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ABSTRACT 

 
In this paper, we present the exact solutions of the Parabolic-like equations and Hyperbolic-like equations with 
variable coefficients, by using Homotopy perturbation transform method (HPTM). Finally, we extend the results to the 
time-fractional differential equations. 
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INTRODUCTION 
 
The Parabolic-like and Hyperbolic-like equations can be 
used to describe wide variety of phenomena such as 
sound, heat, diffusion, electrostatics, electrodynamics, 
fluid dynamics, elasticity, or quantum mechanics. These 
seemingly distinct physical phenomena can be 
formalized similarly in terms of Parabolic-like equations 

and Hyperbolic-like equations. Several authors have 
solved these linear and nonlinear equations using 
several methods, for example (ADM), (HPM), (VIM), 
(HAM) ( [2], [3], [6],[7], [8], [9], [10], [11], and [17]). 
In this article, we are concerned with the following 
problems: 
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For solving these equations, we used the homotopy perturbation transform method (HPTM). 
These problems have been studied by some researchers by using (ADM) and (HPM) see for example [12]and [18]. 
We extend our study to the fractional order for solving the problems: 
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When we take ( )1 2α α= = in the equation (3) ((4)), we obtain the exact solution of equation (1) ((2)) successively. 

Our aim is to solve these problems by using (HPTM) (see [13]). 
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Basic definitions: 

Definition 2.1. [16] Let ( )f t be a function of t specified for 0t f . Then the Laplace transform of ( )f t , denoted by

( ){ }L f t , and is defined by 
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0

, (5)
st

L f t F s e f t dt
∞ −= = ∫  

where we assume at present that the parameter s is strictly positive real number. 

Theorem 2.2. [16] If 1c and 2c are any constants while ( )1f t and ( )2f t are functions with Laplace transforms ( )1F s

and ( )2F s respectively, then 
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Theorem 2.4. [15] Suppose that ( ) ( ) ( ) ( )1
, , ,

n
f t f t f t

−′ K are continuous on [ )0,∞ and of exponential order, while 

( )nf t is piecewise continuous on [ )0,∞ . Then 
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Definition 2.5. [19] A real function ( ) , 0f t t f , is said to be in the space ,C µ µ∈� if there exists a real number

p µf , such that ( ) ( )1

pf t t f t= , where ( ) [ )( )1 0,f t C∈ ∞ , and it is said to be in the space ,mC mµ ∈� if 
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.
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Definition 2.6. [19] The fractional derivative of 
1

mf C−∈  in the Caputo’s sense is defined as: 
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where .m ∗∈�  

Definition 2.7. [19] The Laplace transform, ( ){ };L D f t sα
∗ of the Caputo’s fractional derivative is defined as: 
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where 1 , .m m mα ∗− ∈p p �  

Analysis of Homotopy perturbation transform method (HPTM): 
To illustrate the basic idea of (HPTM) [13], we consider a general nonlinear partial differential equation with the initial 

conditions of the form ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ){ , , , ,
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whereD in the second order linear differential operator 
2 2 ,D t=∂ ∂ R is the linear differential operator of less order 

than ,D N represents the general nonlinear differential operator and ( ),g x t is the source term. Taking the Laplace 

transform on both sides of Eq. (12): 

( ){ } ( ){ } ( ){ } ( ){ }, , , , . (13)L Du x t L Ru x t L Nu x t L g x t+ + =  
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Using the differentiation property of the Laplace transform, we have
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Operating with the Laplace inverse on both sides of Eq. (14) gives 
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where ( ),G x t   represents the term arising from the source term and the prescribed initial conditions. Now, we apply 

the homotopy perturbation method 
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Substituting Eqs.(16) and (17) in Eq. (15) we get 
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which is the coupling of the Laplace transform and the homotopy perturbation method He’s polynomials. Comparing 
the coefficient of like powers of p, the following approximations are obtained 
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Then the solution is 
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Parabolic-like equation: 
Consider the parabolic-like equation in three dimensions of the form: 
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 Taking the Laplace transform on both sides of Eq. (21), we get: 

 { } ( ) ( ) ( ){ }1 2 3, , , , , , . (22)t xx yy zzL u L f x y z u f x y z u f x y z u=− + +  

An application of Eq. (10), yields: 
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Applying the classical perturbation technique, we can assume that the solution can be expressed as a 
power series in p, as given below: 
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where the homotopy parameter p , is considered as a small parameter [ ]0,1p∈ . 

Substituting Eq. (25) in Eq. (24), we get:
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this is a coupling of the Laplace transform and homotopy perturbation methods using He’s polynomials. Now, equating 
the coefficient of corresponding power of p on both sides, the following approximations are obtained as: 
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where .n ∗∈�  

Proceeding in this same manner, the rest of the components ( ), , ,nu x y z t , can be completely obtained, and the 

series solution is thus entirely determined. Finally, we approximate the analytical solution ( ), , ,u x y z t  , by truncated 

series: 
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Hyperbolic-like equation: 
Consider the three dimensional hyperbolic-like equation of the form:
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Taking the Laplace transform on both sides of Eq. (28), we get: 
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where the homotopy parameter p , is considered as a small parameter [ ]0,1p∈ . 

Substituting Eq. (32) in Eq. (31), we get: 

1 2

4 5 1 2 3

0 0 0 0

( ) ( ) ( ) , (33)n n n n

n n xx n yy n zz

n n n n

p u g tg pL s L g p u g p u g p u
+∞ +∞ +∞ +∞

− −

= = = =

  
= + − + +  

  
∑ ∑ ∑ ∑  

this is a coupling of the Laplace transform and homotopy perturbation methods using He’s polynomials. Now, equating 
the coefficient of corresponding power of p on both sides, the following approximations are obtained as: 
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where .n ∗∈�  
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Proceeding in this same manner, the rest of the components ( ), , ,nu x y z t  , can be completely obtained, and the 

series solution is thus entirely determined. Finally, we approximate the analytical solution ( ), , ,u x y z t  , by truncated 

series: 
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Numerical examples: 
Example 6.1. : Consider the following one-dimensional parabolic-like equation with variable coefficients: 
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Taking the Laplace transform on both sides of Eq. (35), we get: 
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An application of Eq. (10), yields: 

 ( ){ } ( )1 2 1 21 1
, 2 1 . (37)

2 4
xx

L u x t s x s L x u− −   = − + −  
  

 

Applying the inverse Laplace transform on both sides in Eq. (37), we get: 

( ) ( )2 1 1 21 1
, 2 1 . (38)

2 4
xxu x t x L s L x u− −   = − + −   

   
 

By applying the aforesaid homotopy perturbation method, we have: 
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Equating the coefficient of the like power of p on both sides in Eq. (39), we get: 
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where .n ∗∈�  

Using the iteration formula (40), we obtain 
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Finally, we approximate the analytical solution ( ),u x t , by truncated series: 
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Example 6.2. : Consider the following two-dimensional parabolic-like equation with variable 
coefficients: 
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Taking the Laplace transform on both sides of Eq. (42), we get:
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Applying the inverse Laplace transform on both sides in Eq. (44), we get: 
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By applying the aforesaid homotopy perturbation method, we have: 

( ) ( )
2 2

2 1 1

0 0 0

1 1
1 . (46)

2 2

n n n

n n nYY xx
n n n

x y
p u y pL s L p u p u

+∞ +∞ +∞
− −

= = =

  + − 
= − + −  

   
∑ ∑ ∑  

Equating the coefficient of the like power of p on both sides in Eq. (46), we get 
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where .n ∗∈�  

Using the iteration formula (47), we obtain 
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Finally, we approximate the analytical solution ( ), ,u x y t  , by truncated series: 
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Example 6.3. : Consider the following three-dimensional parabolic-like equation with variable coefficients: 
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Taking the Laplace transform on both sides of Eq. (49), we get: 
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where .n ∗∈�  

Using the iteration formula (54), we obtain 
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Finally, we approximate the analytical solution ( ), , ,u x y z t   , by truncated series: 
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Example 6.4. : Consider the following one-dimensional hyperbolic-like equation with variable 
coefficients: 

( ) ( )

( )
2

2

1
, , 0

2

,0 1, ,0 0 0 .
(56)

tt xx

t

x
u x t u t

u x x u x t

−
=

= − = =





f
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Taking the Laplace transform on both sides of Eq. (56), we get: 

( ){ }
2 1

, . (57)
2

tt xx

x
L u x t L u

 −
=  

 
 

An application of (10) yields: 

( ){ } ( )
2

1 2 2 1
, 1 . (58)

2
xx

x
L u x t s x s L u− −  −

= − +  
 

 

Applying the inverse Laplace transform on both sides of Eq. (58), we get: 

( )
2

2 1 2 1
, 1 . (59)

2
xx

x
u x t x L s L u− −  − 

= − +   
   

 

By applying the aforesaid homotopy perturbation method, we have: 

( ) ( )
2

2 1 2

0 0

1
1 , . (60)

2

n n

n n xx
n n

x
p u x pL s L p u x t

+∞ +∞
− −

= =

  − 
= − +   

   
∑ ∑  

Equating the coefficient of the like power of p on both sides in Eq. (60), we get: 

( )

( ) ( )

( ) ( )

0 2

0

2
1 1 2

1 0

2
1 2

1

: , 1,

1
: , ,

2

1
: , , ( 6 1)

2

x x

n

n n x x

p u x t x

x
p u x t L s L u

x
p u x t L s L u

− −

− −
−

= −

  − 
=    

   

  − 
=    

   

M
 

where .n ∗∈�  

Using the iteration formula (61), we obtain 

( )

( ) ( )

( ) ( ) ( )

2

0

2
2

1

2
2

, 1 ,

, 1 ,
2 !

, 1 .
2 !

n

n

u x t x

t
u x t x

t
u x t x

n

= −

= −

= −

M
 

Finally, we approximate the analytical solution ( ),u x t  , by truncated series: 

( ) ( ) ( )2

0

, lim , 1 cosh . (62)
N

n
N

n

u x t u x t x t
→∞

=

= = −∑  

Example 6.5. : Consider the following two-dimensional hyperbolic-like equation with variable 
coefficients: 

( ) ( )

( ) 2 2

3 3

1 1
, , , 0

6 6

, ,0 0, , ,0 , 0.
(63)

tt xx yy

t

u x y t x u y u t

u x y u x y x y t

= +

= = + =





f

 

Taking the Laplace transform on both sides of Eq. (63), we get: 

 
( ){ } 2 21 1
, , . (64)

6 6
tt xx yyL u x y t L x u y u

 
 = +
   

An application of Eq. (10), yields: 

( ){ } ( )2 23 3 2 21 1
, , . (65 )

6 6
xx yyL u x y t s x y s L x u y u

− −  
 = + + +
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Applying the inverse Laplace transform on both sides in Eq. (65), we get: 

( ) ( ) 13 3 2 2 21 1
, , . (66 )

6 6
xx yyu x y t x y t L s L x u y u

− −
    = + + + 
     

By applying the aforesaid homotopy perturbation method, we have: 

( ) ( ) ( )3 3 1 2 2 2

0 0 0

1 1
. (67)

6 6

n n n

n n nxx YY
n n n

p u x y t pL s L x p u y p u
+∞ +∞ +∞

− −

= = =

  
= + + +  

  
∑ ∑ ∑  

Equating the coefficient of the like power of p on both sides in Eq. (67), we get: 

( ) ( )

( ) ( ) ( )

( ) ( ) ( )

0 3 3

0

1 1 2 2 2

1 0 0

1 2 2 2

1 1

: , , ,

1 1
: , , ,

6 6

1 1
: , , , (6 8 )

6 6

xx yy

n

n n nxx yy

p u x y t x y t

p u x y t L s L x u y u

p u x y t L s L x u y u

− −

− −
− −

= +

  = +   
  

  = +   
  

M
 

where .n ∗∈�  

Using the iteration formula (68), we obtain 

( ) ( )

( ) ( )

( ) ( ) ( )

3 3

0

3
3 3

1

2 1
3 3

, , ,

, , ,
3 !

, , .
2 1 !

n

n

u x y t x y t

t
u x y t x y

t
u x y t x y

n

+

= +

= +

= +
+

M
 

Finally, we approximate the analytical solution ( ), ,u x y t  , by truncated series:                                                                       

( ) ( ) ( )3 3

0

, , lim , , sinh . (69)
N

n
N

n

u x y t u x y t x y t
→∞

=

= = +∑  

Example 6.6. : Consider the following three-dimensional hyperbolic-like equation with variable coefficients:

( ) ( )

( ) 2 2 2

2 2 2

1 1 1
, , , , 0

2 2 2

, , ,0 0, , , ,0 2 3 , 0.
(70)

tt xx yy zz

t

u x y z t x u y u z u t

u x y z u x y z x y z t

=− − −

= = + + =





f

 

Taking the Laplace transform on both sides of Eq. (70), we get: 

 
( ){ } 2 2 21 1 1
, , , . (71)

2 2 2
tt xx yy zzL u x y z t L x u y u z u

 
 = − − −
   

An application of Eq. (10), yields: 

( ){ } ( )2 2
2 2 2 2 2 21 1 1

, , , 2 3 . (72)
2 2 2

xx yy zzL u x y z t s x y z s L x u y u z u
− −  

 = + + + − − −
 

Applying the inverse Laplace transform on both sides in Eq. (72), we get: 

( ) ( ) 1
2 2 2 2 2 2 21 1 1

, , , 2 3 . (73)
2 2 2

xx yy zzu x y z t x y z t L s L x u y u z u
− −

    = + + + − − − 
     

By applying the aforesaid homotopy perturbation method, we have: 

( ) ( ) ( ) ( )2 2 2 1 2 2 2 2

0 0 0 0

1 1 1
2 3 .(74)

2 2 2

n n n n

n n n nxx yy zz
n n n n

p u x y z t pL s L x p u y p u z p u
+∞ +∞ +∞ +∞

− −

= = = =

  
= + + + − − −  

  
∑ ∑ ∑ ∑
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Equating the coefficient of the like power of p on both sides in Eq. (74), we get: 

( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

0 2 2 2

0

1 1 2 2 2 2

1 0 0 0

1 2 2 2 2

1 1 1

: , , 2 3 ,

1 1 1
: , , ,

2 2 2

1 1 1
: , , , (75)

2 2 2

xx yy zz

n

n n n nxx yy zz

p u x y t x y z t

p u x y t L s L x u y u z u

p u x y t L s L x u y u z u

− −

− −
− − −

= + +

  = − − −  
  

  = − − −  
  

M
 

where .n ∗∈�  

Using the iteration formula (75), we obtain 

( ) ( )

( ) ( )

( ) ( ) ( ) ( )

2 2 2

0

3
2 2 2

1

2 1
2 2 2

, , , 2 3 ,

, , , 2 3 ,
3 !

, , , 1 2 3 .
2 1 !

n
n

n

u x y z t x y z t

t
u x y z t x y z

t
u x y z t x y z

n

+

= + +

= + +

= − + +
+

M
 

Finally, we approximate the analytical solution ( ), , ,u x y z t   , by truncated series: 

( ) ( ) ( )2 2 2

0

, , , lim , , , 2 3 sin . (76)
N

n
N

n

u x y z t u x y z t x y z t
→∞

=

= = + +∑  

 

Fractional homotopy perturbation transform method: 
In order to elucidate the solution procedure of the fractional Laplace homotopy perturbation method 
[14], we consider the following nonlinear fractional differential equation: 

( ) ( )
( ) [ ] ( ) [ ] ( ) ( ){ , , , , , 0

0 1, ,0 , 0 ,
(77 )tD u x t R x u x t N x u x t q x t t

u x h x t

α

α
∗ + + =

≤ = =
f

p

where [ ],D R x
t

α
α

α

∂
=

∂
 is the linear operator in [ ],x N x  is the general nonlinear operator in x , and ( ),q x t are 

continuous functions. Now, the methodology consists of applying the Laplace transform first on both sides of (77). 
Thus, we get: 

( ){ } [ ] ( ) [ ] ( ){ } ( ){ }, , , , . (78)tL D u x t L R x u x t N x u x t L q x tα
∗ + + =  

Now, using the differentiation property of the Laplace transform, we have: 

( ){ } ( ) ( ) [ ] ( ) [ ] ( ){ }1 1
, , , , . (79)L u x t s h x s q x t s L R x u x t N x u x t

α− − −
= + − +  

Operating the inverse Laplace transform on both sides in (79), we get: 

( ) ( ) [ ] ( ) [ ] ( ){ }{ }1
, , , , , (80)u x t G x t L s L R x u x t N x u x tα− −= − +

 

where ( ),G x t  , represents the term arising from the source term and the prescribed initial conditions. Now, applying 

the classical perturbation technique, we can assume that the solution can be expressed as a power series in p , as 

given below: 

( ) ( )
0

, , , (8 1)n

n

n

u x t p u x t
+∞

=

= ∑  

where the homotopy parameter, p, is considered as a small parameter [ ]0,1p∈ . The nonlinear term 

can be decomposed as: 

( ) ( )
0

, , (82)n

n

n

Nu x t p H u
+∞

=

= ∑  
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where nH   are He’s polynomials of 0 1 2, , , , nu u u uK   , which can be calculated by the following formula: 

( )0

0 0

1
, , , 0,1, 2, 3, (83)

!

n
i

n n in
i p

H u u N p u n
n p

+∞

= =

 ∂  
= =  ∂   

∑K K  

Substituting Eqs. (81) and (82) in Eq. (80) and using HPM by He see ([7]-[8]), we get: 

( ) ( ) ( ) ( )1

0 0 0

, , , , (84)n n n

n n n

n n n

p u x t G x t p L s L R p u x t p H uα
+∞ +∞ +∞

− −

= = =

   
= − +       

∑ ∑ ∑  

This is a coupling of the Laplace transform and homotopy perturbation methods using He’s 
polynomials. Now, equating the coefficient of corresponding power of p on both sides, the following 
approximations are obtained as: 

( ) ( )
( ) ( ) ( ){ }{ }

( ) ( ) ( ){ }{ }

0

0

1 1

1 0 0

1

1 1

: , , ,

: , , ,

: , , ,n

n n n

p u x t G x t

p u x t L s L Ru x t H u

p u x t L s L Ru x t H u

α

α

− −

− −
− −

=

= − +

= − +

M
 

where .n ∗∈�  

Proceeding in this same manner, the rest of the components ( ),nu x t , can be completely obtained, and the series 

solution is thus entirely determined. Finally, we approximate the analytical solution ( ),u x t , by truncated series: 

( ) ( )
0

, lim , . (8 5 )
N

n
N

n

u x t u x t
→ ∞

=

= ∑  

The above series solutions generally converge very rapidly. A classical approach of convergence of 
this type of series is already presented by Abbaoui and Cherruault [1]. 

The time-fractional equations of the form (3): 
Consider the following time-fractional equation with variable coefficients: 

( ) ( )
( ) ( ) ( ) ( ){ 1 2 3

4

, , , , , , , , , 0 , 0

0 1, , , ,0 , , , 0 .
(86 )t x x y y z zD u x y z t f x y z u f x y z u f x y z u t

u x y z f x y z t

α

α
∗ + + + =

≤ = =

f

p  

Taking the Laplace transform on both sides of Eq. (86), we get: 

 ( ){ } ( ) ( ) ( ){ }1 2 3, , , , , , , , , . (87)t xx yy zzL D u x y z t L f x y z u f x y z u f x y z uα
∗ = − + +  

An application of Eq. (11), yields: 

( ){ } ( ) ( ) ( ) ( ){ }1

1 2 34
, , , , , , , , , , , . (88)xx yy zzL u x y z t s f x y z s L f x y z u f x y z u f x y z u

α− −
= − + +  

Applying the inverse Laplace transform on both sides in Eq. (88), we get: 

( ) ( ) ( ) ( ) ( ){ }{ }1

1 2 34
, , , , , , , , , , , . (89)xx yy zzu x y z t f x y z L s L f x y z u f x y z u f x y z uα− −= − + +

 

Applying the classical perturbation technique, we can assume that the solution can be expressed as a power series in 
p, as given below: 

( ) ( )
0

, , , , , , , (90)n

n

n

u x y z t p u x y z t
+∞

=

=∑  

where the homotopy parameter p  , is considered as a small parameter [ ]0,1p∈ . 

Substituting Eq. (90) in Eq. (89), we get: 

1

4 1 2 3

0 0 0 0

( ) ( ) ( ) . (91)n n n n

n n xx n yy n zz

n n n n

p u f pL s L f p u f p u f p uα
+∞ +∞ +∞ +∞

− −

= = = =

  
= − + +  

  
∑ ∑ ∑ ∑  
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This is a coupling of the Laplace transform and homotopy perturbation methods using He’s polynomials. Now, 
equating the coefficient of corresponding power of p on both sides, the following 
approximations are obtained as: 

 

( ) ( )

( ) ( ) ( ) ( ){ }{ }

0

0 4

1

1 1 2 1 3 1

: , , , , , ,

: , , , ,n

n n n nxx yy zz

p u x y z t f x y z

p u x y z t L s L f u f u f uα− −
− − −

=

= − + +

M  

where .n ∗∈�  

Proceeding in this same manner, the rest of the components ( ), , ,nu x y z t , can be completely obtained, and the 

series solution is thus entirely determined. Finally, we approximate the analytical solution ( ), , ,u x y z t , by truncated 

series: 

( ) ( )
0

, , , lim , , , . (92)
N

n
N

n

u x y z t u x y z t
→∞

=

= ∑  

The time-fractional equations of the form (4): 
Consider the following time-fractional equation with variable coefficients: 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( ){ 1 2 3

4 5

, , , , , , , , , 0, 0

1 2, , , ,0 , , , , , ,0 , , , 0.
(93)t xx yy zz

t

D u x y z t g x y z u g x y z u g x y z u t

u x y z g x y z u x y z g x y z t

α

α
∗ + + + =

≤ = = =

f

p  

Taking the Laplace transform on both sides of Eq. (93), we get: 

( ){ } ( ) ( ) ( ){ }1 2 3, , , , , , , , , . (94)t xx yy zzL D u x y z t L g x y z u g x y z u g x y z uα
∗ = − + +

 

An application of Eq. (11), yields: 

( ){ } ( ) ( ) ( ) ( ) ( ){ }1 2

1 2 34 5
, , , , , , , , , , , , , . (95)xx yy zzL u x y z t s g x y z s g x y z s L g x y z u g x y z u g x y z u

α− − −
= + − + +

Applying the inverse Laplace transform on both sides in Eq. (95), we get: 

( ) ( ) ( ) ( ) ( ) ( ){ }{ }1

1 2 34 5
, , , , , , , , , , , , . (96)xx yy zzu x y z g x y z tg x y z L s L g x y z u g x y z u g x y z uα− −= + − + +

Applying the classical perturbation technique, we can assume that the solution can be expressed as a 
power series in p, as given below: 

( ) ( )
0

, , , , , , , (97)n

n

n

u x y z t p u x y z t
+∞

=

=∑  

where the homotopy parameter p  , is considered as a small parameter [ ]0,1p∈ . 

Substituting Eq. (97) in Eq. (96), we get: 

1

4 5 1 2 3

0 0 0 0

( ) ( ) ( ) . (98)n n n n

n n xx n yy n zz

n n n n

p u g tg pL s L g p u g p u g p uα
+∞ +∞ +∞ +∞

− −

= = = =

  
= + − + +  

  
∑ ∑ ∑ ∑  

This is a coupling of the Laplace transform and homotopy perturbation methods using He’s polynomials. Now, 
equating the coefficient of corresponding power of p on both sides, the following 
approximations are obtained as: 

( ) ( ) ( )

( ) ( ) ( ) ( ){ }{ }

0

0 4 5

1

1 1 2 1 3 1

: , , , , , , , ,

: , , , ,n

n n n nxx yy zz

p u x y z t g x y z tg x y z

p u x y z t L s L g u g u g uα− −
− − −

= +

= − + +

M  

where .n ∗∈�  

Proceeding in this same manner, the rest of the components ( ), , ,nu x y z t , can be completely obtained, and the 

series solution is thus entirely determined. Finally, we approximate the analytical solution ( ), , ,u x y z t , by truncated 

series: 

( ) ( )
0

, , , lim , , , . (99)
N

n
N

n

u x y z t u x y z t
→∞

=

= ∑  
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Numerical examples: 
Example 10.1. : Consider the following time-fractional equation with variable coefficients: 

( )

( ) 2

2

1 1
, 0, 0

2 4

0 1 ,0 2 1, 0 .
(100)

t xxD u x t x u t

u x x t

α

α

∗
 − − = 
 

≤ = − =





f

p  

Taking the Laplace transform on both sides of Eq. (100), we get: 

( ){ } 21 1
, . (101)

2 4
t xxL D u x t L x uα

∗

  = −  
  

 

An application of Eq. (11), yields: 

( ){ } ( )1 2 21 1
, 2 1 . (102)

2 4
xx

L u x t s x s L x uα− −   = − + −  
  

 

Applying the inverse Laplace transform of both sides in Eq. (102), we get: 

( ) 2 1 21 1
, 2 1 . (103)

2 4
xxu x t x L s L x uα− −   = − + −   

   
 

By applying the aforesaid homotopy perturbation method, we have: 

( )2 1 2

0 0

1 1
2 1 . (104)

2 4

n n

n n xx
n n

p u x pL s L x p uα
+∞ +∞

− −

= =

   = − + −   
   

∑ ∑  

Equating the coefficient of the like power of p on both sides in Eq. (104), we get: 

( )

( ) ( )

( ) ( )

0 2

0

1 1 2

1 0

1 2

1

: , 2 1,

1 1
: , ,

2 4

1 1
: , , (1 0 5 )

2 4

xx

n

n n x x

p u x t x

p u x t L s L x u

p u x t L s L x u

α

α

− −

− −
−

= −

   = −    
   

   = −    
   

M
 

where .n ∗∈�  

Using the iteration formula (105), we obtain 

( )

( )
( )

( )
( )

( )
( )

2

0

2

1

2
2

2

2

, 2 1,

2 1
, ,

1

2 1
, ,

2 1

2 1
, .

1

n

n

u x t x

x
u x t t

x
u x t t

x
u x t t

n

α

α

α

α

α

α

= −

−
=

Γ +

−
=

Γ +

−
=

Γ +

M

 

Finally, we approximate the analytical solution ( ),u x t , by truncated series: 

( )
( )

2

0

2 1
, . (106)

1

n

n

x
u x t t

n

α

α

+∞

=

−
=

Γ +∑  

The terms of the decomposition series solution, for the special case 1α = , is given by: 

( ) ( )
2

2

0

2 1
, 2 1 . (107)

!

n t

n

x
u x t t x e

n

+∞

=

−
= = −∑  
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which is an exact solution to the Eq. (35). 
 
 
Figure 10. 
We plotted these surfaces by using Maple software:

 

Figure 10.1: Series approximation solution of Eq. (100), when 

Exact solution when 1.α =  

. 
Example 10.2. : Consider the following time

( )

( )
2 2

2

1 1
, , 0, 0

2 2

0 1, , ,0 1, 0.

t xx yy

y x
D u x y t u u t

u x y y t

α

α

∗
− +

+ − =

≤ = − =





p

Taking the Laplace transform on both sides of Eq. (108), we get:

( ){ }
2 2
1 1

, , . (109)
2 2

t y y x x

x y
L D u x y t L u uα

∗

 + −
= − 

 
An application of Eq. (11), yields:

( ){ } ( )1 2, , 1 . (110)L u x y t s y s L u u− −= − + −

Applying the inverse Laplace transform of both sides in Eq. (110), we get:

( ) 2 1, , 1 . (111)u x y t y L s L u uα− −   
= − + −  
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We plotted these surfaces by using Maple software: 

 

 
: Series approximation solution of Eq. (100), when 0,5, 0,75α α= =  with the first

: Consider the following time-fractional equation with variable coefficients: 

, , 0, 0

0 1, , ,0 1, 0.
(108)

D u x y t u u t

u x y y t≤ = − =

f

 

Taking the Laplace transform on both sides of Eq. (108), we get: 

2 2
1 1

, , . (109)
2 2

t y y x x

x y
L D u x y t L u u

 + −
= − 

 
 

2 21 1
, , 1 . (110)

2 2
yy x x

x y
L u x y t s y s L u uα− −  + −

= − + − 
 

Applying the inverse Laplace transform of both sides in Eq. (110), we get: 

2 21 1
, , 1 . (111)

2 2
yy xx

x y
u x y t y L s L u u

  + − 
= − + −  

   

ABDELKADER KEHAILI, ALI HAKEM AND ABDELKADER BENALI 

with the first eleven terms and the 

(108)
 

, , 1 . (110)  

, , 1 . (111)  
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By applying the aforesaid homotopy perturbation method, we have:

( ) ( )
2 2

2 1

0 0 0

1 1
1 . (112)

2 2

n n n

n n nYY xx
n n n

x y
p u y pL s L p u p uα

+∞ +∞ +∞
− −

= = =

  + − 
= − + −  

   
∑ ∑ ∑  

Equating the coefficient of the like power of p on both sides in Eq. (104), we get:

( )

( ) ( ) ( )

( ) ( ) ( )

0 2

0

2 2
1 1

1 0 0

2 2
1

1 1

: , , 1,

1 1
: , , ,

2 2

1 1
: , , , (1 1 3)

2 2

yy xx

n

n n nyy xx

p u x y t y

x y
p u x y t L s L u u

x y
p u x y t L s L u u

α

α

− −

− −
− −

= −

  + − 
= −   

   

  + − 
= −   

   

M
 

where .n ∗∈�  

Using the iteration formula (113), we obtain 

( )

( )
( )

( )
( )

( )
( )

( ) ( )
( )

( ) ( )
( )( )

( )

2

0

2

1

2
2

2

2
3

3

2
2

2

2
2 1

2 1

, , 1,

1
, , ,

1

1
, , ,

2 1

1
, , ,

3 1

1
, , 1 ,

2 1

1
, , 1 .

2 1 1

n n

n

n n

n

u x y t y

x
u x y t t

y
u x y t t

x
u x y t t

y
u x y t t

n

x
u x y t t

n

α

α

α

α

α

α

α

α

α

α
+

+

= −

+
=

Γ +

−
= −

Γ +

+
= −

Γ +

−
= −

Γ +

+
= −

Γ + +

M

  

Finally, we approximate the analytical solution ( ), ,u x y t   , by truncated series:

( ) ( ) ( )
( ) ( ) ( )

( )

( )( )
2 12

2 2

0 0

, , 1 1 1 1 . (114)
2 1 2 1 1

nn
n n

n n

t t
u x y t y x

n n

αα

α α

++∞ +∞

= =

= − − + + −
Γ + Γ + +∑ ∑  

The terms of the decomposition series solution, for the special case 1α =  , is given by: 

( ) ( ) ( )2 2, , 1 sin 1 cos , (115)u x y t x t y t= + + −  

which is an exact solution to the Eq. (42) 
Example 10.3. : Consider the following time-fractional equation with variable coefficients: 

( )

( )
2 2 2

3 3 3

, , , , 0
12 24 24

0 1, , , ,0 2 , 0.
(116)

t xx yy zz

x y z
D u x y z t u u u t

u x y z x y z t

α

α

∗ = + +

≤ = =





f

p  

Taking the Laplace transform on both sides of Eq. (116), we get: 

( ){ } { }2 2 2

, , ,
12 24 24

. (117)t xx yy zz

x y z
L D u x y z t L u u uα

∗ = + +
 

An application of Eq. (11), yields: 

( ){ } ( )
2 2 2

1 3 3 3, , , 2 . (118)
12 24 24

xx yy zz

x y z
L u x y z t s x y z s L u u uα− −  

= + + + 
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Applying the inverse Laplace transform of both sides in Eq. (118), we get: 

( )
2 2 2

3 3 3 1, , , 2 . (119)
12 24 24

xx yy zz

x y z
u x y z t x y z L s L u u uα− −   

= + + +  
   

 

By applying the aforesaid homotopy perturbation method, we have: 

( ) ( ) ( )
2 2 2

3 3 3 1

0 0 0 0

2 .(120)
12 24 24

n n n n

n n n nxx yy zz
n n n n

x y z
p u x y z pL s L p u p u p uα

+∞ +∞ +∞ +∞
− −

= = = =

   
= + + +  

   
∑ ∑ ∑ ∑
Equating the coefficient of the like power of p on both sides in Eq. (104), we get:

( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

0 3 3 3

0

2 2 2
1 1

1 0 0 0

2 2 2
1

1 1 1

: , , , 2 ,

: , , , ,
12 24 24

: , , , , (121)
12 24 24

xx yy zz

n

n n n nxx yy zz

p u x y z t x y z

x y z
p u x y z t L s L u u u

x y z
p u x y z t L s L u u u

α

α

− −

− −
− − −

=

   
= + +  

   

   
= + +  

   

M
 

where .n ∗∈�  

Using the iteration formula (121), we obtain 

( )

( )
( )

( )
( )

( )
( )

3 3 3

0

3 3 3

1

3 3 3
2

2

3 3 3

, , , 2 ,

2
, , , ,

1

2
, , , ,

2 1

2
, , , .

1

n

n

u x y z t x y z

x y z
u x y z t t

x y z
u x y z t t

x y z
u x y z t t

n

α

α

α

α

α

α

=

=
Γ +

=
Γ +

=
Γ +

M

 

Finally, we approximate the analytical solution ( ), , ,u x y z t , by truncated series: 

( )
( )

3 3 3

0

2
, , , . (122)

1

n

n

x y z
u x y z t t

n

α

α

+∞

=

=
Γ +∑  

The terms of the decomposition series solution, for the special case 1α = , is given by: 

( )
3 3 3

3 3 3

0

2
, , , 2 . (123)

!

n t

n

x y z
u x y z t t x y z e

n

+∞

=

= =∑  

which is an exact solution to the Eq. (49) 
Example 10.4.: Consider the following time-fractional equation with variable coefficients:  

( ) ( )

( )
2

2

1
, , 0

2

1 2, ,0 1, ,0 0 , 0 .
(124)

t xx

t

x
D u x t u t

u x x u x t

α

α

∗
−

=

≤ = − = =





f

p   

Taking the Laplace transform on both sides of Eq. (124), we get: 

( ){ }
2 1

, . (125)
2

t xx

x
L D u x t L uα

∗

 −
=  

 
 

An application of Eq. (11), yields: 

( ){ } ( )
2

1 2 1
, 1 . (126)

2
xx

x
L u x t s x s L uα− −  −

= − +  
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Applying the inverse Laplace transform of both sides in Eq. (126), we get: 

( )
2

2 1 1
, 1 . (127)

2
xx

x
u x t x L s L uα− −  − 

= − +   
   

 

By applying the aforesaid homotopy perturbation method, we have: 

( ) ( )
2

2 1

0 0

1
1 , . (128)

2

n n

n n xx
n n

x
p u x pL s L p u x tα

+∞ +∞
− −

= =

  − 
= − +   

   
∑ ∑  

Equating the coefficient of the like power of p on both sides in Eq. (128), we get: 

  

( )

( ) ( )

( ) ( )

0 2

0

2
1 1

1 0

2
1

1

: , 1,

1
: , ,

2

1
: , , (1 2 9 )

2

x x

n

n n x x

p u x t x

x
p u x t L s L u

x
p u x t L s L u

α

α

− −

− −
−

= −

  − 
=    

   

  − 
=    

   

M
 

where .n ∗∈�  

Using the iteration formula (129), we obtain 

( )

( )
( )

( )
( )

( )
( )

2

0

2

1

2
2

2

2

, 1 ,

1
, ,

1

1
, ,

2 1

1
, .

1

n

n

u x t x

x
u x t t

x
u x t t

x
u x t t

n

α

α

α

α

α

α

= −

−
=

Γ +

−
=

Γ +

−
=

Γ +

M

 

Finally, we approximate the analytical solution ( ),u x t , by truncated series: 

( )
( )

2

0

1
, . (130)

1

n

n

x
u x t t

n

α

α

+∞

=

−
=

Γ +∑  

The terms of the decomposition series solution, for the special case 2α = , is given by: 

( )
( ) ( )
2

2 2

0

1
, 1 cosh , (131)

2 !

n

n

x
u x t t x t

n

+∞

=

−
= = −∑  

which is an exact solution to the Eq. (56). 
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Figure 10.2:   
We plotted these surfaces by using Maple software: 

 
 
 

 
Figure 10.2: Series approximation solution of Eq. (124), when 1,5 , 1,75α α= = with the first eleven terms and the 

Exact solution when 2α = . 

Example 10.5.:Consider the following time-fractional equation with variable coefficients:  

( ) ( )

( ) 2 2

3 3

1 1
, , , 0

6 6

1 2, , ,0 0, , ,0 , 0.
(132)

t xx yy

t

D u x y t x u y u t

u x y u x y x y t

α

α

∗ = +

≤ = = + =





f

p  

Taking the Laplace transform on both sides of Eq. (132), we get:  

 
( ){ } 2 21 1
, , . (133)

6 6
t xx yyL D u x y t L x u y uα

∗

 
 = +
   

An application of Eq. (11) yields: 

( ){ } ( )2 3 3 2 21 1
, , . (134 )

6 6
xx yyL u x y t s x y s L x u y u

α− −  
 = + + +
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Applying the inverse Laplace transform on both sides in Eq. (134), we get:

( ) ( ) 13 3 2 21 1
, , . (135)

6 6
xx yyu x y t x y t L s L x u y uα− −

    = + + + 
     

By applying the aforesaid homotopy perturbation method, we have: 

( ) ( ) ( )3 3 1 2 2

0 0 0

1 1
. (136)

6 6

n n n

n n nxx yy
n n n

p u x y t pL s L x p u y p uα
+∞ +∞ +∞

− −

= = =

  
= + + +  

  
∑ ∑ ∑  

Equating the coefficient of the like power of p on both sides in Eq. (136), we get: 

( ) ( )

( ) ( ) ( )

( ) ( ) ( )

0 3 3

0

1 1 2 2

1 0 0

1 2 2

1 1

: , , ,

1 1
: , , ,

6 6

1 1
: , , , (137 )

6 6

xx yy

n

n n nxx yy

p u x y t x y t

p u x y t L s L x u y u

p u x y t L s L x u y u

α

α

− −

− −
− −

= +

  = +   
  

  = +   
  

M
 

where .n ∗∈�  

Using the iteration formula (137), we obtain 

( ) ( )

( )
( )

( )
( )

( )
( )

3 3

0

3 3
1

1

3 3
2 1

2

3 3
1

, , ,

, , ,
2

, , ,
2 2

, , .
2

n

n

u x y t x y t

x y
u x y t t

x y
u x y t t

x y
u x y t t

n

α

α

α

α

α

α

+

+

+

= +

+
=

Γ +

+
=

Γ +

+
=

Γ +

M

 

Finally, we approximate the analytical solution ( ), ,u x y t , by truncated series: 

( )
( )

3 3
1

0

, , . (138)
2

n

n

x y
u x y t t

n

α

α

+∞
+

=

+
=

Γ +∑  

The terms of the decomposition series solution, for the special case 2α = , is given by: 

( )
( ) ( )

3 3
2 1 3 3

0

, , sinh , (139)
2 1 !

n

n

x y
u x y t t x y t

n

+∞
+

=

+
= = +

+∑  

which is an exact solution to the Eq. (63). 
Example 10.6. : Consider the following time-fractional equation with variable coefficients: 

( ) ( )

( ) 2 2 2

2 2 2

1 1 1
, , , , 0

2 2 2

1 2, , , ,0 0, , , ,0 2 3 , 0.
(140)

t xx yy zz

t

D u x y z t x u y u z u t

u x y z u x y z x y z t

α

α

∗ =− − −

≤ = = + + =





f

p  

Taking the Laplace transform on both sides of Eq. (140), we get: 

( ){ } 2 2 21 1 1
, , , . (141)

2 2 2
t xx yy zzL D u x y z t L x u y u z uα

∗

 
 = − + +
   

An application of Eq. (11), yields:

( ){ } ( )2 2 2 2 2 2 21 1 1
, , , 2 3 . (142)

2 2 2
xx yy zzL u x y z t s x y z s L x u y u z u

α− −  
 = + + − + +
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Applying the inverse Laplace transform of both sides in Eq. (142), we get: 

( ) ( ) 12 2 2 2 2 21 1 1
, , , 2 3 . (143)

2 2 2
xx yy zzu x y z t x y z t L s L x u y u z uα− −

    = + + − + + 
     

By applying the aforesaid homotopy perturbation method, we have: 

( ) ( ) ( ) ( )2 2 2 1 2 2 2

0 0 0 0

1 1 1
2 3 .(144)

2 2 2

n n n n

n n n nxx yy zz
n n n n

p u x y z t pL s L x p u y p u z p uα
+∞ +∞ +∞ +∞

− −

= = = =

  
= + + − + +  

  
∑ ∑ ∑ ∑
Equating the coefficient of the like power of p on both sides in Eq. (144), we get:

( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

0 2 2 2

0

1 1 2 2 2

1 0 0 0

1 2 2 2

1 1 1

: , , , 2 3 ,

1 1 1
: , , , ,

2 2 2

1 1 1
: , , , , (145)

2 2 2

xx yy zz

n

n n n nxx yy zz

p u x y z t x y z t

p u x y z t L s L x u y u z u

p u x y z t L s L x u y u z u

α

α

− −

− −
− − −

= + +

  = − + +  
  

  = − + +  
  

M
 

where .n ∗∈�  

Using the iteration formula (145), we obtain 

( ) ( )

( )
( )

( )
( )

( ) ( )
( )

2 2 2

0

2 2 2
1

1

2 2 2
2 1

2

2 2 2
1

, , , 2 3 ,

2 3
, , , ,

2

2 3
, , , ,

2 2

2 3
, , , 1 .

2

n n

n

u x y z t x y z t

x y z
u x y z t t

x y z
u x y z t t

x y z
u x y z t t

n

α

α

α

α

α

α

+

+

+

= + +

+ +
= −

Γ +

+ +
=

Γ +

+ +
= −

Γ +

M

 

Finally, we approximate the analytical solution ( ), , ,u x y z t  , by truncated series: 

 ( ) ( )
( )

2 2 2
1

0

2 3
, , , 1 . (146)

2

n n

n

x y z
u x y z t t

n

α

α

+∞
+

=

+ +
= −

Γ +∑  

The terms of the decomposition series solution, for the special case 2α = , is given by 

( ) ( ) ( ) ( ) ( )
2 1

2 2 2 2 2 2

0

, , , 1 2 3 2 3 sin , (147)
2 1 !

n
n

n

t
u x y z t x y z x y z t

n

++∞

=

= − + + = + +
+∑  

which is an exact solution to the Eq. (70). 
 
CONCLUSION: 
In this paper, we have seen that the coupling of 
homotopy perturbation method (HPM) and the Laplace 
transform, proved very effective to solve certain type of 
partial and fractional partial differential equations. 
The proposed algorithm (HPTM) is suitable for such 
problems and is very user friendly. The advantage of 
this method is its ability to obtain exact solutions of 
partial and fractional partial differential equations. The 
result obtained in the examples presented shows that 
this modified method is very powerful and efficient 
technique in finding exact solutions for wide classes of 
problems. 
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