yu [""”'};;;”Jsf @)

whare

‘ 1 &M -
h *“-;{,T;Ié: Nt L) v @

»
i

Now

Y (ﬁm ) = Vz[}); Wi Vang ] = ; an.h;Vz (572/./ )
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Again, if we ignore the randomness of 1, , we obtain

(y,,,) Ezwllu[ n,, "M ]Sl
j J

:'——ZWM[ ‘ ],u . ()

n, 5
1 N,

____12 (Y,,,. ;T 17,, y )2 . Substitution of (3) and (5) in (2) gives the result

=t

= 2 _
where v, =n,, [/ny,; and S, = -
hj

- 1 2,
Vi, J=| —-—18; W, 6
(v_,u) [”U Nj] n]j ; hj[ y J hj* ( )
This corresponds to the following result given by Cochran (1977), page 329:
Vi3, )= [ ]s’ ——ZW [-——1]32 @
o, Va
for the estimator, y,, .

From (4), we obtain

-n g g & S
“’j{,_"“j'sz IZ[ (Vi ] h/*‘,;JfZWhJ(nJ“YJ

jnU nu hal
where g, =(N; —n)/(N, -1).
Substitution of this result in (6) gives, after rearrangement,
2 g, g =
V(yjst) ZW’U[ }Sz ! Z[ hj = ]Sz o Z ( Yf)z (8)
h j |j h
which corresponds to

sz___ : & e ESwir -7
v$,)=3 [V 1]S,U.+n12h:(W,, N}Sﬁnl;Wh(}; Y )

h

where g' = (N —-n,)/(N -1). The only difference between (8) and (9) is that whereas ¥ (y j,,) depends on
variation among units of D, in stratum h and on variation of means of those units over the various strata,
V(j,,] depends on variation among all units within the various strata and variation of the different strata

means. In other words, V()7 ,s,) depends only on domain parameters while V[iz‘s,) depends on parameters
of the strata.

4. ESTIMATION OF VARIANCE OF ESIMATOR OF DOMAIN MEANS

We now recognize the fact that n,,, and n,,, are random variables. Let Vi = Yu ; Funit i in’ ol o

stratum his alsoin D, and x;, =1 if unit i of stratum his in D, and zero otherwise. Then,

3 oy 7 = Tk
Yan =" "Dy s Xy = ’
Hon ny,
— Py - Py
w= Y s *p = n.’



176

GODWIN A. UDOFIA

and lience, 7,,, and 3,,, can be expressed as ratios

=t

— - yZh 1 - . yl/r
Yu, === and Y, =
Xon Xip

We also note that y,; = ZWM, Y, - Thus an estimator of £/ ¥, (y“,)

A fa Yy
ElVl(yj\l) [Z Wlh/ylh/ | ‘v”!j} Zwlhj V[ 2h}

20

From Durbin (1958) and Udofia (2002), this can be calculated in terms of the second sample information as

E, v, (Y,u) Zwm/ (““"’“] S b yjtl (%h “ﬁm’—‘;h )}2

n

Py =1 n2hp2hjq2ﬂw(7- oz )21
= “‘“ZW In, Yy R Yanj = Via
" " ny,(ny, -
Zh Ilh 2h

CYA n,,{(n,, —~1)

(10)

o,
where py,; =ty [y, oy = 1= Py v Yoy = My, /0y, and szh, Z(yhu yz/a,) /(n2hj ~1).

i=]

Similarly,
A _ Yin
VL (y/u)=V[Zwlhjylhj] Zwlhj l(}%\]
h ]

Py

; ”U[ n, N ]’12;’ Z{yhl »} X (yZh yjclx2h)}

l-1

ZW ( £ )n Ry, -1 2y Ny, PapQan; (5; .nyA‘ )2
- RS TY] 2hy jst
111 1hj 1h) kg n(r 1) j

1 (P, = (1, = 1)

i

where f, =n,, /N .

(11)
Substitution of (10) and (11) in (2) gives the result

nfn  Q— 1 ﬁz,,] Moy - ~ ] 2
V(:v'. ):m Wi -1 |n, 53 Zwuu = Jun Vi j Sy
T K 7oy, (ny, “1) ) 1y, (1, 1)

17 h 2

) 1 NouDPon,Danj | ~ )2
> Wyl | -V - £, )y, ——— -y

n, zh, W{["M J ( lh):l hj ng, o, —1) ()’2;1, jst)

(12)

This is not the same as the corresponding expression for a global estimator, Y,y as given in Theorem
12.3 in Cochran (1977). The difference arises from the dependence of V(y‘j,,,) in (12) on the vaiiability of

the number of units from the domain in the H subsamples with #,, units in the K™ phase of

the suivey, h =
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., H. We note that

Z lzhl th;qHu - l}"'(pu”)

h 2h;

where p,,. denotes the proporiion of units of siratum h in the sample that also belong to domain j. Thus,
the randomness of n,,, and that of n,, increase the sampling variance of the estimator of the dornain
mean by muitiplying the positive contribution of variation of y,; over i by I}ar(P,, j) which is posilive. This
phenomenon is not an attribute of the estimator of V(jis,) as given by Cochran (1877) on page 329. T‘he

estimator 3:’;“ is consistent and unbiased but il requires a much larger initial sample than the
corresponding global estimator.

5. APPLICATION

in 1993, the above survey design was applied in a survey of fishing communities in Umon Island in
the Central region of Cross River State, Nigeria. The purpose of the survey was to determine the average
value of fish caught per commercial fisher-folk per month. The estimated population was 2,500 and this was
to be divided into two strata according to the number of years of experience in cominercial fishing. Those
with 1 to 3 years of experienice were to be put in stratum 1 while those with more than 3 years of
experience were to be put in stratum 2.

The number of years spent in fishing by fisher-folks on the Island was not known before the start of
the survey. An initial sample of 230 fisherfolks was drawn by simple random sampling without
replacement and information on number of years spent in fishing was obtained frorn 223 of the sample
units, The other 7 persons in the sample did not respond. Of the 223 persons who responded, 145
belonged to stratum 1 while the other 78 belonged to stratum 2. A second sample of 108 persons was
drawn by simple random sampling without replacement from the 223 persons in the initial sample who
responded. The value of fish caught in the month that immediately preceded the survey was obtained from
each person In the second sample.

During analysis of the survey data, a special demand was made for an estimate of the average
value of fish caught per month per native commercial fisher-folk on the Island. The community of native
commercial fisher-folks in the study area thus formed a domain of sfudy which cut across lhe above two
strata with unknown weights. A summary of the survey results is given below:

SUMMARY OF RESULT OF A SURVEY OF FISHING COMMUNITIES IN UMON ISLAND, NIGERIA, 1993,

Stratum First Sample Second Sample ,
Py | Py | Wiy S | P [P | Yy | Vi |8 2 Py | Qay
1 145 | 68 | 0.819 | .068| 70 | 13 22 | .48 | 19.67 | .186 | .814

2 78 1 15 | 181 | .031] 38 | 8 38 | .49 2314 | .211|.789
Total |223]| 83 | 1.00 - 1108 21 - - - - -

P = 24.89

For convenience of computation, equation 12 can be expressed as

1 1 M . S Zh
V(yjsl) "l’"’ ‘ M/[v ‘ "th]"zl __l[(nﬂxj ’l}sgh/ Wy, Dany Dany ()’z/u "ym) ] - (13)
) n= 1

2h

ny iy, =D $3, Py 4 ,
——”Z uu[ fu.] ZIn 2“1 |i2hj 2 2M( Yany yﬁu) .. (149)

By wm My Ny, -l

Substitution of the above data in equation 13 gives the result 19(5‘ Jst ): 8.6/83=10.1036
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