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ABSTRACT

In this paper, it is shown that a cyclically subnormally separated A-group of nilpotent length four exists. An A-group is
constructed, shown to be of nilpotent length four and to be in the class of CSn groups.
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1 INTRODUCTION

The class of firite groups that we call CSn-groups was introduced in (Makarfi,1991), while in (Makarfi, 2005b)
the general question of A-groups in CSn was discussed by examining the monolithic A-groups. It was in that paper

the issue of the bounds of the nilpotent length of CSn A-groups was raised. The purpose of this paper is to show that

there are A-groups of nilpotent length four in CSn.

We know that the abelian groups provide the simplest examples of CSn A-groups of nilpotent length one. The
metabelian groups were shown to be CSn groups, Lemma (3.5) of (Makarfi 1991), so they provide examples of CSn
groups of nilpotent length two. A detailed description of A-groups in CSn of nilpotent length #hree was given in
(*1akarfi, 1997a). So it is natural to look at those of nilpotent length four.

In section two we bring together those results that will help us through the construction and enable us to give -

the necessary proofs. The actual construction is given in section three. The schematic diagrams are aimed at helping
the mind to visualize the type of the subgroups involved.

2 PRELIMINARIES
We start with the following result which has a serious consequence on the derived length of A-groups in CSn.
Theorem 2.1

Suppoese that G is an A-group in CSn then in G/F, every element of prime order is in Fo/F where F and F; are
the Filting and the Second Fitting subgroups of G.

Proof: We note that the theorem says that if xeG and xF has prime order in G/F then xeF,. So to prove the thzorem
it is enough to show that if for some prime p, xPeF then xeF,. Without loss of generality we may take x'to be a p-

element. Now if G =G/F and X = xF then. <X > is cyclic of prime order. Also <X > acts on F, = F,/F non-
trvially, for otherwise,

xeC(F)cE

and this contradicts the assumption that x is not in F,. So for some prime g not equal to p, X acts non-trivially on

some Sylow g-subgroup of F,.

The following diagram (Fig. 1) gives an idea of the kind of subgroups, in G, that we shall be dealing with.
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Fig. 1

Let ﬁ'q be a minimal g-subgroup of }7'2 such that
N, x|]=N

q° q

Then qu is elementary abelian subgroup of 1?, . Put Ng<x>=T. Then

Op(F) «T
and

x € Cr (Op(F))

[Ng, ] = Cr (Op(F))
Now

Ng = F[Nq, X]

Op(F) = Z(Ny).

We next note that x normalizes a Sylow g-subgroup, say
%p (F)of N,/ 0,(F) by co-prime action. Also Qi is nilpotent, therefore

Q1 = Op(F) xQ

where Q is an Oq(Q1) Because Q is characteristic.in G,, we have that Q is x invariant. The next thing to observe is
that Q acts on O (F) non-trivially, otherwise Q will centralize F, which is not the case. So for some prime r = p, g we
can choose M c Or (F) a Sylow r-subgroup of F,'M minimal subject to being Q < x > - invariant and

M, Q] =
So that M is also e'lementary abelian. We then form the group

L=MQ<x>
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and by lemma (2.4) below

Cm(x) =1.
We next let
<x>%=§g
where < x >Cis the subnormal closure of x in G, then

=<x>C

el

and therefore S > Nq. Here we are using the fact that

7 =¥ e[V <57

q q°

=[v,.5]

= [}Vq ,S.S ] by co-priae action

c S

Therefore N, < SF. But

[M, SF] = [M, S]

M=[M, Nj] < [M, S).

Also we have

Mc[M S]=[M, S, S]cS
Thus
S Mc<x>C .
and this-cohtradicts the assumption that G is in,CSn.

The next result is rather remarkakle for it asserts that for an A-group im€8n, some restrictions on the exponents of the
Sylow subgroups puts a bound, ontthe nilpotent length of the group.

Theorem (2.2)

Let G be an"A-group in CSn such that G/F is generated by elements of order dividing p! for distinct primes p,
and fixed integer n. Then

Gl =1,

Proof. By induction on n. If n = 1then % is generated by elements of prime order and so by theorgm (2.1) above G =

F, and hence metabelian. Therefore

G® =1
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For n > 1 we again use theorem (2.1) to see that /. is generated by elements of order p!™". So that if

n-1

G =G/ F then G/ F(G)is generated by elements of order p"~ . So by induction
e =

and hence

(_;(Il+|) — 1

The following results will be needed as we go along with the construction.
Lemma (2.3) (Lemma (3.5) of Makarfi, 1991)

If G is a metabelian group then G is in CSn

Lemma (2.4) (Theorem (2.5) of Makarfi, 2005a)

Suppose that G = V3G, is a monolithic group ‘with monolith V3 which is an elementai’y' abelian g-group, where
G; = V,G; is also monolithic with monolith V, an elementary abelian p-group and G; = < x > is cyclic of order r, such

that q, p and r are distinct primes. Then

Cv3(X) z0

i.e. X has a nontrivial centraliser in V.

Theorem (2.5) (Theorem C of Makarfi, 2005a)

Suppose that G=W ><1 H isan A-group where W is a minimal normal p-subgroup of G for some prime
p, and H is a metahelian p’-subgrpup acting faithfully on W. Then G is a CSn group if and only if every element of
HiF(H) acts fixed-point-freely on W, where F(H) is the Fitting subgroup of H.

Theorem (2.6) (Theorem A of Makarfi, 2005b)

Let H be a group and V a p-group which is an irreducible kH-module, where k = F, is a splitting field for H
and p is a prime. Suppose that G = V>4 Y.is an A-group, then G is in CSn'if and only if the following two conditions

are satisfied.

(i) H is a CSn group and there exists L <« K < H with K/L cyclic and a faithful and irreducible k[K/L] module
U such that V= (J".

(ii) L and K can be chosen such that L is subnormal in H and for all p-elements, x in H, of prime power order
<x>NMK=<x>NL&exelL

Theorem 2.7 (Makarfi, 1997b)
Let G be an A-group of nilpotent length n and let

1=G"cG" "= .. cGMcG? =G
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be thé~derived series of G then .

(i) G =AnAnz... A where the A, are abelian.

(i) G" "=A.Anz:. Aniforeachie{1,2 ..., n}

(i)  F=Anix F( A, ,x..xF[1A4,; where F is the Fitting subgroup of G.

0

)  2(G™)= FN4,, foreachie{1,2, ... n}

where Z(G") is the centre of G©.

3. CONSTRUCTION AND PROOF

In this section we shall construct an A-group of nilpotent length four and show that the group so constructed is
a CSn-group.

We start by introducing a diagram (Fig. 2) to give a schematic idea of the subgroups of prime power orders
involved and the various other sub-groups we shall be interested as we go through the construction. The vertical
columns give the subgroups of prime power orders, while the horizontal columns give the other sub-groups we get
involved. with. : ’

P

(3%}

w
~

P, ) U y

Fig. 2

Now let P, = Cg = < x > be a cyclic 2-group of order eight and let P, = Cy = <y > be a cyclic 3-group of order
~ne. Let P, act on P, by conjugation as follows: y* = y"' and form the group

A=P2>4 P1
So that
=<xy[¥=y =1y =y"

Next, let M = < y, x>>, then M is a normal abelian subgroup of A. M has a 1-dimensional module U = kyuy,
where k, = F, via the following action

y: ub—> 2u and x3 u—> -u

(V]

Py=U=<uy, up | uy’ =uy = [uy, ug] = 1>

where u; = u®.1 and u, = u®x. We are here using {1, x} as a transversal to M in A. We then have the action of y and
<« on P, as follows:
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Usy = 25, Upv. = (U®X)y = u®y " x = u®y 'x = 4u,

I.€. Ury = 2uy, Ugy = 4Uz, U41X = Uz and u,x = -u;. So that the action can be represented as

We then form the group

A
y - 8 .9 71 1 X x_ -l .y _ 2 y_ 4
H~—‘P3>4A—<x,y,u,,u2|x =Y =u =u, —[”1”‘2]'“LVI =iy, 1y =Uy U = Uy =Uy >
Now let
K = <u;, Uy, y°, x*>

then K is a normal abelian sub-group of H. In fact K is the Fitting éubgroup of H. Suppo§ed that k; = F43 then W = kow
can be turned into a 1-dimensional K-module through the following action

wu; = 21w, Wu, = w; wy® = 6w and wx* = -w

We note that F*;3 = < 3 > is the multiplicative group of the non zero elements of F43 so that 21 has order seven and 6
has order three in F,;

The next step is to let P4 = W' To describe P, we note that K has-index twelve in H, so we may take a

transversal

T={1 ¥, V% x, yx y2% X% yx%, v, X3, yx°, vy
for K in H. W" can then be described as

WH = <w; = woy'X [(w)*® = [wy, Wi =1,0<i,r<2;0<j,s<3>
Finally, we form

G=P,{ H
This is our group. What remains is to show that it is an A-group of nilpotent length four and that it is a CSn group.
By construction
G = P,P;P,P;,

and it is clear that it is an A-group since the P,% 1 <r < 4 are Sylow subgroups, and are abelian. Also

G" = P,PsP,; G? = P,Ps; G¥=P,; G =1

hence G has derived length (and therefore nilpotent length) four.
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To show that G is in-CSn we first hote that P, being abelian is in CSn. ThenA=P; % P, is metabelian and
*herefore in CSn by Lemma (2.3) above. Next

H=P, X A

nas nilpotent length three so by theorem (2.5) H is in CSn if and only if every element of AWM act fixed point freely on
Ps;. Note that M is the Fitting subgroup of H. Also in the course of proving' theorem (2.5) it was shown that it is enough
to consider only those elements of AWM of prime power order. But every such element is conjugate to x and x is fixed
point free on P;. The next step is to note that

G=P. X H .
satisfies the hypotheses of theorem {2.6). Since condition (i) is satisfied by
H V=P, U=W,L=<u>and K==<uy, u y°, x*>
Also

L<K«<H

and

LNK=<u,>cP,.

Now suppose that h is a non trivial element of H of prime power order such that

<h>NK=<h>NL

We know that K contains all the élements of H of prime order, since

<Q,(P),Q(FR)Q,(R)>

is contained in K and each
QP);1<r<3

isnormalinH. So <h>NK #landhis a pa-element. Now Pj; is elemantary abelian and L is ¢yclic of order p;. So

h must be in L and hence G also satisfies condition (ii) of the theorem. Thus G must be in CSn.
4. CONCLUSION |

We have constructed an A-group of nilpotent length four and shown that it is in CSn
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