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ABSTRACT

Thermodynamic quantities of two-dimensional one-component plasma are calculated analytically based on the Mayer's giant,

cluster expansion. The quantities are calculated exactly to the order of & = 217> = 2/me’ T .The resulls show the importance
of the effects of the discreteness associated with individuality of particles in two-dimensional plasmas

1.0 INTRODUCTION

One-component plasmas (OCP) consist of a single species of charged particles immersed in a uniform neutralizing background of
oppositely charged particles ( lchimaru, 1982; Ichimaruy, et al 1987). The OCP model can be used to describe different physical
systems occurring in nature, e.qg. stellar interior (Kremer, et al 1996), liquid metlals, electron layers on the surface of liquid helium
(Golden, et at 1992; Grimes, et al 1979),electrolytes and charged-stabilized colloids. laser-cooled ions in cryogenic traps (Dubin
and O'Neil, 1988) and particles in dusty plasmas (Murray and Winkle, 1987, Thomas, el al 1994; Tolsuiji et ai, 2004)

in the case of pure Coulombic interaction, the properties of the classical OCP are exclusively determined by the

dimensionless plasma coupling parameter (Ichimaru, et al 1987) [ = (Ze)2 / 4dne, uK T expressing the ratio of the potential

energy of particles to their kinetic energy. Ze is the charge, K 5 is the Boltzmann’s constant, T is the lemperature and (¢ 1s the

Wigner-Seitz (ion-sphere) radius defined by « = (3/ 47171)'/‘ (3D)and a = (I/ lrn)'/J (2D) Here n 1s the number density of the
plasmés, For [' << 1, the plasma is said lo be weakly coupled, while T" >> | represents the strong coupling regime where the
potential energy of the particles dominates over therr kinetic energy We define the screening parameter by & = u/ A . where 4 s
_fhe screening length.

: A two-dimensional classicai OCP is characterized by dimensionless parameters & of | defined by

€ = 2F? = Zﬂne T . As in the case of a three-dimensional plasma parameter € in the two-dimensional system 1s cldsely
related to the dlScreteness associated with individuality of the particles (Totsuji, 1975; Totsuji, et al 2004)

In this paper, we present the exact calculation of thermodynamic quantities of two-dimensional one-component plasma to
the first order in £ . The results may serve to provide a useful theoretical guideline when one proceeds to consider the cases
with £ >1; such procedure was quite successful in the case of three dimensional plasmas and \wo-dimensional dusty plasmas
(Totsuii, et al 2004).

20 Thermodynamic Quantities hy Cluster Expansion

Thermodynamic quantities of three-dimensional one component plasmas have been calculated by the method of Mayer's
giant cluster expansion (Abe, 1959; Mayer, 1950). The method is equally applicable to two-dimensional plasmas. The pressure and
the interaction energy density are given by

P = E, :«nji(Wn+Wp) 2.
nk,T 2nT on

where WO represents the contribution of all ring-type clusters. W p defined by

W, Z“’“’J - fapy-dr, YT (utr )y L (2.2)

20> >t

is the contributions of prototype graphs. Prototype grap.hs are diagrams composed of interaction lines (bonds) and the verlices
(junctions) to which three or more bonds are connected. In prototype graphs each bond represents the screened interaction u(r)
.given by

u(r) = C fdr— e Sy (x), 3 < (2.3)
x r
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where K, = 27me’ / T J,(x) is the Bessel function of the zeroth order; ¢ and k (i j) denote the number of junctions and the

multiplicity of the bond between junctions i and j, respectively. The contribution of the ring diagram W, s calculated as

1 ,
w, =E—~Z[“|n{l+n[}’\z(k)}wtn[iv(k)] o (2.4)
n P
where
e’ -
v(r)=— =Y v(k)exp(ik - ) .. (2.5
r k
and ﬂ = l/ T . In the two-dimensional case, o diverges fogarithmically in the short range domain The leading contribution

ansing from W is that of prototype graphs with two]unctions.Wm. iven b

) n - fn | 2
W,fz =3 Idr{e P+ Pu «——z—(ﬂu) } . (2.0)
Equation (2.6) has logarithmic divergence which makes W, + W /SZ) finite. Thus, we introduce the term W' defined by

2 2 .
W' = f—’—f— [dPu(ryv(r) = ~7§—Zu(k)v(k) ’ L Q)
k

14

We then calculated W, + W,SZ) as the sumof W, —~W' and W,‘,“) + W' Toevaluate W, -W' we use the expression of

W' in the Fourier space and obtain

W, - = EL Z[- In{l + nBv(k)} + nBuk) - ; i Bruk)wik) ‘ ‘,Igé" 28
n "

k

To evaluate W,f” + W', we use the expression of W' in the real space and divide the integral into short- range part
I, and long-range part [/, at radius r, so that T s < I/K,,. In calculating /,, we note that the effect of

screening is small for r < r, << 1/K,, and obtain

I 2 2 Koy "
I, ~£l I £€~ —y+§+v‘»ge—--~ jdvj‘(bc———!--.lo(x) . ... (2.9
v, y ‘

4 o 2 3 bt g ox+

Here ¥ =0.5772--+ and the last term in the parentheses is of the order of K, In( /\',,r,,,.

In calculating /,, we note that fu << | for ¢?/T << r, << r and obtain

? Apn w 1

lzzi —In(K,)r,,)~ln2-y~—|~£e‘#~-4» Idyfdx
4 3 o0

) X+)

J,,(x)}. . (2.10)

See Appendix for the details. From (2.9) and (2.10), we have
@, o | 3 211
WD+ W' = ~¢gl~In2e-2y+= | - 2h
r 4 2

Substituting (2.8) and {2.11) into (2.1), we have
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P E £ £ fe’ ) .
= =i 1 2y =Sl 2 2 12y
nK,T  2nT at 7} 4{"[ UK J '

L (2.12)

AN

The Helmoltz free-energy F is separated into the ideal gas part /*“““/ and the interaction part as
F=F"“' + NK,Tf(I".&) o (2.13)
[ is a dimensionfess function of dimensionless quantities I and &. Since

P
nK,T

~1=-V(©/oV),, , /(0.&)=nld/on), , f(I.£). . Lo (2.14)

we have

2 3’ r2r )
f(I",{):wg[Jn(Zﬂ: ]-2}/+~2—J:——2—[~ln(2[§)~2y.-i-§J. . (2.19)

. The nonideal part of the entropy AS givenby AS = ~(6AF/ 67’) - 18 calculated as

4 £ 2 ! rr I
AS = NK,,Z[In(Z B: ]+ 2y - EJ = NK, —i-[ln(zr§)+ 2y 2] . (2.16)

The internal (carrelation or cohesive) energy U given by {/ = AF + TAS is calculated as

s 2
U= NK”T%{I"[Z%J +2y ~ I} = NK 7T [In(21°&) + 2y - 1] (207

In the case of Coulomb interaction A ~» o or& = (), they are given by

f(r,E=0)= ~-z-[- In(28)- 2y + 2] = -I"* [~ In(27) -y +1] .. (2.18)
AS(A - )= NK,, %[ln(25)+ 2y]= NK,T?[In(21)+ ] .. (2.19)
/and

U(A - )= AF + TAS = NK,,T;—[In(Zs)+ 2y ~1]= NK,TT?[2In(2T) + 25 - 1] (2.20)

3.0 CONCLUSION

Thermodynamic quantities of two-dimensional one component plasmas in the domain of weak coupling have been obtained using
analytical method based on Mayer's giant cluster expansion. We have shown that the short-range correlation makes significant
contribution to thermodynamic quantities. The results will be useful in investigating two-dimensional system including the single-
layered dust particles in dusty plasmas. This work is in progress.
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APPENDIX: Calculations of eqns (2.9) and {2.10)

We rewrite /, into /, =/, + 1/,

Where

I, = zmt[drr(e‘“”" -1+ [3\!), ' (1

i)

and
I, = nnjdrr{e'”" (e‘”(""') - I)+ Plu ~v)-- ; Plufu - v)} : (2)
0

Here /,, represents the effect of screening. The integral /,, is calculated to be

1” =-§{*ln(—ﬂ:€i)~}/+g{-;{€iJ4}\ ' (3)

To evaluate /,, , we note that

Blu(r) - v(r)} = ~-—’-2’~a{}~l(.(1<,.r) =Ny (K,)k (4)

where No(x) and H, (A) are the Neumann's and Sturve’s function of zeroth order respectively (Watson, 1944).

For K, r << 1, we have

Plutry—v(r)} = efin(K ,r)+ 7 -n 2+ .} (5)
Since the effect of screening in the short —range domain is thus small, we put
exp(-/v) x [exp{~ B(u - )}~ 1]~ —exp(= ) Bu - v) and Bu(u - .v) x f37v(n - v) (6)

in (2). We have

Kphy » I Ly

£ "
I, = -—.._4 6[ dya[cb'-————'x +~y./,, (x)+ 7!71,8(;[d,~,‘(u V)1~ Py —e” ) (7)
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