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ABSTRACT

Murugusundaramoorthy and Magesh (2004) introduced the subclasses TS(a, ,B) and TS,,(a, ﬂ) of uniform
convex functions and starlike functions with negative coefficients where they obtained some results. Our aim here is to
investigate the convolution properties associated with the subclasses TS'(af, ,8) and T”S,:(a, ,6) respectively by

applying certain techniques based especially upon the Cauchy-Schwarz and Holder inequaiities. Some consequences
are also discussed.
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1. INTRODUCTION, DEFINITIONS AND PRELIMINARY RESULTS.

Denoted by S the class of functions of the form

f(z)=z+Zaz o ', 1.4

that are analytic and univalent in the unit disk £ = {z |7 < l} Also, ST and CV are the subclasses of S, that are

respectively starlike and convex.
A function is uniformly convex(uniformly starhke) in E'if f (z) is in CV(ST) and has the property that for

every circular arc ¥ contained in E, with centre £ alsoin £, the arc f (y) is convex(starlike) with respect to f’ (s:)
The class of uniformly convex functions is denoted by UCV and the class of uniformiy starlike functions by UST.

it is well known that
) wefr, L)
r@EN r'(2)
see Ma and Minda (1992). Ronning (1993) introduced a new subciass of starfike functions related to UCV defined as
() Ske{zf(z)},
@) /()
We note here that f(z) e UCV < zf'(z)e S,

feUcy o

fes, o

Later, Ronning (1993) generalized the class S, by introducing a parameter a , ~1 < a <1,

sesiro{7G-| w75 )

Also Murugusundaramoorthy and Magesh (2004) introduced subclasses 75(c, 3) and 7S, (x. 5).

i

Here we let 7S(a, B) = S(a, B)NT whereT . the subclass of S consisting of functions of the form

f(z):z—ia,,z", a,20, Vn>2. 1.2
n=2

This class of functions was introduced and studied by Silverman(1995), Silverman and Silvia (1997). And also let
TS, (@, B) denote the class of function, f(z) in TS(ax, B) and be of the form '

A. T. Oladipo, Depariment. of Pure and.Applied Mathematics, Ladoke Akintola Univ. of Tech., P. M. B. 4000, Ogbomoso, Nigeria



A. T. OLADIPO

126 o
| . b 1-a)e : ' ‘
EEES Hi-afe) Za (4,20 0<b<1). 13
(2 4,13 CZX?’ EX)
The mam aim of this paper is to mvestlgate the convolution propemes associated with the subclasses T? (a ,B) and
TS, (. B). . 4

""" A necessary and sufficient condition for a function” f(z) of the form (1.2) to be in the class”r"l’l%"(a,[f).
Sl<a<l,B2listhat . o

Z[nl+,[}) (a+[3]( g <l-a

n I

Also 75, (. ) denote the class of functions f(z) in TS'(a, /3) and of the form

( aXc) N <h<
fe)== orp- a)(a) gaz (a,20)0<b |

|fandonly if \ . ‘ B
Z[n(l+ﬂ) (a+ﬁ)](a-)iia <(-b)1-a) = -l<a<l, 820

~ To do this we need the following preliminary results which we shall state without proof.
Theorem A; Murugusundaramoorthy and Magesh (2004). A necessary and sufficient condition for _/'(z) of the form

(1:2) to be in the class 7S(a, B), —~1<a <1, £20 isthat

14

Z[n(l +B)-(a+ ﬂ)]( )

Theorem B; Murugusundaramoorthy and Magesh (2004). Let function f(z) be defined by (1.3) then
f(z)e 15,(a, ﬂ) if and only if

n=3

STt -l A, <1-0-a) '
Finally, for functions f(Z)eS (j=1,...m) given by |

f)(z):z—ian_/z" (j:l.....m) 16

n=2

the Hadamard product(or convolution) is defined by

(i * e S Xz) —Z—Z[Ha ] | 17

2, " CONVOLUTION PROPERTIES

Theorem 21, f(z)e TS'(a,,,B) (j = l....m), then
(/i *.fuX2) e TS (0. )

where

m

(n~l)(c),,.l'1(l~ )
(a)n.ﬂ[n(l+ﬂ) (a +B)- (c),,.n a,)

21

p=1-
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The resuit is sharp for the functions £ (:) given by

f(z)=z- { - K (c). '] 22

(1), + Aa),, |

Proof, Following the work of Owa [1,2 (1992)], Owa and Srivastava (2003), we use the principle of mathematical
induction in our proof of Theorem2.1.

Let £(z)e TS (@, B) and f,(z)e 7S"(a,, B). Then the inequality

Z[n(l +f)-le, +ﬂ)]%%"~., sl-a, U ]72)

that is, for m =1 , we seethat p = a,. For m = 2 Theorem A gives
i\/n(nlli) Ta +,B)Ea;,. tg,, <1 (j=12) 23
2 - ¢ n-1

{
Thus by applying the Cauchy-Schwarz ineguality we have

n=a

w1+ B)—(a, + AL+ B)- (@, + p)i(a),., @ Xa i <
, % (l a,)@*az) (c),,_,( MX ".2)' )

(ﬁn('w*ﬂ)w(aﬁﬂ)a;l](z el Vo

1-a, — 1 -a,

981

Therefare, if

&n~ 5 n(1 + B)- (o, + Bl + B)- (e, + Bl (a),,
}x, ...Xanz) < z‘/l (lwwil ‘‘‘‘‘ ) ), I( .1Xa,.23

n=2

that is, if

........... [+ B)~(a, + Blinli + AV - (&, + Al (a),.,
\/(‘;” G, 2) ‘/ (- @, X] -~ {, ) (‘ )n -1

then, (f;* f,Xz)e 75°(8.8)

We also note that the inequality (2.3) yields

P T L
4\/(”(/ ..... | \ﬁ](la /}) (a ; [}.}(a)’ ] ( 2.3,.,. ¥ e@)

Consequently, if
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J— = O 1 \/[naw)-(éf,fs)lnw)—(aﬁﬂ)](a,,-l
[n(1+ )~ " n-8

a, +/B)In +/3) 0' +:B)]( ) - (‘*0«’;)("%) (C)n—l
That is, if
n-o < [n(l+/})~(a,+[3)In(l+ﬂ)-(a2+/3)](a -1 ) -
Ts © (I—a)l-a) I’ N (n, =2.3...) 24

then, we have (f, * 1, Xz) e 7S*(8. B) . it follows from (2.4) that

- (n - lxc)n—l[(l - g )(I — )] '
["(I +B)- (a| + ﬂ)ln(l + ﬂ)“ (az + B)Ka)n—l -(I-a, X] - Xc)n—l

which shows that (/, * £, Xz) e TS°(8, B), where

(” l)(cn\[(’ a’\)(l a’]

R * R MRy Ry Ry, P (e (s

Therefore, the result is true for m = 2
Next we suppose that the result is true for any positive integer m . Then we have

S fo** S N2)e TS (2. B)

where

(n- ')(C)n-»ﬁ(' - a/)

@bl A (e + A1) []-)

=1 /=

and p is given by (2.1). After a simple calculation we obtain

m+1

(= 1Xe)a[T0-,)

-] 1=1
p—l m+i . m+|

(@)..] Tl + B)-a, + B)-(0),. [0 -a,)

/=1 : =1 .

This shows that the result is true for m + 1. Therefore, by mathematical induction the result is true for any positive
integer m .
~ Further, taking the function f, (z) defined by (2.2) we have

BGECSEs H SEr = w)](LH} T

- where

g (€),-.
n[n(l+,3 (+ﬂj](a

It follows that
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> n(l +,B)—( >+ f3) (a)n~l ) _
,,; I —le (C)n—l JA" -

This evidently complete the proof of Theorem2.1.
Letting @, = a(j =|.....m) in Theorem 2.1, we have

Corollary A If f(z)e TS"(@.B) (j = 1....m), then

(> fo* o £, Ne) e TS (0. B)

where
p= l — (n - lxc)n-—l(] ‘ay’
(@), (n1+ B) (e + B)' - (1-a)'(c),
The result is sharp for the functions [ (z) (j =i2....m) given by e
g \\\\.;
l-a () . |
filz)=1z -[. 2=l " j=12,...m
O A Aa). U=t2em)

Setting & = —1 and £ = 0 in Corollary A to obtain
Corollary B; If f, (2)e75°(-1.0) (j =1.2.....m), then

(¥ fo** 1, Xe)e TS™(p.0)
where

p= | = 2"'(’1 - lxc)n—l .
(n + I)m(a)n—l - 2’"(0),,4
The result is sharp for the functions f, (=) (j = 1.2.....m) given by
2
(2 G
n+1 a)”_l

Setting /4 = 0 in Theorem2.1, we have
Coroliary C; If f,(z)e 'I'S'(a_,.()) (/ = L2.....m), then

(fi*fi* ¥ £, Xz) e TS (p.0)

where

(n-1Xc), ,ﬁ(l ~a,)
p=1- e /= —

@] Tl-a,)- ), [T0-a,)

=1 1=

The resuit is sharp for the functions
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f()[‘——-(——] Got2m)

n-a, (a),,

By fixing the second Coefficient, and putting [ = 0 we have the following
Corollary D; If f, (z)e TS'(a_,.,,B) (j=12,..m)

(f* fy** £, X2) e TS" (0. B)

where
cn(] —a,)
pl-—
o[16-a)-T-a)
=t /= :
The result is sharp for the functions f, (z) (j =12,...m) givenby

ﬁ(z)ZZ—[S(él%/)) z’ (j =12...m)

After fixing second coefficient as in Theorem B, we have the next Theorem
Theorem 2.2; If f(z)e TS,:(a/,[J') (j = 1.2,....m), then

(*..* 1, X2) e TS, (0. B)

where
(n = 1)1 = )e),- .II( 2)
p=1l- :
(a),- .I][n(l+ﬂ) @, +B)-(1-b)e),. .H(l— )
The result is sharp for the functions f,(z) (j =1.2.....m). given by

() BN CWEY o
fl2)=z- [ o ) +,3)(a)_J ( =12,y m)

25

Proof. Following the same method as in Theorem 2.1 with some simple calculation the resuit follows.

Letting , = a(j = 1,2,...,m) in Theorem 2.2; we have
Corollary E; If f,(z)e TS, (@, 8)  (j =12....m), then

Gt £, )X) e 75:(0. )

wheré
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p=1- (n-1)1-b)e), (- a
(a)n—l[”(l +B)-(a+ ﬂ)}“’ —(-bY1-a)(c)_,

The result is sharp for the functions filz) (= 1.2,....m) given by

SRV N U1 (S22.% N "
f,(Z)—a [n(|+ﬂ)~(ya+ﬂXa),,‘, (j = 1.2....m)
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