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ABSTRACT

We establish a set of sufficient conditions for the controltability of nonlinear neutral Volterra integrodifferential systems
with infinite delay. The results are established by using the Schauder fixed point theorem.
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1. INTRODUCTION

Controllability is one of the fundamental concepts in modern mathematical theory (Klamka, 2002)
Controliability is the property of being able to steer between two arbitrary points in the state space using a set of
admissible controls (Balachandran and Leelamani, 2006). In the literature there are many definitions of controliabulity
which strongly depend on the class of systems considered (see Klamka, 2002 and Balachandran and Leelamani,
2006).

A neutra! differential equation is one in which the derivatives of the past history or derivatives of functionals of
the past history are involved as well as the present state of the system (Balachandran et al, 2006) The study of
neutral integrodifferential equations with infinite delay has emerged in recent years as an independent branch of
modern research because of its connection to many fields such as theoretical epidemiology, physiology. population
dynamics and transmission-line theory (Balachandran and Dauer, 1996)

The problem of controliability of nonlinear control processes with infinite delay -in finite dimensions has been
widely discussed: see Sinha (1985) and Balachandran and Dauer (1996) for systems described by delay differential
equations, and Onwuatu (1993) and Umana (2007) for neutral systems: \ .

Controliability of neutral systems with infinite delay in infinite dimensions has also been studied by several
authors (see Fu (2003), Balachandran and Anandhi (2004), Bouzahir (2006), and Li et al (2007)) Using the theory of
fractional power of operators and the Sadovskii fixed point theorem, Fu (2003) studied the controllability and the loca!
controliability of abstract neutral functional differential systems with unbounded delay. Balachandran and Anandhi
{2004) studied the controllability of neutral functional integrodifferential infinite delay systems in Banach spaces by
using the analytic semigroup theory and the Nuusbaum fixed point theorem whereas Bouzahir (2006) derived a set of
sufficient conditions for the confrollability of neutral functional differential equations with infinite delay using the
integrated semigroups theory. Recently, with the help of Sadovskii's fixed point theorem, Li et al (2007) studied the
controllability of abstract neutral functional integrodifferential systems with infinite delay.

The aim of this paper is to study the controllability of the perturbed neutral Volterra integrodifferential system
with infinite delay on a finite interval ./ = [0,1,]. ¢, > 0 . when its unperturbed linear system i1s assumed

controliable. Our approach, similar to one used by Do (1990) for nonlinear neutral systems, is to define the appropriate
control and its corresponding solution by an integral equation. This equation is then solved by applying the Schauder
fixed point theorem.

‘2. PRELIMINARIES

Let {J denote the Banach space of all continuous functions

(x.uy:JxJ > R" xR"
with the norm defined by

flx.woll = flx+ [l
where ||x|| = sup|x(s)| for 1 € [0.1,] and |[u]| = sup|u(r)] for 1 € [0.1,] .
We shall consider the following linear neutral Volterra integrodifferential systems with infinite delay represented by

g—-[x(t)— LC(I —s)x(s)df—g(t)] = A(t)x(t)+ L G(1 = 5)x(s)ds + B()u(r) (21
di g

and the nonlinear system

%[x(:)— L("(: - $)x(8)ds - g(l):l = ADx()+ L""’ — $)X(8 )els
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+B(Ou(r) + ft.x(1).u(r)) (2.2)
X)) =¢(1) on (-n.0) where the intial function ¢ is continuous and bounded on R” and where x e R",

e R” and B(1) is a continuous nxm matrix valued function. The nxn matrices A(t). C(¢) and G(t) are
continuous in their arguments. The » - vector functions f and g are respectively continuous and absoiutely

continuous. :
Equivailently, systems (2.1) and (2 2) take respectively the forms

i[x(l)» f('(z ~ $)x(s)ds - g(0) - [ Cu ~s)¢(s)ds] = A(1)x(1) + f G(t - $)x(s)ds
dr ' - )

+[ Gu=-s)prds + By @3
and
d vr)- f( o oiads g(t) - f’ ('(t—s)¢(.\-)d.s}:A(;)x(,)+ J'G(I~.s‘).\’(s)a's
dr: : , \

+[ G- s)ps)ds + Bawy + f (1xe).un)) (2.4)

Following Balachandran (1992) we give the following definition:
Definition 2.1: The system (2.1) or (2.2) is said to be controllable on .J if for each initial function g e (', (--».0] and

for every x, € R" . there exists a control u(f), defined on ./, such that the solution of the system (2.1) or (2.2)

satisfies x(r) v,
The solution of (2.3) can be written, as in Wu (1988), in the form

(1) - Z(l)(x(())»- 2(0) - [L(‘(-».v)¢(.s~)dsJ+ 2() + [;c'(z‘ $)P(s)dls

+£Z(l - s)[g(s)+ [’ C(y - r)¢(r)élr ds
+ £Z(l - s)[ [;G(.s ~ r)¢(t)dr]ds + IZ(! - $)B(s)u(s)ds
where Z(l -§) = g Bt Z(t -s) and Z(t) is an nxn continuously differentiable matrix satisfying the equation

d y v J g M g ——— o Y v g
‘—]7[[(!) ‘(( (t-$)Z(s)ds - [L( (t - .s)Z(s)ds] = A($)Z (1) + L(;(l - $)Z(s)ds

o[ G- 1ze01ds
with Z(0) | and the solution of the noniinear system (2.4) is given by
X = Z(l)[.\‘(O)- 2(0) - [;('(-—s)¢<.s-)ds-]+ g+ [’7 CUt - $)(s)ds

+ ‘[Z'(t - s){g(s) + ['( C(s ~ r)¢(r)dr]d.v
. [Z(l—— s)[[;(}(s - r)¢(r)dr]ds

+ _[ Z( - x){b‘(‘v)u(s) + ./'(.s'.x(s). u(s)) Id.s'
Define the controilabiity matrix ¥ by
W(0.1)= _[zu BB ()72 (1 - 5)ds

where 1 denotes the matrix transpose.
Proposition 2.1: The system (2.1) is controllable on ./ if and only if ¥ is nonsingular
Proof: This is equivalent to Theorem 1 of Balachandran (1992).

itis clear that x, can be obtained if there exist continuous functions x (-) and u() such that

{ '
ul) =B )2 «u, W '(().ll)’x, [(l,)(.\‘(())~g(()) J‘l('(-ws)(b(s)dv)
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HINE J:'('(l, ~8)gls)ds - f Z(I, —s)[g(s)+ [l(‘(s r)¢(r§d1}ds

- f VA s)[ [; G(s— r)¢(t)dr]ds - f Z(t, - ) f (5. x(s). u(s))ds] (2.5)
and

X0)=20)] x(O)- 20 - [ C-)p(s)ds |+ )+ [ Cc-shptspds
+ LZ(t - s)[g(s) + L)C(s - t)¢(t)dt]ds + £Z(i - s)[ [: G(s- r)¢(r)d1]ds
+[ 24~ ) Bus)+ £ (s.x().u()) ) ds. : (26)

We now prove that such x and u exist.
3. Msin Rosuits

Theorem 3.1: In (2.2) assume that the continuous functions F :R"xR" — R* and L' functions a,:./ » R’
i-1.2,...q are such that

q
|f(l.x. u)| < Za, (NF (x.u) forevery (t.x.u)e JxR"xR"
1=\

where

1=l

!i_msuptr— zq:c, sup{F(xou):fl(xow)] < r}] = 400 . (3.1)

Then the controllability of (2.1) implies the controllability of (2.2) on ./ .
Proof:
Define T7: 0 > Q by
T(x,u)=(y.v),
where

w=8'2'q, -:)w-u(o.:,)_[x, ——Z(l,)(x(O)—g(O)— fﬂ(‘(,s)(t(s)ds')
-g(t,) - E C(t, - s)g(s)ds ~ E Z(l, ~s)[g(s)_+ _[;C(s ~ t)¢(t)dt](t¥

- f Z(t, - .s')[ fw G(s- r)¢(r)dt]ds = _[' Z(t, - ) f (5. x(s), u(s))ds] (22
and

10 =20 50)- 0)- [ C-9)p)ds |+ 801+ [ €= sigords
+ LZU - s)[g(.s') + [;('(s - r)¢(r)dr]ds + LZ(I - s)[ .[)' G(s - T)g(r)dr }dw
+ L VA s)[ B(s)u(s)+ f (s, x(5). u(s))]ds (33)

By our assumptions, the operator T is continuous. Clearly the solutions # and x to (2.5) and (2.6) are fixed points of

" Our immediate aim now is to establish the existence of such fixed points by using the Schauder fixed point
theorem. indeed, let

F(r) = sup{F,(.\'.u) ex.w)f < ro} i
Since the growth condition in (3.1) is valid, there exists a constant », > 0 such that
NI ALY

=1

or

Y eFr)+d<n,

1=\

for some d . Now introduce the following notations
K =max{|Z( -s)|:0s s <y SI,}.
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k = max{"Z(l .s')B(.\')“l..l} .
lee.|| = [ |, ()els. (= 120.q).

a, = 3k{|B' (2" ¢, - | twapize, - sl 12
b =3K|a|. (i=12....q).

¢ =maxfab . G- L2q),

d, = 3k|B' ()2' ¢, - »)|[w '(o.i,)“[ x|+ 2] |x(0) - £(0) ‘["('(m.s-)ms)ds-

-~

4Flg(l, )|+’[;(-(1' —s)¢(:\')d.s' + ‘[' "Z(l, ~s)|”g(s)+ ‘[L('(s - t)¢(t)¢lr}dx

e[lza-sl| [ - r)ﬂr)«/r}ds] |

,[,., C, -~ s)P(s)ds

d, =3[Z@)| +lew)]+

x(0) - £(0) - [ C-s)gts)ds

I [l2a - -")"[&'h‘) + [ Cs - t)¢(r)dr~] ds

+ [ llza, - -v)ll[' [ Gs - rpuerde j!(ls.l

d =max{d,.d,}.
Now let
O, = e Qv <, }
if (x.u) e (J, . then from (3.2) and (3.3) we have

M = (8" 02" ¢, - | 0.p|[|x]+ |2

X(0) - g(0) - [ CC )P )els

[ cu, - s+ ['|2a, - )

+|.L'(I, )|+ {‘g(.\')!r ["('(.s' . r)¢(r)¢/r}l\'

- y
+ [ |, - x)"‘l f G(s - D(r)dr Ps + [ 1Z@, = )| D A )F, (x(s).u05))dds
y , izl

d <1 | U
<L —a F(r)<—| d (r,
W 2 3,‘[‘ +§t, ,m]

| r
-——y:(.lh
3

g +
3k

™.

and
I = 12

SJ

"

' ”Z(l - $)B(» )([“v”ds' v ]:"Z(I s)"Z(t,(.v)F(.\'(.s-).u(.s‘))dv
=l

i ¢
<Lk K3 ey ks i%q F )
. o J 1=}
I g S5k h
< S[d + 2(;1’,(1;,)] ¢ k“v"s «3—+ 3 - 2[—{]

ot ‘)(!ﬁ]
303 T3

f CU )P )els

¥(0) -~ 2(0) [ CC $)P(s s

e +

{g(,v) ¥ J"' C(s r)¢(r)«lr}d\' + ["Z(I \"‘r J‘.' Gy r)¢(r)¢lr}ds
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Hence T maps Q,“ into itself. Further, it is easy to see that 7'((J),) is equicontinuous for all r >0 (Do, 1990). By the
application of Arzela-Ascoli theorem, T'((J), ) is compact in (). Since the set () is bounded, closed, and convex, then

by Schauder's fixed point theorem, 7 has a fixed point (x.u)e () ‘such that 7'(x.u)=(x.i) Hence, for '
(v.v) =(x,u), we have

x(l):Z(t)[x(O) - 2(0) - J‘_’/('( s |+ gy [ Cu s

[ za ~—S){g(.\‘)o []/('(.\' ()T jd\- v [2u s)iL J' G r)(b(t)erdv

+ j; Z(t =) Besus)+ f(s.x(s).u(s)) ] ds.

Thus the solutions of (2.5) and (2.6) exist. Hence the system (2.2) is controllable on ./ .
Inspired by these ideas we have the following corollaries.
Coroliary 3.1: For the system (2.2) assume that the continuous function [/ satisfies the condition

| f(t.x,u)
Joxa]-»or “(X, u)“

uniformly in 1 € J . Then the controllability of (2.1) implies the controllability of (2.2) on .J .
Proof: Let

F(x.u)= sup{‘f(l.x.u ):1e .l} .

=0 (34)

Then
Ilm[ Z( sup | SF(x.u): |(\’.u)|<r,] (3.5)

lim mf( ! ]sup{’F(v u) (x| < r} < ——l— (3.6)
s 17 (' : .
But tondition (3.4) implies (3.6) by a modification of an argument of Do (1990) Therefore (3.5) is valid and Theorem
3.1 can be concluded.

Corollary 3.2: for the system (2.2) assume

(i) f:JxR"xR" is locally bounded in , that is, for any M >0 there exists an L >0 such that | f(r.x.u)| < L.
for all (1.x)e J x R" and for all |[u| < M .

R

(i) lim =——— “u” 3.7)

f>

uniformly in (£.x) € J x R” . Then the controilability of (2 1) implies the controllability of (2.2) on ./
Proof: Let F(x,u) =sup{|f(r.x.u)|:1€J} Then

|£ (x| < Fx.u) forevery (1,x.u)e Jx R x R"
Thus
!un[ I Jsup{F(x.u):l](x.u)" <r}=

is valid because of (3.7) and as a consequence, (3.6) holds and the results follows.
CONCLUSION

We have formulated and proved sufficient conditions for the controllabiiity of noniinear neutrai Volterra
integrodifferential systems with infinite delay in a given finite time interval. The approach used here has been to define
the appropriate control and its corresponding solution by an integral equation. This equation was then solved using the
well known Schauder fixed point theorem.
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