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A CRACK ORIGINATING FROM A SEMICIRCULAR NOTCH IN A NON
HOMOGENEOUS SHEARED HALF-PLANE

J. N .NNADI
(Received 10 October 2007; Revision Accepted 27 March 2009)

ABSTRACT

An interfacial crack originates from a semi circular notch in a non-homogeneous semi infinite
elastic material subjected to constant shear loads of magnitudes T;, j = 1, 2. Asymptotic
deformation fields near the crack tip are derived in a closed form. The stress intensity factor is
shown to depend on material constants except when equal and opposite tractions are applied on
load sites of equal length. Our results agree with known ones.

KEY WORDS: Interfacial crack, quarter plane, semicircular notch, sheared half plane, stress
intensity factor.

1. INTRODUCTION

The notched homogeneous elastic half plane under remote loading has been studied in
Mitchel (1965), Rice (1967) and Ejike (1973). The non-homogeneous case was studied in Nnadi,
(2004a) under more practicable finite surface loading. In this paper we study the elastic half plane
made from two materials. Each material is a quarter plane from which a quarter circle of radius c is
removed. The resultant figures are then perfectly bonded along their interface to form the half
plane with a semicircular notch of radius c. A crack of length b-c emanates from the edge of the
notch along the interface. The free surface of each quarter plane is subjected to anti-plane shear
loads of magnitude Tj, on interval [a;, bj], j = 1, 2. Every other surface is stress free (fig 1). The
subscript j = 1 refers to the upper quarter plane while the subscript j = 2 refers to the other
material.
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Fig. 1: Geometry Of The Problem

The polar stresses are:
H; W, ow, _
Gj&(r’e):Tja_é(rﬂ); O-j&(r’g):ﬂj?](rﬁ)’ 1=12 (1)

The problem is to find w;(r,8) in the boundary value problem:
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02 10 1 o2 V4 T
—t——+—= w(r,d)=0,r>c,-——<0<—, =12 2
(ar2 ror r2602] (r:0) 2 2! @)
A oW
Wl(r,O):wz(r,o) H 89( O):ﬂzﬁ_gz(rlol c<r<b (3)
8Wj T rTj .
e |=—L, a,<r<b;, j=12 (4a)
00 2 K
=0, r<a;, r>b;, j=12 (4b)
oW, .
= —2(r,0)=0, c<r<h, j=12 (4c)

2. TRANSFORMATION OF THE PROBLEM

The notched half plane is transformed on to a plane with a slit on the left half line ReJ <0 with the
aid of the conformal mapping function:

2
3(z)=€? (E—Ej ~1, z=Xx+iy, e:E—E, b>c (5a,b)
cC 2z c b
Let S(re” )= u(r,0)+iv(r,0) = pe* then
2 2
u(r,0) = [(%+:—2J00829—2}—1= pCOS¢ (6a)
r2 C2
v(r,0)=e? (C—Z—Fjsin 20 = psing (6b)
Since w;(r,8)=w,(p,¢) the displacement gradients are related through
ow, aw, Y, .
—2(r,0 + rtzl2), a. <r<b,, p>1 j=12 7a
5 10)= a¢(p i) (i) 2, pop>L (7a)
ow, ow, o :
—2(r,0 x r0) c<r<b,p<l j=12 7b
5 10)= a¢(p 7)5,(r0), p<l ] (7b)
Due to the transformation the boundary value problem becomes
2 2
(a +1a+1 0 J w(p,4)=0p>0-7<p<7j=12 (8)
op* pop p’og
oW, ow,
w;(p.,0 0 0 0 0 9
i(0,0)=w (P)ﬂ16¢(/?) a¢(p) p> 9
OW. 1 1 1
—’(p,iﬂ):e—cp2 (1—,0*1) 2 +(1—§p*1) 2la;<p<pj=12 (10a)
o¢ Au,
=0 otherwise (10b)
where
S=1+4¢€> (11a)
2 2
a b.
a; =€’ S ] B, =€ S P (11b,c)
c q c b

3. SOLUTION OF THE TRANSFORMED PROBLEM
1

1 —

The behaviours are Wj(p,¢)20{p2] as p—0 and Wj(p,¢)=0(,0 ZJ as p—». The Mellin

integral transform applied to (8) — (10) gives
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> ).
{d¢2 +5 jwj(s,qﬁ): 0 (12)
N R OW, OW,
,(5,0) = i (5,0), 4, y o (8:0)= 44— y > (s.0) (13)

ec R

5 —(sitx )_4—ﬂjT,. f(a,.b,:s) j=12 (14)
where the Mellin transform is defined by
Wj(s,¢)=IWj(S,¢)ps_ldp, ~-1<Res<i, j=12 (15)
and 0

1
a b s j { 2+(1 op ) }dp (16)
In view of the expression Andrews (1992 p.21),
12 2!
(1_t) 2 :ZCk tk"t‘ <% G ~ k.2 theintegrand in (16) becomes
k=0 2 (k!)

e s— k+1

ch(1+5k) ? and so

k=0

flay byss)=nlg;s)4 —nlog;shef, j=12 (17)

here

1

m(t;s) ch(1+5k) e

Let the solutlon of (12) be of the form

W, (s,4)= A, (s)sins¢g + B, (s)cos s¢ (19)
Application of (13) and (14) to (19) yields

Bl(s) = Bz(s)’ H Ai(s) = :uzAz(S)

A (s)cos zs — B,(s)sin zs = iCE f(a,b;s)

1

A,(s)coszs — B,(s)sin zs = = T, f(a,,b,;s)

41,8
Hence
N ec . sins¢
W,(s,4) = ?{[(“ I f(abs)+ (L= )T, f(a,,b,; )]yjsc—os;w
{(w)lz f(3g.0,55)-(1-7) - f(ai,bl:sﬂﬂ} (20a)
) A 4 ssin 7S

where Hwang et al (1994)

_ H, — (20b)

Hy + 1
The inversion formula yields the displacements as
w,(p,4)= —jw s,p)p°ds, —t<a<i, j=12 (21)

a—io
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Residue method and Jordan’s lemma, Walker (1974) are applied in seeking
w,(p.¢) for a, < p < p;, by evaluating the following integrals:
atico ¢
, dsp<
lilnd aJ::{’B { J SCOSTS h
12, )= °° | 2
A a-[n A {ﬂ ssinzs
Note that f(aj bj,s) ,BG forp<p
a+Hoo p Slns¢
P)=——— ;S| — ds p<a;
"’J'D In{‘ {a] scosts
1%(p,4)= {ﬁJ 00 4 pea
! am a | ssinzs
The results fOI'J 12 are:
1 " (_1)n—l P n-1/2
| g(p,ciﬁ)—gzﬁm(ﬂj;%—n)[FJ sin(n—1/2)¢
n=1 2 j
+%{—In{ﬁ]sing+23ing—¢cosg}pi (22)
1) ” ;
|(ﬁf)(p,¢):—z—( )[T'(ﬂ,—n) v COS’]¢+4COS?ID2 (23)
e N B, 2
1& ck(1+5")( U i e
-1/2
ﬂnzllm (k—n) n- _24 sinln-1/2)¢
iﬁc (1+5" R In £ |sinn—1/2)p— pcodn—1/2)¢
TEn-1/2" 5
sin(n—1/2) Yo
Bl b 24)
)=ch(1+é“)p”“co(sn—1/2)¢
(a n)a”p‘” cosng (25)

Therefore, when a; <p<p,,j=12,we get
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w(00)= g AL+ 2010 0) 4120 8+ -1 0.0) 110

" {(wﬂ—z(l )+ 19(0.0)

2

1

—(1—7); (19(0,6)+19(p, ¢))}} (26)

For 0< p<a;, (10a) gives a; < B; hence p <1 p<a; and p < f; simultaneously. The integrals
to be evaluated for Res < 0 are:

a+ioo B Sins¢
(,0¢—_J‘ a;,by; ),0 mds
1 00 _1 n-1 N -
:;;Li/z f(a,.b;1/2-n)p"*sin(n-1/2)¢
1 a+ioo i COSS¢
)= e bl 559 g
P (p.4)= 2 | (a,.b;:5)p 059 g
:liﬂf(aj,bj ;_n)pn oS n¢
T ha n

Hence for O<p<a. j=12

w;(p.4) = 5 2 1 TP (0,0)+ @t )T, 10(0,9)

J

w{a—yﬂ—z|£2><p,¢)—<1—y>llIfz><p,¢)} on

Hs Hy

4. FIELDS NEAR THE CRACK TIP

As p—>0in (27) the asymptotic displacement fields near the rack tip are:

w,(p.9)=,

{(1+ y)T, f(a,,b;~1/2)

i
F(L=p)T, f(a,,b,:-1/2)Lp"? s ¢, =12 (28)
Consider local polar coordinates (R,l//) at the crack tip (fig 1).
Then rsind = Rsiny and rcos @ =b+ Rcos . Setting A = z.c in (5a) implies A-€—0 as z—b.
Therefore ©
3(z) = 2(/1— €) asz—b (29)

Now A—e=&“ implies & » 0 as z —b. Thatis

b+Re" c b C .
- — ——+—=&"as £ >0
C b+Re” ¢ b & g
Therefore Rew_;[l E W+O(En+;:§em, implies §=(1+;2)R and Q =¥, which applied to (29),
C c

2Tz 1
leads to , smg [ 2 [1+CD stin%/ as p—0 andR—0
ec
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Hence the crack tip displacement fields as R — 0 are

W (Rv'//) = i{%@[%yﬂzﬁl*’ 7)T1 f (allbl;_l/ 2)]

Hi7

+(1—77|'2f(az,bz;—llz)R%sin%, j=12
The conventional form of w,(R,y) is, Tada et al (1985)

[

2 R \2 .
Wj(R"//) =—Ky, (b - C’TliTz;?/l{_j Smﬂ
Y7, 2 2

where b-c is the crack length and

KIII (b _C’Tl’T2;7)= E{B{l(gjﬂl}z {(1+ 7)T1 f (al’bl;_llz)

4|7 b
+(@L-yJr, f (az’bz;_llz)}

is the mode Il stress intensity factor.
From (17) we derive

f(a, b,;-1/2)= 2|n&+i°—k(a;k -5)
a;. Sk

i

o o o —k ﬂ —k
FI Pt )t hy i ek j=12
HERGER
Using the relation, Nnadi (2004b)

i%tk = —2|n(1+ «/1—t)+ 2In2, |t <1

k=1

and (32) it is not difficult to apply (11a,b) to get

1

2 2 2 2|2 2
bj+c— . +bj+C—
b; b; b;
2 2 2 2
Haj +C] +(b—cj
a; b

f(aj,bj;—llz):ZIn

5. CONCENTRATED SHEAR FORCE

From the relation

In [BJ:B—l as q - p,
q q

f(aj,bj;—1/2): Z(bj —aj)F(a,-;—1/2) as b, »>a;, j=12

where

Ep—]{ <1, (33) becomes

(30)

(31)

(32)
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(35)

(e o s <]

Shear forces, Q; concentrated at a; are achieved if T, — o« and
(bj —aj)Tj —Q; asb; —>a;, j=12.Hence T, f(aj,bj;—1/2):2Qj F(aj;—1/2) asb; —a,
The intensity factor corresponding to such concentrated loading is obtained from (31) as

< (b—c,o.l,om3{3{1—(3j4}}2{<1+m1F(al,bl;—uz)

2|\« b
+ (1_7)T2Q2 F(az;_ll 2)} (36)

6. CONCLUSION

If ¢+ 0 the configuration is that of a non-inclined interfacial edge crack of depth b in two
bonded quarter planes Hwang et al (1994). If in addition to c=0, the condition s = x, holds, the
configuration is that of an edge crack in a homogeneous half plane Nnadi (2004c). In all the cases

our results agree with those for the corresponding configuration. The stress intensity factor for a
load mixture of traction T; distributed on [a;, bj], j=1 or 2 and shear force, Q; concentrated at a;, i=2

when j=1 or i=1 when j=2, can be written as

Ko (b_C7T11Q2;7)= 1{2{1[3)4]}2 {(1+ 7/)T1 f(al,bl;—]./Z)

4 | 7 b
+21-y)Q, F(a,;-1/2)}
1

Km (bC’Q1'Tz;7):%{%{l(gj4}}z {2(1+7)Q1 F(a1;_1/2)

b
+ 1_7)T2Q2 f(az’bz;_ll 2)}

(
K, (b-cT,T,;7)= L {%ll—(%ﬂ}z {@+y)f(a,b;-1/2)

(1-y) f(a,,b,;~1/2)}, a, #a,,b, #b,

)] oetann

The result for equal and opposite concentrated loads is

Kyb-¢0Q,,Q,;7)=1/2 Ql{%{l— (Ejﬂ}z{(u 7 )F(a,;-1/2)

b
+(1-y)F(a,;-1/2)} a, #a,
1

K, (b-c0,0Q,7)= Ql{%{l—(%ﬂ}z Fla;-1/2) a, =a,
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These mean that dependence on material constants are suppressed when equal and opposite
loads are applied at equal intervals or concentrated at points that are symmetric with respect to

the crack line.
In the absence of the notch (c=0) (35) gives

Fla,-1/2)=——2 =12
Ja; +b?
which substituted with (36) (with ¢ = 0) yields the well known result [2]
K (b,Q Q ;7/): (1+7/)Q1\/B n (:l-_J/)Qz\/B

AT e \/;(af+b2) x/;(a22+b2)
The graph in fig 3 shows the variation of

KM =K, (b-c, T,T,=0; 2/3)/\b—c T, with% c#0 forvalues of — and é when
3,

b, =2c,a =c and b, = 2c, aizgc

M (p,7)
( o¢ , W (p,9)
“hv-a y

8W\ ILIZ WZ(:O’¢)
—(p-7)
o¢

Fig. 2: Geometry of The Transformed Problem

KN 21
1.8+ a;=C bi=2c

oo

| |

I I
1 2 3 4 5 6 7 8 9 10

/ ¢

Fig.3: K, (b—c, T,,T, =0;2/3)/vb—c T, Versus b(c¢o)
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