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ABSTRACT

An analytical model for determining the optimal inventory replenishment schedule with random demand and quantity in store is
proposed. We develop an exact method for computing the logistical system performance measures needed for calculating the
quanﬂtles the time interval and the optlmal number of replenishment for the system. We show that, the cost function has a -
minimum turning value. The objective is to minimize the total inventory cost for the system. '
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1.0 INTRODUCTION

The basic Economic Order Quantity model is a
convenient way of determmmg the optimum order quantity
when the demand rate is constant. Donaldson (1977) relaxed
the assumption of constant demand with a linear trend in
demand. For mathematical connivance, Donaldson analytical
solution considered demand bounded by a finite horizon and
the model required substantial amount of computationa! effort
to obtain the . replenishments. - Silver (1979) considered
approximated solution procedure for the gzneral optimal times
of case of deterministic time varying demand. Ritchie (1984)
developed an exact solution by extending the time horizon and
simplified the economic lot size formula. Downs et al. (2001)
consider inventory multiple products with lust sales. Osagiede

and Omosigho (2005) developed a computer aided analytical

solution for inventory problems with linear increasing demand.
"Wang and Gerchak (1996); Bollapragada and Morton (1999),
and Gurnani et al. (2000) considers inventory problem with
random yield and random demand. In all these they did not
consider the delays between orders and deliveries. Luca
(2003) consider the problem in which a facility periodically
orders a product from another facility to face a constant
demand. The aim was to determine a policy that minimizes the
sum of ordering and inventory costs over infinite time horizon.
A cursory review can be found in .Osagiede (2007). Herbert
(2005) presented the optimal inventory nolicies when sales are
discretionary; and analyze the optimal policy to meet-a fraction
of demand under the classical conditiors. Chum and Chue
(2005) demonstrated the application of ¢ntimal control theory
to product pricing and warranty with free"rep!acement under
the influence of basic life time distributions. 1 lill and Pakkala
(2005) consider a discounted cash flow method to the base
stock inventory model. Their approach concentrated on cash
flows and determines the control policy which maximizes the
expected net present value of the cash flows associated with a
demand.
In this paper, we relax some of the assumptions of
~ EOQ model by assuming that the rate of demand is random
with probability distribution f° (x) and the replenishment rate
is finite. Also over stock losses and penalties for shortages are
substantial, while carrying cost are negligitia. In this- way, we
propose an easy to use and efficient general procedure for
obtaining optimum stock leve! and quantny fara oiven p-:’rif‘d
of time for the system.

The outline of the paper is as foliivs. in sechon cwe

give the notation and Assumption use in the. model. Se(.luun 3
gives detailed problem descriptions. i1 -section 4, the mudel
formulation and the procedure for uetermining the oplimum
stock and quantity to be ordered is presented. A numerical
evaluation of the technique is presented in section 5. Section 6

gives the remark. Finally, we give the condusion and further
studies in section 7.

20 ASSUMPTION AND NOTATIONS

This section presents the assumptions and notations

. used throughout in this paper.

The demandx is random. Overstock losses and
penalties for shortages are substantial, but carrying cost ic
negligible. Lead time is not zero (that is, the replenishment rate

is finite). The replenishment orders g, for the n — 1. periods
that precede period # are known and have been regularly
ordered. ¢, is the unit loss per unit for overstocks and let
C, be unit loss for understocks. p, the taken as the initial
inventory (start of the first period); p, is the inventory at the -
end of period /; X; be the Demand for period i; g;is the

replenishment ordered for period i; while f(x) be the

Probability distribution for demand X ; @ be the cycle time
(time interval) for which the inventory problem is considered.
« is partitioned into 71. equal periods of length of 7, .

30 PROBLEM DESCRIPTION

We consider the inventory problem in a time interval
a partitioned into 77 equal periods I . We assume that the
lead time is equal tor. At the beginning of every period T,
orders are placed so that deiveries will be made n#/1 periods.

Let f (x) be the probability distribution .for the demand

level x , covering a period (in*arval) I . Under this interval T, if
X is less than inventory p , the left-over pieces will be sold at

-aunitioss of ¢, ;if X is greaterthe p , a special order for the

backlog piece is made and the extra cost will be representad
by a unit loss of c,. If the carrying cost is not substantia! in

comparison with ¢, and c,, the interval T no longer has an .

effect, and we can say tbe management policy is timc
indcpendent.

Let - p be the quantity {o be placed. in store (stock).
Two mutually exclusive situations are possible:
€)] X < p: the stock covers the demand and the

quantity p - x is sold at a unit loss of ¢,
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(b) 'x > p: shortage exrsts and x—-p preces must be

sp%t‘.rany rdered, Iadmg to a unit Ioss of ¢, per unrﬁ
— mm W(x) the probabrlrty d‘f§trrbutron foridemand x is
known, the prablem now is find the quantity ¢, “10 be
% coordered at theamth pefiod. - -
We now attempt to find the optimum quantmes q, for
the system.

4.0 MODEL DEVELOPMENT AND SOLUTION
Based on the conditions and assumptions earlier
made in this paper, then the formulation is as follows:

PL= Py~ X% tq

P,=p — X tq, ' N
......................... (1)
Dot = Pz = Xpo) ¥ G

Py = Dpy — %, +4, |

But .

Pp=Pna= X =X, vq,,+q, )

and a continuous substitution for p,, i =n~2, n-3,--.1
yield

Pn =p0+q,+q2+-~+q,,—(x,+x2+-~-+x,,) ©)
if we set, '

P =ptq tq,++gq, 4)
X=X X, +eet X, . (5

Then equation (3) reduces to

b,=p—x (6)
The quantity p, can either be the following

1. negative if p < x or

2. positive if p > x

The mathematical expectation of the total cost for
time interval ¢ =17 is given by (see Kaufman 1963)

W(p+l)-—c,z (p+l—x)f(\)+c2 Z (\:——

x=p+2

Expanding equation (8) we have

=6 Z(P

where u represents th
attain. :
Note that if we are able

@

find the value of p that minimizes
the cost function’ (7) then e optimum rep!emshmentq,,, can
readily be derived from equatron (4), after sub%tr;utmg the

optimal value of p , which is p into equation (4)
The common method (the numerical calculation

method) used in obtaining p* from (4) is by computing the
values of W (p). using equation (7)for all possible values cf

-p . Thereafter, the value p which yields the minimum value

for W(p) s chosen as the optimum value of p* . This method

has been identified to involve mathematical complexity and
time consuming. However, it is the intention of this paper to

make known a model that can use to find p*. which avoids the

stressful numerical calculations of the method described
above.

Proposition:
The minimum of the cost functron given by equation

{7) for W(p,) occurs for a value P such that

foesp -1 <a<sles p)

where
A=—e—?t = Shortage or scarcity rate,
c + c2
and flx< p') = £O)+ Q)+ +£(p").
Proof
Given
w(p)= e (p -2/ )+, 326~ ) ()

x=0 x=pad
If we use p+1, instead of, the equation above becomes

1)1 (x) ®

W(pﬂ)-cli(pu—x)f(x) v, Y G-p-rG) ®

(10)

—c, + cztf(x) (11)
x=0

But et
IO RIS WIOEIG!
DEVIOENE NI

Thus, o )

W(p+1)~= c,i)(p-—x +c2 Z (\ p f(x) + c,

Substiruté w(p)=c Z(p ) (x) + ¢, Z(Jr p)f

x=0 x=p+i

)
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into (11) with the expression for /¥ ((p) and factorizing terms that have 2 S (x) in comman, we have

x=0

W(p+1) =W (2) + (o +e2)3 /() - s
Bu SO RENICERY

Hence,

w(p+1) =w(p) + (¢, +¢,) f(x< p)~c, (12)

In a simifar manner;

w(p-1)= CIZ(pr)f(x) v e, (- pr1)f(x)

X=p

= c,xZ;B (p-1-x)f(x) - ¢,(p~1-p)f(p)
v o Yr-(p+ DI+ e(p-(p+1)7(p)

x=p+)

Recalling equation (10)

p-N=c3(-216) + o3 (e o)) - o 3 )

*=0 x=p x=0

e 1= 316 + . /0)+ cof )
= [c,ﬁ(p DfE)+e; Y (x- p)f(x)] - [if(x)-'f(p)]wz[ﬁf(x)—-f(p)}+cz

x=p+] x=0 x=0
(13)
comparing (13) with the expression for /¥ ( p) and taking note that

if(x)'f(P)=f(x_<.p—l) , then
W(p—'l):W(p)-—-(c, +Cz)f(x$p-—l) + c, 14

From our knowledge of the convex nature for the curve of inventory cost function, it follows that, suppose p' is the optimal stock,
then p is such that (Osagiede 2002)

Wi -1)-wk e )-wkp +1)< (15)

Further, it can be more simplified as

wp -1)> whp)<wp +1) (16)

Which is equivalent to

@ wp +1)-w(') > 0} n

® wp -1)-w(')s> o
Equation (17a) implies that equation (12) is :

(c,+cz)f(xSp')— ¢, >0 (18)

and equation (17b) implies that equation (14) is

«(c,+c2)fx5p'—l)+c2 >0 (19)
Combining equations (18) and (19), we have,

flesp-1) < < fle<p’) (20)

1 2 !
fweset A = , then
¢ +¢,
f(xSp”—-l) <A<_f(x$p') 1)

The value p‘ which satisfies (20) gives the value of the stock that minimize W(p).
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This equation (21) is- now our propose model for an
enumeration process for determining. p*. The optimal stock

p* having been determined and the quantities
q+ 9505, been known, we have,
G =4, =0 =P~ (& + a0+ +4,) (22

(22) was formed from (4) after replacing p by p' . Thus, the

optimal replenishment quantity q; can be obtained using (22).

Note that, if the probability distribution remains
unchanged, when the time interval & is extended, the optimal

quantity of stock p* will be invariant. Also since the quantity
q: has been determined, we can calculate the quantity
q:nl as
9un =P — Dy “(‘12 +q; +"‘+qn)
and

Gy =D P, “((13""14"'""*"];;1); 4 (23)

G =P — D, —(QM + 2 T"'+qn+l—l)‘
This makes it possible to order the optimum quantities in

sufficient time.
This completes our proposed model for determining the

optimum replenishment quantityq;. when the demand is

random. The method is iterative, exact and can be
implemented on a computer.

5.0 NUMERICAL ILLUSTRATIONS

In this section, we shall illustrate the use of our
proposed model with our some hypothetical example. The
hypothetical example s.all be solved, first, using the numerical
calculation method and secondly using our proposed model.
The ease associated with the model will be obviously noticed.

Example:

A particular warehouse receives stock replenishment
supply of a product every month. The product received usually
comes in consignments of a particular size. During the first
four months of a particular year, replenishments were as given
in the table below. The lead time is five months.

w(p)

Table 1: Parameters for the problem.

q, 1 consignment
I -

q, 2 consignment

g 2 consignment
%2 consignment

94 :

Po 1 consignment

¢ # 80,000

c, # 120, 000

T One month

a 5 months

The probability distribution of demand x, calculated for 5°
months, together with the value of p, the quantity in store

and X are shown on the table below

Table 2: Probability distribution for demand x

p x f(x)
0 i)

1 2 0.1
2 1 0.05
3 4 0.15
4 3 0.01
5 7 0.20
6 6 0.25
7 5 0.24

8 or more 8 0

The problem is: Find the optimal value p; that should be

ordered for the fifth month.
The solution shall be found using two methods:

1. Method I: Solution by numerical calculation
2. Method II: Solution by the proposed model

f (x) has been carefully selected so as to satisfy the

properties of a probability mass function (pmf) and to suit our.
propose model.

Method I: We first of all determine the Economic stock

level p* for the period of five months as follows:
Recall the expression for the total cost function:

2 G-x)GE)re, Y G-p)fG)

x=p+i

= # 80,000, ¢, =# 120, 000. We now calculate W(p) for p=0,1,23,..

W (0) =

80 [}: CI:

(x)]# 120 [Z xf (x ]

Pz

=380[0(0)]+ 120[1(6 05) +2(0. '*‘50) + 3(0. )+ 4(0.15) + 5(0.24) + 6(0. 25) +7(0.2) + 8(0".60)]
= # 587.6 Thousand 4 i

w(l)= so{z (- x)f(x)]nu 1zo[i (x; 1} f(x)] :

= 80[1(0) + 0(0.05)]+120[1(0.01) + 2(0.01) + 3(0.05) + 4(0.24) +5(0.25) + 6(0.20) + 7(0.002)] )
= # 5477.6 Thousand. ;
Continuing in this manner we have;

W(2)= # = 367.6 Thousand; W (3) = # 277.6 Thousand; I (4)= # 189.6 Thousand; W(5)= # 131.6 Thousand; 7(6)= #
121.6 Thousand; W (7)= # 161.6 Thousand and W (p) > 8 is # 161.6 Thousand.
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Since the value of p = 6 gives the minimum value for

W(p)then p"= 6. From this, we find the’ optimum

replenishment quantity q; using (22) <.

G =q,=p —Py =@ +q, ++a,,)
* l O ]

= 61- | 1+ —+2+—|=1
qs [ D) 2]

Therefore, q; = 1 consignment, this means that at the fifth
month one (01) consignment of the product should be ordered.

Method II: We first determine the Economic stock leve!

as follows:
Recall from our model that the Economic stock level p*
satisfies the inequality
f(xs I —l) <1< f(xs_p*)

where A =—2
< + C,
120,000
From our example, A =0,
80,000 +1200,000

We now construct the table for our values obtained.

p x | fx) | fx<p)

0 0 0 0.00

1 2 0.1 0.05

2 1 0.05 0.15

3 4 0.15 0.16

4 3 0.01 0.31

5 7 0.20 0.55

6 6 0.25 0.80

7 5 0.24 1.00

8ormore |8 0 1.00

Thus, the optimal stock level for a period of a (5 months) is
obtained as follows:

f(x<5) <2=060< f(x<6)
As we did in method I,

. 1 1
=61- [ 1+=+2+— (=1
qs ( 5 2}

q; = 1 consignment (this correspond to the same vaiue as in
method 1)

So the optimat replenishment quantity q; to be ordered for
the fifth month is one consignment.

6.0 REMARK:

The use of our modei saves time and reduces the
computational complexity of calculating the optimal economic

stock level p* . In our model, the numerical calculations of the
/
cost function W(p) for possible values of p until you find

p* which minimizes W(p) is needless. Instead apply the

model suggested by our proposition. This reduces the
computational complexity.

The model is formulated based on the assumption
that carrying cost is negligible. The assumption of finite
replenishment rate and random demand is deemed to be a
better representation of what obtains in the real life situation.

7.0  CONCLUSION

The optimal replenishment $chedule with random
demand and quantity in store is examined. The computational
complexity for solving this problem is. simplified. A new
expression for the cost function and the quantities was
derived. The convex propetty of the total cost function has
been used in developing our proposed mode!. Clearly the new
solution procedure reported in this paper is computationally
efficient. Work is currently going on using the model but
incorporating deteriorating items.
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