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ABSTRACT

The formulation of @ mathematical model for the transmission of HIV/AIDS by making good assumption on a
free non-infected HIV/AIDS population is considered. The existence and uniqueness of solution of the model is
established. And the effect of introducing a single infected person into a free HIV/AIDS population is analyzed for a
given period of time. The result shows that transmission occurred during contact between infected person and non-
infected person, and increases in a ratio to the number of contact. The introduction of a preventive measure

decreases infection.
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1.0 INTRODUCTION

The epidemic of the human immune-deficiency
virus (HIV) infection in our society is at alarming rate,
and the resultant effect is the acquire immune-deficiency
syndrome (AIDS) by the body. This rendered the body
system incapable Qf efficient clearing of all kind of
infections, (Hansen et al 1985). The consequence of this
dreaded disease is of great concerned to all

stakeholders in the society and this has encouraged’

many research works on, courses of the infection,
dynamic of the transmission, preventive measures,

pathogenesis and treatment of the infection. Infection
only occurred if there is contact Between infected cell ™

and a non-infected cell (Duffin and Tullis, 2002). The
infection is exclusively on the CD4 + T cells (immune
cells) such that a drop in the T cells results in an
increased in viral load (Duffin and Tullis, 2002).

Santos and Continho (2001), formulated the

lymph nodes lattice model that predicts all the three
phases of the diseases transmission. The model shows
that HIV infected is characterized by, a peak in viral
load, following initial infection, a quasi steady state
where viral load rises slowly, and finally a dramatic rise
in virus and loss of CD4 + T (immune cells) which
results in AIDS infection. Kimbir (2005), presented a
two-sex version of a mathematical mode! for the
prevention of HIV transmission dynamics in a varying
population. The results shows that diseases infection is
prevented if sexually active males and females uses
preventive measures such as condom, sex abstinence
etc.

The understanding of the dynamic between the
virus infection and the immune system (pathogenesis)
enhanced the procedure for treatment of the disease
(Wodarz and Nowak, 2002). A mathematical model was
used to wunderstand correlates of - long-term
immunological control of HIV, and to design therapy
requires that convert a progressing patient into a:state of
fong-term non-progression. A

Mathematical model have been of
greatimportant in the analysis .of epidemiological

phenomenon. But most of the model suffered from
making good assumptions of the operating factors in
relation to the subject, which result. in inaccurate
predictions_(Anderson and May, 1991). The efficiency of
a good model lies in its precise prediction capability. ,

This research is aimed at making good
assumptions on a free HIV/AIDS infected population, to
formulate HIV/AIDS transmission model. A case of a
single infected person introduce into the population, and
considering the fact that all members of population are
susceptible o the infection. While some susceptible
person uses preventive measures such as condoms, ..
sterilization of needles etc.

The establishment of the existence and
uniqueness of the solutions of the model is an aided tool

- in the formulation of the solutions of the model, which

enhanced its predictive capability.

20 BASIC ASSUMPTION

The follewing assumptions were made:
An HIV/AIDS free population (N) is considered.

—_

2. A single infected person is introduced into the .
. population at time t,
3. Infection is by contact between infected persor
(z) and a susceptible person (x).
4, Rate of infection is constrained by a preventive

measure (ox) on susceptible persons.

21 MATHEMATICAL FORMULATION

» The basic model of the virus transmission has
three major variables; the population of the infected
person (z), the population of the non infected
(susceptible) persons (x), the population of non-infected
(susceptibie) persons who uses preventive measure (y).

2.2 MODEL EQUATION

=N x(d d)-Bx:z
U‘" RENTAY

, N
X(G) =

‘y(o) = ynﬂ :(0) —:;
Mi .
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. The non-infected person (x), in the absent of
any transmission increases at a constant rate N and die
naturally at a rate d. This implies that at a point where
there is no contact between infected person and non-
" infected person, x = N/d. ax measure the rate of
prevention of any form of non-infected persons. The
infected persons transmit the virus to the non-infected
person at a rate proportional to-the product of their

finding the non-infected person, rate of actual contact -
and. rate of successful transmission;. The infected
persons increased at a rate -uz and are removed or Cie
pecause of the infection at a rate cz. ‘
Ve can represent system (1) in.its matrix form
as, 4
V()= AV )+ h(1) (2')

abundance Bxz. The rate constant B measures the Vi) =V,.
efficacy of the process, (rate of which infected person .
where ;
(x() ~(d-a) 0 -9 ] (N x()] xu(,)]
Vi =y}, A=|a 0. h:-l 0 | Viy=|v@)land VD), =| ¥, |,
L : ' l
() o 0 wu-c| (0 20 | | 201 |
and ¢ = Bx.
2.3 EXISTENCE AND UNIQUENESS OF SOLUTION OF (2)

Suppose Dz{(x,y.z.t);xz Nid, y20,z21,0<¢ <t,.)
and H={0<a ~d<k.0<p<k.O0<a<k.0<a<k,.O<u-csk}

Theorem 1.0 ,

The solution of system {2) with domain defined
inDand H, for ki i = 1, 2, 3, 4, 5 being real constants,
exists in the interval 0 <t < t;. :

Proof;
Let us considered system (2) in the form,

V() =A V(x,y,2, 1)+ h(t). ;
V(ty) = (X, Yo z,). (3
Then V (X, Y.z, t)is continuous and also integrable on
0 <ttt

Assume V =nexp(At)is a solution of (3), then

An = An. 4)

Where 1 and A are n-linearly independent eigen vectors
and eigen-values of A, such that A7, = An,, i=1.n

Introducing i into (3) by setting
V =nq and V(t) = 7. , we obtained
| G = Ang + h (5)
q=n"Ang +n"'h (6)

Let ™' An =D, (diagonal matrix with % as the diagonal
element), we obtained
g =Aq +r (1), where r(f) is a linear combination
with constant coefficients h,(t) ...h,(t). Then

q,(t) = e Ue*"r, (nNdr + ¢, ) (7
Equation (7) is the solution of the system (2) on
0<r<t,. " |

conditions | v({,) | =

Theorem 1.1
Let 0 < k' < M, kis any real constant. Also let matrix

A have n-linearly independent eigen vectors, then the
solution satisfying the initial

x()

Yo ] is unigue.

\z )
Proof 1.1
Considering system (1) such that,

V,(x,,3.20)=N-x(d-a)-¢z
Vy(x,,y,.2,)=ax ’
V_; (x}."\;s‘zs,) =

> . - >
X2 X, V2 ¥, 222,

x(1,)

\Z(t”)

uz-cz
(8)
Then for any real constant k such that 0 < k < M, and

M is an integer,

&vi_ . ovi ., Ovi .

o< xk, - S yk, —- <2k =123 (9

oxi . i ozi o
holds.

From (9), system (1) satisfies Lipschitz

conditions of boundedness, and therefore has a unique
solution. Also since system (1) satisfied equation (4),
then the evaluation of equation (7) at

x(t,) (xo \

y1) i v, i yield the desired unique solution.

()

o/
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- 3.0 METHOD OF SOLUTION 3.1 ANALYSIS
(Flnlte Differences Approximation Method: Recall the fouown]g C‘thtanzsz
Considering system (1) as TN = abundant of non-infected
x=N-x(d-a)y-Bx: ~d = rate of death of non-infected
V= o -8 = ~ contact rate between infected and non-
" infected -
<= u/ZV“ ¢z o = the rate of using preventive measures
. on non-infected
with x(O) = YO0) =v,, 2(0)=1 (10) u = rate of increased of infection
c rate of death or removal of infected
* Solving for z2in {10) T oo
dz(t) We assume ana vary parameters for four
———e = RI - CZ. (1) difference cases: .
dt- Case 1. (no nteraction petween infected and
Lat non infettea persons).
dz z,, -z ) ) E=0d=01 a=0u=0,¢c=0 N=
7 = ~, for h being equal interval 3. h=01
‘between z»t. and Case 2: (ther_e is contact between infected and
Sub‘;titutin‘g the at;ove in (11), we obtained non-infected persons. there is no death
* . ! ' or removal of infected persons, and no
S A 2 (u—c) used of preventive measured).
h ’ / B=0,d=01 a=0.u=04 c=0 N=
z., -z =z h(u-c) 3.h=01 .
AU ' Case 3 (there is contact between infected
z, =z +zh{u—c) persons and non-infected persons,
e death or removal of infected persons
2,4 = z,(L v P~ he). (13) occurred, but there is no used of
x()=N-x(d ~a)-Bxz. preventive measured by non-infected
e o ‘ persons).
While x,,, —x, N-x(d-a)-Bx z B=02d=01 x=0u=04c¢=02
h ' C . N=3.h=01
X, X, = hN + x,(d ~a) - Bx,z, Case 4 (there is. contact between infected
‘ persons and non-infected persons,
_ death or removal of infected persons
implies x,,, = AN + x (1 - h(d - @) - hBz)) occurred, there exists the used of
preventive measured)
1) = ax, BR=02d=01 =03 u=04c¢c=
C2 N=3h=01
Y 7Y oy Using equation (12}, {13} and {14), we generate
h ! the -following table for each of the case above.
implies y,,, = hax, +y, (14)
R e . Table _
R 2 Jzo lz Ty v Iy L X N SR O
o 11,0000 1 10000 1 1.0000 | 1.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0600 | 30.0000 | 30.0000 [ 30.0000
0.1 [ 1.0000 | 1.0400 | 1.0200 | 1.0200 | 0.0000 | 0.0000 | 0.0000 | 0.9000 | 300000 | 294000 | 294000
0.2 110000 [ 1.0820 | 10404 | 1.0404 | 0.0000 | 0.0000 | 0.000G | 1.8090 4 30.0000 | 28.7900 | 28.8062 | 30.587S
0.3 | 1.0000 [ 1.1250 | 1.0617 | 1.0612 | 0.000C | 0.0000 | 281790 | 28.2187 | 30.863
0.4 | 1.0000 | 11700 | 1.0854 | 1.0824 | 0.0000 | 0.0000 | 275630 | 27.6377 | 31
0.5 | 1.0000 | 1.2170 | 1.1040 | 1.1040 | 0.0000 | 0.0000 ) | 269420 | 27 0630 _
0.6 | 1.0000 | 1.2660 | 1.1261 | 1.1261 | 0.0000 | 0.0000 27 17263180 | 26.4948 | 316087 |
0.7 | 1.0000 | 1.3170 | 1.1486 | 1.1486 | 0.0000 | 0.0000 475¢ 256690 | 259431 | 318290
0.8 [ 1.0000 [ 1.3700 [ 1.1716 | 11716 | 0.0000 | 0.6000 | 0.0000 | 74304 | 300000 | 25.0560 | 25.3780
0.9 | 1.0000 | 1.4250 | 1.1950 | 1.1950 | 0.0000 | 0.0000 | 0.0000 | 8.3914 | 36,0000 | 244190 | 24.8296
1.0 | 1.0000 | 14820 | 1.2189 | 1.2189 | 0.0000 | 0.0000 | 0.0000 | 9.3561 , 20.0000 | 237790 | 242879
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3.2 "DISCUSSION OF RESULT

In the table, it is observed that when the contact
rate is zero (even when an infected person has been
introduced into the population), the infected person (z4)
and the non-infected person (x;) remained constant as
at initial stage all the time. When there is contact (B =
0.2), the infected person (z,) increases with time and the
non-infected persons (x,) decreases. in cases 3 and 4,
because some of the infected persons (z) are dying or
removed at rate ¢ = 0.2, the infected persons (z; and z,)
increases at the same rate but less than case 2, while
the non-infected person (x;) decreases but not as in x,,
still because of the dying or removal rate of infected
person. The case of x, differs from x,, x, and x, because
of the preventive measure, wincii incieases the number
of non-infected persons (x) as well as the population.
This difference is seen in y,.

3.3 CONCLUSION

in this paper, a mathematical model of
HIV/IAIDS  transmission was formulated. The
establishment of existence and uniqueness theory for
the solution of the mode! is an aided tool in the analysis.
The effect of introducing an individuai with the virus into
an HIVIAIDS free population was observed for various
cases. Result shows that when there is no contact
between infected person and non-infected person,
transmission of the virus remained zero. Also, when
there -is contact between infected person and non-
infected person, transmission increases and the number
of person infected. increases in a ratio to the number of
contacts made, which is the opposite of the non-

. Hansen, R.

infected The mtruduchon of preventwe measured
increases the number ot non-infected persons. The
results obtamed conformed to the reabty of diseases
transmission model as reported in (Anderson and May
1991).

REFERENCES

Anderson, R M. and May, R. M., 1991
Diseases of Humans, Dynamic and Control, -
Oxford University Press, N Y.

S, Ahloy, R. D. and Meyer. R. D, 1985. The
Acquired Immunodeficiency Syndrome,
Emergency Medicine Clinics of North America
3(1):3~-23

Duffin. R. P, and Tulles. R H.. 2002. Mathematical
Modei of the Complete Course of HIV Infection
and AIDS, Aethlon Medical, inc. 3344 Industrial
Court. Suite 1w, San Diego. CA 92121, USA.

Dos Santos, R. M. Z. and Continuo, S., 2001. Dynamics
of HIV infection: a cellutar automata approach,
Physical Review Letters 87(16): 168102- -1-
168102-4.

Wodarz, D. and Nowak, M. A. 2002. Mathematical
Models of HIV Pathogenenesis and Treatment
bicassay (24)*178-1187, Wiiey Periodical. inc.

Kimbir. A. R., 2005. A Two-Sex Mode! for the prevention
of HtV/AIDS ina Varylng Populatlon ABACUS,
(2A) 7-78.

Infections




