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ABSTRACT

The complete orthonormalised energy cigenfunctions and the energy cigenvalues of the
spherically symmetric isotropic harmonic oscillator in N dimensions, are obtained through
the methods of separation of variables. Also, the degeneracy of the energy levels are
examined. ‘
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INTRODUCTION

Over years there has been much discussion about the problems involving multidimensional

spaces (N dimensions), an exact gencral solution of the 3 — (and in a generalized form N-)
dimensional Schrodinger equation are ol considerable interest in Quantum mechanies.
Chatterjee, (1990); Mavromatis, (1992). Fukutaka and Kashiwa, (1987) considered the
formulation of the path integrals and their quantization on N-dimensional sphere. spherically
symmetric distribution of a perfect fluid solutions in higher dimensions (N diinensions) have
been considercd by Krori ct al., (1989). Also Blinder and Pollock, (1989) discussed the N-
dimensional Coulomb Green’s functions using fractional derivatives. Ol recent, some
aspects of the N-dimensional hydrogen atom are investigated by Al-JFaber, (1998).

“In the case of harmonic oscillator in higher dimensions. Daviyan et al., (1987)
discussed the transformation of the 5,—dimensional hydrogen atom to the 8-dimensional
isotropic _harmonic oscillator, the mapping of the Coulomb problem into the oscillator has
been described by Bateman ct al., (1992). Recently, a simple transformation is obtained that
relates the arbitrary dimensional Ce::lomb problem and the N-dimensional isotropic oscillator
by Mavromatis, (1997).

It is the purpose of this paper to obtain the exact solutions of the spherically
symmetric isotropic harmonic oscillator in N-dimensional spaces analytically which are in
agreement with the solutions obtained by Bakhrakh et al., (1972) using Green's function
method and Grosche and Steiner, (1998) using path integral method. In section 2, the
formulation and the method of solution are discussed. The results and discussion i.e. the

cnergy eigenvalues, the energy eigenfunctions of the problem and the degeneracy of the
oscillator states are contained in section 3. In section 4, we have conclusion.

THE FORMULATION AND THE METHOD OF SOLUTION.

To discuss the Schrédinger equation in N dimensions, we need to introduce the polar
coordinates which are defined as a simple generalization of the procedure in three
'dimcnsions, namely; with the “polar’ type angles 0y, 05 On. and ¢ © azimuth’ zmglc, so that
Justaswe have z=r Cos 0,x =1 Sin 0Cos ¢,y =r Sin 0 Sing  in 3-dimensions, we shall
now have (Grosche and Steiner 1998; Mavromatics, 1998)

x; =r Cos 0,

X2 = rSin0; Cos 0,,

X3 =r Sin0; Sin0, Cos 03,
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cnge Xyt SIin 0 Cos 07.......Sin Oy, Cos ¢

XNt Sin0;Sin0,....... Sin Ona Cos ¢.

RO

‘ N —
Where 0 <0 sm(i=12,....N~2),and0 ¢ =0y = 2w, 1= (x)> 20

i=1

‘Then, the Schrodinger equation in N-dimensions becomes (sce Mavromatis, 1998; Al-Jaber.
1998).

h ; ;
—‘"2-122 AA/lP“}‘V\P_[’\[} (l)

In the N-dimensional space, the Laplacian operator in polar coordinates (r, 01,0, Ona d )
N
of W is

O yoy 0 AN(Q)
Ay = =N ( N-T Y 2 )
N (7/' a,. B 2 ( 7
Where A’ () is the grand orbital operator on the unit sphere Sy - (hypersphere) and Q
denotes a set of hyperspherical variables 0y, 0, On.. ¢ (1.e. the set of hypqangles) withi

equation (1), the N-dimensional spherically symmetric isotropic harmonic oscillator potential
equation is given as;

3

T

_E_{.I—N i{[, i}-él@} vl e e gy 3)
( 2

Where p is the reduced mass,  is the angular frequency and other terms have their usual

meaning.
The method ol scp”uallon of variable is used (o reduce equation (3) into two separate

ordinary differential cquations i.c. putting

W (r, Q)= R(r) ¥ (é) : “4)

And the equations arc;

AZ (Q) ym ( ) ,BY’” (S)) - . (5)
_ [r"” 4 [/‘N“' 4 p (/-)j - -[}7 R (1")} ¢ Lt R = ER (). (6)
2u dr dr ’ 2

el s

Where {3 is a separation constant whose values (which are the eigenvalues of -A” ) are:
(Shimakura, 1992).

f=t(t+N=2);0=0,1,2... %
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e .o . N L . . N M . '
Ihen, the wave function for the cigenfunctions of the A” operator are called the
“hyperspherical harmonies™. and their cigenvalues cquation reuds:
/7 fl 4 ) N ' - -

A Q) Y€)= (- N 2 () where £ 0020 denotes the order of the
harmenics. The second index m stands for the set of additional quantum numbers required
o index the (generally very Lrge) degeneraey of harmonies with the same value ot ¢ 0 The
harmonies Y (€2) are multidimensional extensions of the familiar spherical harmonies. The
hyperspherical harmonies can be quite elaborate to evaluate and work with, but fortunately
we do not need many of their detailed properties. These tfunctions have been thoroughly
studied in the titerature and for this reason we refer the interested reader o the following tew
literature for detatls: (Grosche and Steiner. 1995 and 1998: Ruan and Bao. 19970 Avery.
1989 and Buarnea. 1999y,

3 RESULTS AND DISCUSSION

3.1 THE HYPERRADIAL EQUATION AND THE
EIGENVALUENS.

In the equation (6), Ro(r) is the hyperradial part of the wave tfunction and 1D bs the eperey
cieenvalue. With the substitution

ol

R (l) = ‘l i (r).

we obtained the convenient form of cquation (0) us

5T y
nelodt k-1(k-3) | | .
Sl IERER sl G e G ) = EG () 4
2[(1 (//.2 »ll"’ ( ) ,‘.‘ ’(_ ) ’( ) ( }
Wih k= 20 ¢ A (Chatterjee. 1990)0 the substitution of o dimensionless variable
PN s . . .
= /— 5o changes equation (9) 1o cquation i t-space as
2
5
d7G)y 1 dG() k-3 I
’_._._......". 4 o (,(/)\,,, ( 1)+ ~(r I} ;(' . (103
- 2 v Tl ( ) 2ewrh I ( ) (10}

Phis equation is readily transtormed into the standard form through the substitution.

(;(/,>.¢-x,)[..’b I (i)

as the (KRummer's ditterential cquation) contTuent hypereeometric Ciation,

2 , N e
d- U & ) 1k L.
{ »,,.,.,»‘,“7..,(,,,,,), o4 ( \, - W ,( ( ) B 1 oo ( ’ ([} - “ ) ( !?)
dr- 2 ) |+ 2o ‘ :
The solution of cquation (12) s regular at U =0 or 1 0 which s o degencrate

hypergcometic function: (Abramowits and Steeun 1970; Fliaeee, 1994, NMerzbacher, 1970)
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2w0h 2

L] N

The wave function can only be normalized (for large, v U (1) would diverge as exp ( -1), thus.
preventing normalization of the wave function) te. the wave function is not squarely

. _ k I , L Co
integrable unless — — 1s a negative integer.  llence, we have

4 2wh ‘ ‘ ,
k K ‘ ;
————=—n.,r =012, .. , , )
4 2wh :

the energy cigenvalucs for the sphulcally symmetric 1souop1c harmonic osullalm pol«.nlmi
in the arbitrary-dimensional space is

E =hwo [27)/4 + £ 1}}:)‘? @ _En + ~]~V~J . | s “(1%)

", PE)
L

Where n,. is the radial quantum number and # is the principal quantum number.

3.2 THE HYPERRADIAL EIGENFUNCTLIONS.
From equation (0), the unnormalized cnergy eigenfunctions of the hyperradial Schrodinger
equation with spherically symmetric isotropic harmonic oscillator potential is

(20+N-1)

, ) : o
. M@ T Hawr: . N uaor

R, Ar)=C, ;| — L roexp| =\ M| n. 0+ —;=———|, 16

n, t( ) 1:,_({ i ) | " [IR . 7 h ' ( )

Where n; is the normalization [actor whose value is determined {rom the lu]uucmenl (i.c. the
inner product of the hyperradial functions)

Ry () Ry () i = .ﬂA’”/ (,‘(/')]"/"\"'(/r =1. (17)
0
Therefore,
1 (n + 0+ N
_— 2 q/za}] - n! (18)
ST T N Pl T TN *-
n '[f + /!j‘ ‘/ L I {;'L + (+ \ ]
2 ' 2
With equation (18), and by using the relation
n - .
F(=yom+1,2)= L5 rinmt '1”’(4) - Equation (16) becomes
y+m
N-2
BN s
PATRO n.! o r- 2

exp

Rn,‘.("(") =

port ] (et
o 2n . h

N=-2
L YO ];/)
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Equation (19) is the normalized encrgy eigenfunctions of hyperradial Schrédinger
cquation with spherically symmetric isotropic harmonic oscillator potential. This result is in
agreement with the result obtained by Grosche and Steiner (1998) using path integral wethod.
Also, Bakhrakh et al.,(1972) using Green’s function method.

Now, we arc in a position to write the complete energy eigenfunctions of the N-
dimensional spherically symmetric isotropic harmonic oscillator, namely:

Wy (100, 0p 0, p)= R, () 10,0 Oy 5 ), (20)

n, tm

Where R, ,is given by equation (19), and  ¥" (0,,034.....,0Nh2,¢) is hyperspherical

harmonics of degree ¢ on the S™! -sphere (Grosche and Steiner 1995). One should note
that cquation (2) reduces to the well-known energy eigenfunctions for the 3-dimensional
spherically symmctric isotropic harmonic oscillator.

3.3 DEGENERACY OF THE OSCILLATOR STATES

The purpose here is to give a simple prescription for determining the degeneracy of any
energy level of the spherically symmetric isotropic harmonic oscillator potential in M-
dimensions.  One should recall that for any spherically symmetric isotropic harmonic
potential in N-dimensions (such as the onc under consideration) the Schrédinger cquation
could be separated into an ordinary differential — equation for the radial part and a partial
differential cquation for the angular part.  The solutions to the angular part arc the
hyperspherical harmonics Y 1" the potential has no symmetries beyond rotational
invariance, the degeneracics of cnergy levels are therefore the multiplicities for the
hyperspherical harmonics for [ixed ¢ . '

In the familiar Cartesian coordinates, i cach degree of {recdom i holds n; quanta, then the
total energy is

N

E =ho Z En, + %) n=ym 1)
i - i

The degeneracy of levels with energy equation (21) equals the number of ways in which n
quanta can be distributed among N degrees of freedom, which is given by the coefficient ,
1

peaiene [+ =D]! 22)
! n! [N - ]] !

In hyperspherical language, the encrgy cigenvalues are given by equation (15). For a given
cnergy, we thus make the identification2n,. + ¢ = n.. Avery, (1989) gives an expression for

the number of hyperspherical harmonics with a given value of¢ .

N+20-2)(N+L=-3)! sy, 1)+ (N+2) ,‘
(1 a(N)ﬁz)! )) _ (kN 2(/€+(/, ‘)+(\+7)C(€_|)_ (23)

T'o obtain the complete degeneracy, we need to sum this expression for all allowed values
of 7, consistent with 211, + ¢ =n. . Note that ¢ is restricted to values with the same parity as

1, but the form of equation (23) guarantees that values of ¢, even odd, will appear in the sum,
The total degeneracy is thus
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(+ ,\"ﬂ?(.v s N1 ('v”" (24)

‘
(=0

We obtained cquulioﬁ (24) from the help of the properties of binomial coefficients Jeffrey,
(1995); Bohn ct al., (1998).

Table 1: Degeneracics of the multidimensional spherically symmetric harmonic oscillitor
(N — 210 10) for principal quantum number (n=11to 5).

N h=1
ENmE
J J
4 14 |10
I- 5 - 5 .__‘- —
6 6 21
T 17 128
8 8 3
9 19 |45
(10 110 55 |

4 CONCLUSION

Some aspects of the spherically symmetric isotropic harmonic oscillator in N dimensions arc
investigated. The energy eigenvalues are obtained which are dimensional dependents.

The sct of the complete orthonormalized energy cigenfunctions are obtained as a lincar
combination ol the hyperradial solutions and the hyperspherical harmonics of degree ¢ on
the S™'- sphere.  Also. the energy cigenfunctions are N dependent. 1t is noticed that the
aspeets considered here reduces 1o the well-known encergy eigenvalues, or cigenfunctions for
3-dimensional spherically symmetric isotropic harmonic oscillator when N=3. We have also
considered the degeneracy of the energy levels, which increases with the dimension N.
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